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Due of its numerous and significant applications in a variety of industries, fuzzy
differential equations have been applied in various fields during the past few decades.
Fuzzy integral transforms are the simplest and most widely used mathematical
techniques for solving differential, partial, and integral equations, and we presented this
paper in order to keep up with the field's rapid development and progress in the area of
fuzzy differential equations. Our research will be restricted to the solution of fuzzy
differential equations of the first order. Under certain conditions, fuzzy differential
equations may be represented as a dynamical system model. In this paper, generalized
differentiability of the fuzzy Ro-transform (FRT) and various R-transform features are
proven. A generic formula for the nth-order fuzzy derivative is then produced using
highly generalized H-differentiability principles, starting with a formula for the third-
order fuzzy derivative. The effectiveness of this fuzzy Ro-transform is then
demonstrated using a real-world example (the liquid tank system) to highlight the initial
value problem. Due of its numerous and significant applications in a variety of
industries, fuzzy differential equations have been applied in various fields during the
past few decades. Fuzzy integral transforms are the simplest and most widely used
mathematical techniques for solving differential, partial, and integral equations, and we
presented this paper in order to keep up with the field's rapid development and progress
in the area of fuzzy differential equations. Our research will be restricted to the solution
of fuzzy differential equations of the first order. Under certain conditions, fuzzy
differential equations may be represented as a dynamical system model. In this paper,
generalized differentiability of the fuzzy Ro-transform (FRT) and various R-transform
features are proven. A generic formula for the nth-order fuzzy derivative is then
produced using highly generalized H-differentiability principles, starting with a formula
for the third-order fuzzy derivative. The effectiveness of this fuzzy Ro-transform is then
demonstrated using a real-world example (the liquid tank system) to highlight the initial
value problem.

1. INTRODUCTION

Fuzzy integral transformations, which are a crucial
component of the fuzzy analysis theory,
in solving fuzzy differential and

instrumental

have been

Ro-transform for the third order derivative is found in Section
4. The general formula of the fuzzy Ro-transform was
introduced in Section 5. Finally in order in Section 6, a
generalization of fuzzy Ro-transform technique (n-order

integral fuzzy derivative) is addressed with a realistic example

equations over the past few decades. A branch of mathematics
called the fuzzy transformation has been used to model
physical and chemical processes as well as engineering fields.
Differential and integral equations with adequate boundary
conditions can be used to model a wide variety of intriguing
physical issues. Fourier, Laplace, Sumudu, and others
investigated this section. Indeed, Dubois and Prade [1], Puri
and Ralescu [2], and Chang and Zadeh [3] were the next to
create fuzzy derivative notions. Hasan and Alkiffai wrote a
book about fuzzy complex integral transforms that they termed
the Ro- transform [4]. The formulas for the third-order fuzzy
derivative and the generalized differentiability of the fuzzy
Ro-transform (FRT) are found in this paper, and the realistic
equation is solved using these formulas. is acquired utilizing
concepts of highly generalized H-differentiability arranged as
follows in this work. Section 2 provides basic principles. Some
fuzzy Ro-transform features are discussed in Section 3. Fuzzy
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contains a liquid tank equation.

2. BASIC CONCEPTS

Definition 2.1 [5]
In parametric form, a fuzzy number is a pair of functions
that fulfill the following conditions:
1. w(@) is a left continuous function in (0,1] bounded non-
decreasing and right continuous at 0.
2. @() is a left continuous function in (0,1] bounded non-
increasing, and right continuous at 0.
3. w®<w®),0<9<1.
For w = w(®),®(®) and v = v(¥9),v(¥9), ¢>0 we define
the add ition o®v subtraction wSv and scalar
multiplication by ¢>0 as follows:
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Definition 2.2 [6]

Assume that w,v € E . If there exists p€E such that w+v=p
then p is called the Hukuhara difference of w and v and it is
identified by wov .

