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ABSTRACT
The paper presents a problem of gravitational–capillarity wave propagation in the frame of boundary 
integral equations. The wave propagation is considered in rigid compound shells of revolution. The 
liquid is supposed to be an ideal and incompressible one, and its flow is irrotational. The boundary 
value problem is formulated for Laplace’s equation to obtain the velocity potential. Non-penetration 
boundary conditions are used at the shell’s wetted surface, as well as kinematic and dynamic boundary 
conditions are given on the free liquid surface. Effects of surface tension are included in the Bernoulli’s 
equation as additional pressure that is proportional to the free surface mean curvature. It allows us to 
consider coupled effects of both gravitational and capillarity waves. The problem is reduced to a system 
of singular integral equations. For their numerical simulation, the boundary element method is in use. 
The singular integral equations in implementation of a discrete model are transformed to linear alge-
braic ones, and eigenvalue problems are solved for different capillarity length numbers. Benchmark 
numerical investigations are presented including different kinds of compound rigid shells.
Keywords: boundary element method, gravitational–capillarity wave, rigid compound shells, singular 
integral equations, surface tension.

1 INTRODUCTION
Intense liquid sloshing in fuel tanks of spacecrafts is usually the reason of losing stability, 
disturbing flight trajectories, and even failure of the entire structure. Failures of first missions 
to Jupiter have been attributed to slosh-induced instabilities [1]. These instabilities were pro-
voked by practically coincidence of fundamental liquid sloshing frequencies with stepping 
intervals of regulated units. Moreover, during the mission of spacecrafts, the different flight 
conditions arise, such as low gravity or overloads. So, solution of spectral problems for 
receiving the sloshing frequencies is very topical. Liquid sloshing under low gravity differs 
essentially from vibrations arising in regular or overloading gravitational fields. The issue of 
sloshing goes back to late 50s of the past century when lots of experimental and theoretical 
studies were carried out [2, 3]. Under low gravity conditions, the surface tension of the liquid 
has to be taken into account. When the gravitational forces are commensurate with the sur-
face tension, the gravity–capillary waves evolve. Such complex hydrodynamic problems 
arise in simulation of spacecrafts having a significant amount of liquid fuel on boards. Among 
the pioneering works in the area, the papers of Naуfeh [4] and Goldrick [5] need to be men-
tioned. The influence of surface tension on liquid behavior in the fuel tank was studied in [6] 
considering different Bond numbers and dynamic ratios of capillary and gravity forces. In 
[7], the asymptotic analysis of capillary–gravity waves under moving disturbance was accom-
plished. Three-dimensional statements of the problem were considered in [8, 9]. It should be 
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noted that interest to coupled gravity–capillarity interaction has notably increased in recent 
decades due to developing new mathematical tools together with advanced numerical meth-
ods and experimental techniques [10, 11].

In this paper, the coupled problem of gravitational–capillarity wave propagation on free 
liquid surfaces of compound shells of revolution is formulated and solved using boundary 
element methods (BEMs) [12].

2 GRAVITATIONAL–CAPILLARITY WAVE PROPAGATION ON FREE SURFACES 
OF COMPOUND SHELLS OF REVOLUTION 

2.1 Problem statement

Consider a liquid volume in equilibrium in a gravitational field and having a plane free sur-
face. Suppose that under action of external forces, the free surface has moved from its 
equilibrium position. This motion will be propagated in the form of waves, which are called 
capillary–gravity waves [13].

The effects of gravitational–capillarity wave propagation are considered in problems of 
free liquid vibrations in rigid compound shells of revolution. We are concerned with rigid, 
partially fluid-filled shells. Designate a moistened shell surface by S1 and the free liquid sur-
face by S0. Suppose the Cartesian coordinate system Oxyz is connected with the shell, the 
liquid free surface S0 coincides with the plane z = h (Fig. 1).