Definition 2.3 [7]

Let ¢ (w): (a, b) — E; be continuous fuzzy-valued function,
¢ is strongly generalized difference at w, € (a,b). If there
was an element ¢ '(w,) € E then:

1. For all h>0 small enough
(@, +1)Op(@, ), 3¢ (@, )Op(m, —1) and the limit
is:

() = lim AP0 _ i, 2l )O(@ 2h),

h—0" h h—0" h
Or

2. For all h>0 small enough
A¢(@, )¢ (@, +1),3¢(@, —h)S¢(@,) and the limit
is:

o ()= lim ¢(@,)0p(m@, +h) — lim ¢(@, ~1h)Op(m,)

hi—0* -h -0 -h
Or
3. For all h>0 small enough
(@, +1)Op(@, ), 3¢ (@, —h)Sp(@,) and the limit is:
w!(wo) — lim (/7(wo +h)e(/7(wo) — lim ¢7(ZU0 —h)@(/)(wo) .
h—0" h h—0" —h
Or
For all h>0 small enough
(@, )¢ (@, +1),3p(@, —h)Op(@,) and the limit is:
@ (ZD'O) = }!Irgl ¢(ZUO )e_goh(wﬂ +h) — }!Ln(;l (r”(wo _hfzego(w[))

Theorem 2.4 [5]
Let ¢. R—E be a function and indicate ¢ (@) =

(¢(@; ), ¢(w; 9) ) foreach 9€[0,1]. Then:

1- If ¢ is the 1% form then ¢(w;9) and ¢(w;d) are
differentiable functions and ¢'(@) = (@, 9),o(@:9).

is the 2 form, then ¢(@;3) and @(@;3) are

@,9),¢(@,9).

2- If ¢
differentiable functions and ¢'(@)=(

Theorem 2.5 [8]

Let ¢(@;9):R—>E it by
[¢(@;9), @(w; V)] . For any fixed ¥ € 0,1 assume that
¢(@;9) and ¢(w;¥) are Riemann-integrable functions on
[a, b] for every b>a, there are two positive functions M, and
My such that f |f (@;9)| dow < M, and

and is represented
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f;lgb(w;ﬁ)l dw < My. Then, f(w) is an improper fuzzy
Riemann-integrable function on [a, «). Furthermore, we have:

A

a

Definition 2.6 [4]
Let ¢(w) be a continuous fuzzy-valued function. Suppose

-0
that v2e (V%)@ ® ¢(w)dw is an improper fuzzy Riemann-

o0 —_ 2 .
integrable on [0, ), then v? [ "e (i ﬁ)wgo(w)dw is called
fuzzy Ro-transform and it is denoted as:

nx=1.

R(v)= R[(p(w)] uIe

(p(w) de,
From Theorem 2:

Uz]se_(i%)m (w)dw = (UZTG_(i%)EQ(w; S)dwj,

.

By the classical definition of Ro-transform:

dewj

(@;9)dw ,

lo(@o)]-v[e"
;/[(p(w 9) ] v Ie

5(a:9)do

So:
R{o(@:9)]=7[e(@:9)].7[#(=:9)]-

Theorem 2.7 [9]

Let (@), ¢ (@),...," 1 (w) be piecewisecontinuous
fuzzy valuedfunctions on [0, ).

Let ¢ (@), 9 (@), ..., o) (w) are the 27 form
differentiable functions for 0 <i; <i, <--<i,<n-1
and ¢© is the 1% form differentiable function for p#ij,
j=1,2,...,n, then:

1. If n is an even number, then:

L{¢" (@) =¢"L(o(@))e¢™

o (eed)(x) (1)
0)o 3 "™ (0)
k=1

such that:

©, if the number of the functions in the 2™ form
differetiable functions among i,,...,i_is an even number.

—, if the number of the functions in the 2" form
differetiable functions among i,,...,i_is an odd number.

2. If 5 is an odd number, then:



L(¢" (2))=-¢"0(0)e(~¢")
L(p(a))o $.c™ 6" (0)

x=1

2

such that

©, if the number of the function in the 2™ form
among i,,...,i, is an odd number.

—, if the number of the function in the 2™ form
among i,,...,i. is an even number.

Theorem 2.8 [4]

Suppose that ¢'(w) is continuous fuzzy-valued function
and f (@) the primitiveof ¢ (w)on [0, ), then:
1. If g is the 1% form differentiable function.

RL¢/(@)]= (¥ )RLo(@) Jov’e(0)-

2. If ¢ is the 2" form differentiable function.

R[(o'(w)] = —Uz(p(O)e(—i%) R[(o(w)] .

Theorem 2.9 [4]

Let, (@), ¢ (w) are continuous fuzzy-valued functions
on [0, o), fuzzy derivative of fuzzy Ro-transform from second
order will be as following:

1. If ¢, ¢ are the 1% form differentiable functions then:

R[¢'"(2)]=(i¥0) Ro(a)]ev? (i¥0)o(0)evie'(0).

2. If ¢ is the 1% form differentiable function and ¢' is the
2" form differentiable function then:

R[gp”(w)] = (i%)(p(O)@(—i%)z R[qo(w)] |
ev’y'(0)

3. If g is the 2" form differentiable function and ¢' is the 1%
form differentiable function then:

R[(p”(w)] =0 (i%)(p(O)@(—i%)z R[(p(w)] |
-0’¢'(0)

If @,¢ are the 2" form differentiable functions then:

R[¢"(w)]= (i) R[p(@)]ev? (i¥)e(0)

~U'¢'(0)

3. SOME PROPERTIES OF FUZZY RO-TRANSFORM

Theorem 3.1
Let (@) be fuzzy function, v? be positive real function and

i%/v be positive complex function, then the derivatives of
@ (w) for n™ —order will be:
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| 3)
da, (3@ 9e " do

)
—_——
S|
—_
S
~
c
—
8
e
]
O 8

Derivative Eq. (3) with respect to o, to get:

[M] :iU o9 40, 5(:9)

v do| 0

e dw}

[R{L"Z)U}j =_(i%)Tw¢(w;3)e'(i%)wdw,
v o

—(%)Tmﬁ(w; 9)e7(i%)wdw

0

From Eq. (3):

v 1)2

[R{go(w),u}]’ =_(i%)y{wg)(w; 9).0}
(i) 22w

UZ

(Wj’ - (i%0) R{@p(@), v}

Then: R{@p(w),v} =-

T

2. From the first part, we have:

)

R{@p(@),v} = —(

Taking the derivative for both sides of the above equation:



~(igfo )éfwzg(w;3)e’(i%)”dw,—(i% )Twz(ﬁ(w; e 74,

:[ (i% )[ R{«)(Uz?).u}]']’
i (%)

_77{102(2(20;8)},— 7 7{wzé(w;w)}

(i% )[R{w(@,v}]’

’

1

Thus:

ol g (5

3. Since from the second part, we have:

ool gl "

Derivative both sides of last equation for (n-2) times, to get:

’

o=y Y| 1| 1] [ 2[R
Ria"o(@)} = (1) =l o i {uﬁ{ v* J]

Theorem 3.2
Let v2 and i}/v are differentiable functions, such that the
function ¢(w) and (v?)" # 0 are fuzzy functions then:

R{ZD’Q(H)(ZU)} —_ U2 d {R((o("l(w)q.

i¥o do v
Proof: Since:

Rl @) =019 o

Derivative Eq. (4) with respect to o, then:

o Rloero]|_a 270
do v? do T(ﬁ(n)(w;g)ef(i%)”d ,
From Eq. (4):
dlR o (@),v . W(f(n)(w;S),U
E{%}z_(.%)¥,
—(i%)w
1%
R{o"™ (@),0 Rl (@).0
o] )l
R{w(n)(w),u}:_(i%)i[R{(o U(zw),u} |
n 2 d R ¢(") (ZD’),U
R{mp(>(w),u}:_(i;/5)E { L } |