We are supposed to use Euler’s approach for analyzing liquid velocity distributions. The 
liquid is assumed to be an inviscid and incompressible one, and its flow is irrotational.

Then the velocity potential ( )tzyx ,,,ϕ=ϕ  defined as ϕ∇=v  can be applied. In these 
assumptions, the function j satisfies the Laplace equation. As the liquid is located in the 
gravitational field, an external force acting on the dynamical system is the force of gravity. 
So, we have

 
∆φ ρ

φ
ρ=

∂∇

∂

= −∇ +0, .l lt
P g  (1)

Figure 1: Compound liquid-filled shell of revolution and its draft.
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Here, P  is the liquid pressure, g = ezg is the gravity acceleration, and rl is for the liquid 
density. 

Equation (1) can be modified into Bernoulli’s equation

 

( ) ),(,1 tCP
t l

=−
ρ

+
∂
ϕ∂ rg  (2)

where r is the radius vector of points inside the liquid domain and ( )tC  is an unknown 
time-dependant function.

Now let us find the representation of eqn (2) on the free surface. The pressure on the free 
surface consists of atmospheric pressure 0P  and additional capillarity pressure, which can be 
explained as an effect of a surface tension

 HPP σ+= 20 , (3)

where H is the mean curvature of the free surface and s is the surface tension.
Time-dependant function ( )tC  can be added into the potential, so the linear presentation 

of Bernoulli’s equation on the free surface is as follows:

 

02
=

ρ

σ
−ζ+

∂

ϕ∂ Hg
t l

, (4)

where ( )tyx ,,ζ=ζ  is a function describing the free surface profile.
In general case, the mean curvature can be expressed through the divergence of the unit 

normal vector to the free surface
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by the following expression:
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In linear approximation, this equation simplifies into the Laplacian of the free surface pro-
file on the plane perpendicular to the Oz axis

 
ζ∆=

2
1H . (7)

So, using eqn (7), we get the linear form of Bernoulli’s equation as follows:

 
,01 2 =ζ∆λ−ζ+

∂
ϕ∂

ctg  (8)

where 
gl

c ρ
σ=λ

 

is the capillarity length [13].

To get the closed system for obtaining the unknown potential, we must include the rela-
tionship between Euler’s and Lagrange’s velocities on the free surface [14]:
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Taking the time derivative of eqn (8) and using condition (9), we have
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Operator p∆  here is Laplacian in the plane perpendicular to Oz axis. It can be expressed 
through the standard Laplacian by the following formula:

 

( )( )∇∇−∆=∆ ,,zz eep . (11)

On the side walls and bottom of the shell, the velocity normal component is equal to zero, 
so the boundary condition can be expressed in the next form:

 

0
1
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∂
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Sn  (12)

Equations (1), (10), and (12) make up the following closed system for receiving the 
potential:
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The solvability condition is needed to be added [15]

 

∂
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dS
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Solution of eqns(13) and (14) allows us to receive the potential j that describes both grav-
itational and capillarity effects on the free surface of the liquid in partially fluid-filled shells.

2.2 Gravitational stationary states expansion

Here, we propose to represent the potential function for describing the coupled capillary–
gravity wave propagation as the following expansion of gravitational stationary states:
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where kα  is an unknown constant, kω  an unknown liquid oscillation frequency, and
( )r)( g

kψ  is the stationary state of the only gravitational field, without including the effects of 
surface tension. Functions ( ) ,...2,1,)( =ψ kg

k r
 
satisfy the following relations:
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Here, ( )g
kω  is the frequency of liquid vibrations in the regular or overloading gravitational 

field with the acceleration gravity g .
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The solvability condition takes the form

 

∂
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To find the relationship between the only gravitational frequencies and coupled gravita-
tional–capillarity ones, we substitute eqn (15) into boundary condition on the free surface, 
namely, in the second equation in eqn (13) and get
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Taking the dot product of linear combinations in eqn (18) and an arbitrary gravitational 
function )( g

lψ  ,...2,1=l , and using the orthogonal property of eigenvectors, one can obtain 
the next relation:
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As the unperturbed state of free surface is assumed to be the plane, we can easily cal-
culate plane Laplacian p∆  of the gravitational state function )( g

kψ
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Final relationship between the only gravitational frequencies and coupled gravitational–
capillarity frequencies is obtained as follows:
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So, for receiving the frequencies of coupled gravitational–capillarity waves propagation, it 
is necessary to find the gravitational state functions )( g

kψ  and frequencies ( )g
kω  of liquid 

vibrations in the regular or overloading gravitational fields and use eqns (15) and (21).

3 NUMERICAL SIMULATION OF GRAVITATIONAL STATIONARY STATES AND 
FREQUENCIES

3.1 Implementation of BEM

To define the functions )( g
kψ  and frequencies ( )g

kω , the BEM in its direct formulation [12] is 

in use. Dropping indices ( )g
k , one can obtain the following integral equation:
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Here, 01 SSS ∪=  and points r and r0 belong to the surface S. The value 0rr −  is the 
Cartesian distance between r and r0 and nq ∂ψ∂= /  is a flux. Let us denote by y1 the values 
of y on the wetted surface S1 and by y0 the values of y on the free surface S0.

With BEM formulation, the following system of singular integral equations is obtained 
from boundary conditions (16):
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Introduce the following integral operators:
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when σ=σ=σ 21 , we obtain
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where I is the identity tensor.
Then eqn (23) can be written as
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Considering the shells of revolution, replace Cartesian coordinates (x, y, z) with cylindrical 
ones (r,  q, z)

 zzyx === ;sin;cos qrqr  (27)

and perform integration in eqn (26) with respect to the circumference coordinate q as in [16], 
taking into account that
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Then the integral operators R and Q can be expressed on terms of complete elliptic inte-
grals as follows [10]:

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )kBkAkA K,,;K,E,2, 00201 rrQrrrrIR =σσ++π=σσ . (29)

Here,
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zr nn , are the components of the external unit normal n to the surface s in the r and z direc-
tions, respectively, and ( ) ( )kk K,E  are complete elliptic integrals
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After excluding function y1 from eqn (26), the following eigenvalue problem is formulated:
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where 
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Diagonal elements of matrices in eqn (32) are singular integrals; for their calculation, we 
use the technique described in [17].

Solution of problem in eqn (31) gives the gravitational state functions )( g
kψ and frequen-

cies ( )g
kω  for liquid sloshing in the rigid compound shell of revolution.

3.2 Validation of the proposed method

The axisymmetrical gravitational state functions and frequencies are obtained numerically 
for cylindrical (Fig. 2a), conical (Fig. 2b), and spherical (Fig. 2c) shells in the regular gravi-
tational field and considering coupled gravity–capillarity effects. For all considered shells, 
the filling level is denoted as h.

The numerical solutions are obtained by using the BEM described previously. In the pres-
ent numerical simulation for cylindrical and conical shells, we used 100 boundary elements 
along the bottom, wetted cylindrical or conical parts and 100 elements along the radius of 
free surface. For the spherical shell, 200 elements along the spherical surface and 150 ele-
ments along the free surface were applied. A further increase in the number of elements did 
not lead to essential changes in the results.

The circular cylindrical shell with a flat bottom (Fig. 2d) is considered with the following 
parameters: radius of cylinder is R = 1 m and the filling level is h = 2 m.

For testifying the proposed numerical algorithm, the analytical solution of Ibrahim [18] for 
frequencies and modes of cylindrical shell is in use:
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Here, kµ  is the root of the equation ( ) 0J0 =′ x  and ( )x0J  is Bessel function of the first kind.
Capillarity effects correct the frequencies formulae by adding the surface tension term
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Table 1 provides the numerical and analytical values of the frequency parameter gk /2
ω  

for different mode numbers k, with capillarity length λc
2 3
10=

− .
Next, we consider the liquid sloshing in conical tanks. The following parameters of conical 

tanks are chosen: free surface radius is R = 1 m and the filling level is h = 1 m. Different 
values of R1 are considered (Fig. 2e).