4. FUZZY RO-TRANSFORM FOR THIRD ORDER
DERIVATIVE

Theorem 4.1
Let that, (@), ¢ (@) and ¢ (@) are continuous fuzzy-
valued function on [0, «), fuzzy derivative of fuzzy Ro-
transform from third order will be as following:
1. If there are ¢ and ¢, ¢" from the 1% form differentiable
functions then:

R[ " ()] = (i¥5)' R o ()]0 (i¥5)" 0(0)
ou? (i%)gp’(o)euzf/’"(o)

2. If there are ¢, ¢" from the 1% form differentiable functions
and ¢ is the 2" form differentiable function then:

RLo" ()] =" (¥0) o(0)e(-95) Rlo()]
o (192)¢/(0) -7 0)

3. If there are ¢, ¢" from the 1%t form differentiable functions
and is the ¢’ 2" form differentiable function then:

R0 (@)]=-2* (%) o(0)6(-i%0) Ro(=)]
ov’ (i¥o) ¢’ (0)er®e" (0)

4. If there are ¢, ¢’ from the 1% form differentiable functions
and ¢" is the 2" function with form differentiation then:



R[o" ()] =" (i90) 0(0)e(-i¥o) R[p(w)]
-0 (i%)(o’(O)euz(p”(O) '

5. If there are ¢, ¢’ from the 2" form differentiable functions
and ¢" is the 1t form differentiable function then:

)J =(i%)3 R[(p (@) ]6{)2 (ii’/;)2 »(0) |
—0v° (i%)q) (0)-v?9"(0)

R[(o”'(w

6. If there are g, ¢" from the 2" form differentiable functions
and ¢’ is the 1% form differentiable function then:

R[¢" (@)]=(i%) R[o(z)]ov* (i90) »(0)
v’ (i¥/0) ¢ (0) - v?¢" (0)

7. If there are ¢, " from the 2" form differentiable functions
and g is the 1% form differentiable function then:

R[¢" (@)]=(i¥%0) RLo(a)]ov? (i90) ¢(0)
—0*(i%/0) ¢ (0)ev*e" (0)

8. If there are ¢, ¢’, ¢" from the 2™ differentiable functions
form then:

w)} =—? (i‘f/;)2 (p(O
ov*(i¥o)'(0) -

RLe"(

Jo(-i¥o) Ro(@)]
Uz(p”(O) .

Proof: We will prove four cases:
Case 1

1. Since ¢, ¢’, ¢" are the 1%t form differentiable functions
so for any arbitrary 4 [0,1] , from Theorem 2.4/1.

Rlo"(@)]=r[¢" (@ 9)].7[2"(@9)] )
By classical derivative of Ro-transform:
;/[g_o"'(w, 9)] = (i%)3 y[qg(m,g)]—uz (i%)z 9(0,9)
v (i) (0.9)- 079" (0.9), o

7[5 (0.9)]=(i¥0) 7[#(e.9)] -0 (i€0) 7(0.9)
v (I%) 9'(0,9)-0%¢"(0,9).

Substitute (6) in (5) and since ¢'(@), ¢ @ are the 1% form
differentiable function and by Theorem 2.5:

R[¢"(a)]=(¥0) R{o(a)]ov* (i) (0)
v (I%) ¢'(0)ev’e”(0) '
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2. Since ¢’ and ¢ are the 1% form differentiable functions
and ¢ is the 2" function with form differentiation, from
Theorem 2.4/2:

R (a)]=7[7"(@.9)].7]¢"(@9)]

By classical derivative of Ro-transform:

10" (@.9))= (%) 7 0(2.8)]-v* (W) 0(0.9)
- ( \/_)(p (0,9)-v*¢"(0,9),

/[ (@.9)]=(¥0) 1[(@.9)]-v* (%) 5(0.9)
-0*(i¥0)¢'(0,9)-v"¢"(0,9).

(7

®)

Substitute (8) in (7) and since ¢'(@), @ @ are 1 function
with form differentiation and by Theorem 2.5:

R[¢" ()] =" (%) 0(0)e(i¥) R[p(=)]
-0 (i)¢/ (0)-09"(0) |

3. Since ¢, ¢’ are the 2" form differentiable functions and
is the ¢ 1%t form differentiable function, from Theorem
2.4/1:

Rl¢"(a)]=1[¢"(@.9)].7[7"(@.9)]
By Theorem 6/3:
/[0"(@.9)]=(i%) [o(@.9)]-v?(¥0) 0(0.9)
-0 (i¥o)¢/(0,9)-v%9"(0.9),
/(7 (@.9)]=(1%] [5(@.9)]-(1¥0) 5(0.)
-0 (i¥)'(0.9)-v7¢"(0.9).

Then:

R[o"(2)]=(i%) R[o(a) v’ (9] (0
—Uz(i%)go'(O)—uzgo”(O) '

4. Since ¢, ¢’, ' are the 2" form differentiable functions,
from Theorem 2.4/2:

Rl¢"(@)]=7[2"(@.N].r[¢"(@.9)]

By classical derivative of Ro-transform:



7[0"(@.9)]=(i%) [ o(a.9)]-v* (i¥0) 0(0.9)
~0*(i90)¢/(0.9)-0*¢"(0.9)
7[7"(@.9))=(i%0) 7[#(@.9)]-v*(i¥0) 5(0.9)
-0 (i)' (0,9)-v% 9" (0,9),

Then:

R[¢"() J=—u2(i%)zco<o o) R[p()]
v (i¥)¢'(0)-v’9"(0) |

5.FUZZY RO-TRANSFORM FOR FUZZY N™- ORDER
DERIVATIVE

Theorem 5.1

Assume that ¢ (@), ¢ (@),..., " (w) are continuous
fuzzy valued functions on [0, ) and ™ (@) is piecewise
continuous  fuzzy-valued  function on [0, ).
e (@), D (w),...,p (@) are the 2 form
differentiable functions for 0 <i; <1i,...<i, <n-1 and
»®is the 1t form differentiable function for p#ij, j=1,2,....¢,

and if the $-cut is fuzzy-valued function ¢ (@) is called by
@) = [¢(@; D), §(w; V)], then:

1. If ¢ is an even number, then:
R(¢" (@))=(i%0) R(p(e))ev? (o) " o(0)
®nzll)2( ) (x+1) (x) (0)

A=l
such that:
©, if thenumber of the 2™ form differentiable
functionsbetween i,...,i, has an even number.

—, if the number of the 2" form differentiable

functionsbetween i,,...,i, has an odd number.

2. If ¢ is an odd number, then:

n-1

R(qo(") (w)) =—p? (I%) ) go(O)eu2 (—i%)

oL (%) o0

A=1

n-1

R(¢(@))

such that:

©, if the number of the 2" form differentiable

functions between i,,...,i, has an odd number.

—, if the number of the 2™ form differentiable
functions between i,,...,i, has an even number.
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Proof: the proof depends on the duality between fuzzy
Laplace-Ro-transforms, from Theorem 7 [5]:

R(v)=R[e(@)] F(&)=LLe(™)].
R, (v)=R[¢" (@)] and F,(£)=L[ " (V).

From Theorem 7 [5]:
R, (v)= R|:(p(") (w):| =0%p, (I%) .

1. Since ¢ is an even number. Then by Theorem 2.7/1, Eq. (1)
becomes:

2. Since ¢ is an odd number. Then by Theorem 2.7/2, Eq. (2)
becomes:

R ( )_ ) _(i%)(”*l) ( ) (—i%)nl:(i%)
n nl(Q ) (2+1) (0)

(i) o (-'f ()]

@3 (W) "

s
g

5=1

H H

e('f)RE¢]
o (0

6. APPLICATION

The applicability of the fuzzy Ro-transformation for solving
fuzzy differential equations is demonstrated by the example
below.