In Table 2, the results of numerical simulation are presented for different values of R1. 
Comparison of results obtained by the proposed method without capillarity effects with the 
data of Gavrilyuk et al. [19] is presented. In [19], the semi-analytical method was proposed. 
The results obtained by both methods are in good agreement.

In Table 3, the frequencies corresponding to the first mode axisymmetric vibrations con-
sidering capillarity effects with λc

2 3
10=

−  for liquid sloshing in conical tanks are given.

Figure 2: Partially liquid-filled shells of revolution.

Table 1: Comparison of analytical and numerical results.

Method
Frequency parameter gk /2

ω

Mode number k

1 2 3 4 5

Proposed BEM 3.884 7.365 10.235 15.703 20.956

Exact solution 3.888 7.361 11.226 15.689 20.939



46 V. I. Gnitko, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 9, No. 1 (2021)

The sloshing frequencies of the spherical shell of radius R = 1 m partially filled with the 
ideal incompressible fluid upon different filling levels h are estimated. Numerical analysis is 
carried out for 99.1/2.0 << Rh . It would be noted that value h = 1.99 m corresponds to 
the so-called “ice-fishing” problem, where formally, an infinitely wide and deep ocean cov-
ered with ice, with a small round fishing hole is under consideration. Sloshing in such 
“containers” was studied by McIver [20]. Comparison of the results is presented in Table 4.

Table 5 shows the frequencies corresponding to the first two modes of axisymmetric vibra-
tions considering the capillarity effects with λc

2 3
10=

−  for liquid sloshing in spherical shells.

Table 2: Frequency parameters for conical tanks without capillarity effects.

Method
Frequency parameter ( ) gg

k /2ω
R1, m

0.8 0.6 0.4 0.2 0.1

[19] 3.386 3.386 3.382 3.139 2.187

BEM 3.389 3.390 3.391 3.192 2.200

Table 3: Frequency parameters for conical tanks with capillarity effects.

Frequency parameter 
( ) gg
k /2ω

R1, m

0.8 0.6 0.4 0.2 0.1

3.428 3.429 3.430 3.225 2.211

Table 4: Frequency of axisymmetric liquid oscillations in the fluid-filled spherical shell.

k Method
Frequency parameter ( ) gg

k /2ω
Filling level h, m

0.2 0.6 1.0 1.8 1.99

1 [20]   3.8261   3.6501         3.7451        6.7641     29.2151

BEM   3.8314        3.6510         3.7456        6.7665     29.1811         

2 [20]   9.2561   7.2659       6.9763      12.1139      52.0467

BEM   9.2686       7.2684       6.9780     12.1205     52.0255

Table 5: Frequency of axisymmetric liquid oscillations in the fluid-filled spherical shell.

k Method
Frequency parameter 

( ) gg
k /2ω

Filling level h, m

0.2 0.6 1.0 1.8 1.99

1 BEM   3.4201      3.6997    3.7981        7.0763     54.0299         

2 BEM   10.0648    7.6524     7.3178     13.9011     192.8405



 V. I. Gnitko, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 9, No. 1 (2021) 47

From the results shown in Tables 1, 3, and 5, it is possible to make a conclusion that the 
capillarity effects have essential influence on the frequency parameters. Even with λc

2 3
10=

− , 
one can see changes in the parameter ( ) gg

k /2ω  by at least 10%.
The results of numerical simulation demonstrate high accuracy and efficiency of the pro-

posed BEM and reveal the new possibility of considering the effects of surface tension on the 
liquid vibration frequencies. The mode shapes are Bessel like for all considered shells (Fig. 
2a–c).