Example 6.1

Tank system is shown in Figure 1. Assume 1=0 to be inflow
disturbances of the tank, which generates vibration in liquid
level § , where R = 1lis the flow obstruction that can be

curbed using the valve. A=1 is the cross section of the tank:

©(0)=((0,r),0(r,0)).

(@) =~ (@) 1



Valve

Figure 1. Liquid tank system

Case 1
Take fuzzy Ro-transform for both sides of the original
equation:

(Wo)R[¢(@) Jov'p(0) =R ()] ©)
Eq. (9) becomes:
(i) [(a ] :9)=—r[p(=:9)), "o
(i90)7[p(@:9)]-"p(0:9) =~ [ (@ 9) |
Solve Eq. (10), then:
7[5_0(0;9)]=(i%)+1go(0;w)
7[5‘0(13;.9)]:(&/%—)“55(0@).

Take the inverse fuzzy Ro-transform for above equations:

o(@,9)=e"p(0,2),p(@;9)=e"p(0,@).
Case 2

Use fuzzy Ro-transform for both sides of the original
equation to get:

(0o )R[p(@)]=R[p(=)]
Eg. (11) becomes:

(i¥0)r[0(@:9)]-v*p(0:9) =7 [ p(@:9) ] -
(i) [ p(@:8)]-*p(0:9) =7 [5(@:9)].

Solve Eq. (12):
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_ _ Uz(i%) - .
[9(@9)] (i%)z_lse(oi ) T %)2_1@(0, )

Use the inverse fuzzy Ro-transform for above equations, to
get:

5_0(23; .9) = cosh wg_o(O; ZD') —sinh wg_o(O; w),
g_o(w; 8) = cosh mg_o(O; w) —sinh wg_o(O; w).

7. CONCLUSION

In this study, we establish various fuzzy Ro-transform
properties, discover fuzzy Ro-transform derivatives for the
third and generalized orders, and apply these formulas to
resolve the liquid tank system problem.

REFERENCES

[1] Dubois, D., Prade, H. (1982). Towards fuzzy differential
calculus part 1: Integration of fuzzy mappings. Fuzzy
Sets and Systems, 8(1): 1-17.
https://doi.org/10.1016/0165-0114(82)90025-2

Puri, M.L., Ralescu, D.A. (1983). Differentials of fuzzy
functions. Journal of Mathematical Analysis and
Applications, 91(2): 552-558.
https://doi.org/10.1016/0022-247X(83)90169-5

Chang, S.S., Zadeh, L.A. (1972). On fuzzy mapping and
control. IEEE Transactions on Systems, Man, and
Cybernetics, SMC-2(1): 30-34.
10.1109/TSMC.1972.5408553

Hasan, R.H., Alkiffai, A.N. (2022). Solving thermal
system using new fuzzy transform. Mathematical
Statistician and Engineering Applications, 227-240.
Hasan, R.H., Haydar A.K., (2016). Generalization of
fuzzy laplace transforms of fuzzy riemann-liouville and
caputo fractional derivatives about order n-1<f<n.
Mathematical Problems in  Engineering, 2016.
https://doi.org/10.1155/2016/6380978

Allahviranloo, T., Ahmadi, M.B. (2010). Fuzzy laplace
transforms.  Soft =~ Computing,  14:  235-243.
https://doi.org/10.1007/s00500-008-0397-6

Abbas S.T., Alkiffai A.N., Albukhuta A.N. (2021).
Solving a circuit system using fuzzy Aboodh transform.
Turkish Journal of Computer and Mathematics
Education, 12(12): 3317-3323.

Wu, H.C. (1998). The improper fuzzy Riemann integral
and its numerical integration. Information Sciences,
111(1-4):  109-137.  https://doi.org/10.1016/S0020-
0255(98)00016-4

Mohammad Ali, H.F. (2013). A method for solving-th
order fuzzy linear differential equations by using Laplace
transforms. Msc. theses, Department of Mathematics,
University of Kufa, College of Education for Girls.

[2

(3]

[4]

[5]

(6]

[7]

(8]

[9]