4 NUMERICAL SIMULATION OF AXISYMMRTRIC LIQUID-FREE VIBRATIONS 
IN COMPOUND SHELLS

Free axisymmetric harmonic liquid vibrations in the fluid-filled rigid compound shell are 
examined. The cylindrical (CS), cylindrical–conical (CCS), and compound cylindrical–
spherical (CSS) shells are considered (Fig. 3a–c). 

Denote the radii of the cylindrical and spherical parts by R, height of the wetted part by h, 
height of cylindrical part in compound shells by h1 (Fig. 3b and c), and height and radius of 
the conical part by h2 and R1 (Fig. 3b).

As before, suppose that the shells are related to the Cartesian coordinate system Oxyz, and 
the liquid-free surface S0 coincides with the plane z = h at the state of rest. The axisymmetric 
free liquid vibrations in three rigid shells depicted in Fig. 3 are studied. The fluid-filling level 
h and radius R of the cylindrical parts are equal for all considered shells. In the following 
numerical simulation, the values R = h1 = h2 = 1 m, R1 = 0.5 m, and h = 2 m are assigned (Fig. 
3). The requisite number of boundary elements for evaluating unknown functions with given 
accuracy was estimated by the authors in [14]. It was shown that applying 180 boundary 
elements along the wetted parts of shells and 100 elements along the free surface radius is 
sufficient for reaching accuracy e = 10−3.

Good agreement between the analytical results for the frequencies of CS obtained by Ibra-
him [18] and the numerical ones received by proposed axisymmetric BEM is presented in 
Table 6.

Analyzing the results of Table 6, one can observe that the sloshing frequencies of cylindri-
cal, cylindrical–spherical, and cylindrical–spherical shells with equal filling levels are very 
close. So, for approximate estimation of these frequencies in compound shells of revolution 
with different forms of bottoms (Fig. 3b, c), one can use the circular cylindrical shell with the 
flat bottom (Fig. 3a), supposing equal filling levels h for all the shells. 

Figure 3: Liquid-filled shells with different bottoms.
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Table 7 shows the frequencies corresponding to the first modes of axisymmetric vibrations 
of liquid in compound shells of revolution, considering capillarity effects with λc

2 3
10=

− .
Results of Table 7 show increase in the frequency parameter when the capillarity effects 

are taken into account, and it should be pointed out that the higher the frequency number, the 
greater the change.

5 CONCLUSION
The BEM is extended to the problems of gravitational–capillarity wave propagation on free 
surfaces of compound shells of revolution. The three-dimensional axisymmetric problems of 
simulating the liquid vibrations are reduced to one-dimensional systems of singular integral 
equations. The kernels of integral operators in the obtained systems are expressed in terms of 
complete elliptic integrals. Benchmark numerical investigations are presented, including the 
cylindrical, conical, and spherical shells. The comparative analysis of liquid vibrations in 
cylindrical, cylindrical–spherical, and cylindrical–spherical shells is accomplished. 
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Table 6: Frequencies of axisymmetric liquid vibrations in different shells.

Type of shell and 
method

Frequency parameter gk /2ω
Mode number k

1 2 3 4 5 6 7

CS, BEM 3.827 7.010 10.165    13.345 16.488 19.700 22.874

CS, analytical 
solution

3.827 7.009 10.163    13.340 16.480 19.695 22.857

CCS, BEM 3.827 7.010 10.166    13.343 16.488 19.709 22.874

CSS, BEM 3.827 7.011   10.168    13.343 16.488 19.709 22.874

Table 7: Frequency of axisymmetric liquid oscillations in compound shells.

Type of shell and 
method

Frequency parameter gk /2ω
Mode number k

1 2 3 4 5 6 7

CS, BEM 3.883 7.355 11.215   15.722 20.970 27.345 34.842

CCS, BEM 3.883 7.355   11.217    15.719 20.970 27.365 34.842

CSS, BEM 3.883 7.356   11.217    15.719 20.970 27.365 34.842
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