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ABSTRACT
The numerical treatment of industrial and environmental problems, involving multiphase flows with 
particles, has gained significant interest of researchers over the recent years. For large-scale problems, 
involving an increased number of particles, authors mostly rely on the Lagrangian particle tracking 
approach, where particle-fluid interaction is generally unresolved and has to be modelled. Significant 
research efforts have already been made in developing various models to predict particle-fluid interac-
tion, where applications involving complex particle shapes are especially intriguing. In the majority of 
encountered problems, particle dynamics is primarily governed by drag forces exerted on the particle 
by the carrier fluid. Following from that it is unsurprising that precise particle trajectories can only 
be established from accurate particle drag prediction model. In this context, we present a steady-state 
particle-resolved numerical model, based on OpenFOAM, for numerical drag prediction of superel-
lipsoidal particles in Stokesian flow regime. The idea behind particle-resolved model is to benefit from 
multi parameter drag prediction, which considers not only the flow regime and particle size but also 
detailed geometric features (expressed by four independent parameters) and particle orientation. The 
proposed numerical model will also benefit from a parametric geometry formulation, which will allow 
to evaluate the drag force for the entire range of particle shapes, offered by the superellipsoidal param-
etrization. For a vast amount of non-spherical particles, this significantly improves the accuracy of 
the predicted drag force in comparison to traditional drag models, which do not account for the entire 
range of influencing factors. The numerical model is further supported by an automated parametric 
mesh generation algorithm, which makes it possible to autonomously address the full range of particle 
orientations in parallel. The parametric algorithm also enables the specification of various flow regimes, 
which are captured in the analysis. Thus, with a single set of input parameters, one can quickly obtain 
the drag function for given particle shape, with respect to the entire range of orientations and flow 
regimes. The authors believe that the proposed solution will significantly reduce the effort to obtain an 
accurate drag model for a vast amount of non-spherical particle shapes.
Keywords: computational fluid dynamics, drag, Lagrangian particle tracking, lift, multiphase flow, 
superellipsoid.

1 INTRODUCTION
Scientific analyses of particle-laden flows are nowadays conducted worldwide, considering 
various problems in natural sciences and industrial applications. Authors have extensively 
relied on the assumption of spherical particle shape for years, for which the expressions 
of aerodynamic forces [1–3] are well established in the entire range of flow regimes. Sig-
nificant research interest still exists for this approach, as there were many applications in 
recent time [4, 5], where a sphere is in fact the closest approximation of the actual parti-
cle geometry. On the other hand, there are several problems, where the particle shape is 
distinctively non-spherical, so their trajectories can therefore not be captured with reason-
able accuracy by spherical fluid dynamic models. Unlike for spheres, a single, universal 
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approach to model fluid dynamic forces on non-spherical particles does not exist. His-
torically, numerous efforts have been made to overcome this difficulty, which eventually 
led to a few different approaches, with respect to problem nature, that are predominantly 
used today. For the vast majority of problems where very small particles are encountered, 
relative particle-fluid interaction usually remains in the creeping flow regime, where fluid 
dynamic forces can be predicted by a few readily available analytical models, derived 
for a limited selection of non-spherical particles, like prolate spheroids [6] or ellipsoids 
[7]. The latter model was successfully employed by various authors, to study the dynam-
ics of non-spherical particles in flows, such as fibres [8, 9] and disks [10]. However, this 
relatively straightforward approach lacks the prediction capabilities when creeping flow 
limits are exceeded, in terms of particle Reynolds number Rep, which is exactly the 
case in numerous studies, where larger and heavier particles are considered. Due to the 
increased particle response time (Stokes number St>>1), it is not uncommon in such flows 
that Rep approaches the order of magnitude of 10, or even 100 [11], where flow separa-
tion occurs, possibly extending into the turbulent regime. To capture fluid dynamic forces 
in such regimes, an experimental or numerical approach is necessary. The latter became 
popular in recent years, when already established models for non-spherical shapes, like 
ellipsoids and fibres, were extended to moderate [12, 13] or large [14] Reynolds num-
bers. Extensions were also made to include different particle shapes like cylinders [15] 
and other irregular non-distinctive shapes [16]. Despite the substantial benefits in terms 
of accuracy, such an approach is rarely used, when specific particle shapes need to be cap-
tured, due to increased efforts required to produce the results for all flow regimes and all 
non-symmetrical particle orientations. In this fashion, a few generalized approaches have 
been proposed, based on the generalization of the particle shape [17], in terms of sphericity  
ψ = As⁄A and the volume equivalent diameter dp = (6Vp)⁄π)1⁄3. While such an approach offers 
significant simplification for the formulation and generally yields reasonable prediction 
accuracy, it is far from ideal. Two of its main drawbacks are the loss of shape information 
and the lack of orientation consideration, which makes this approach appropriate mainly 
for sphere-like geometries. As emphasized by many authors so far [13, 18], an accurate 
prediction of fluid forces exerted on a particle is of essential importance for predicting the 
trajectories and obtaining other information relevant to the study. That said, an extension 
of readily available models to other similar shapes would be highly beneficial, to reduce 
the gap between shape specific models, which offer a superior accuracy and generalized 
ones that can process a wider range of shapes, but at the cost of accuracy. In this fash-
ion, we propose an extension to the existing fluid dynamic force model for ellipsoids, by 
introducing superellipsoidal formulation, which expands the parametrization capabilities 
to significantly wider range of shapes, i.e. cylinders and cuboids. Additionally, we are pre-
senting the numerical framework, used to capture the fluid forces in various flow regimes 
and all non-symmetrical particle orientations, based on automated design of experiments 
generation.

2 NUMERICAL FRAMEWORK
In this study, we aim to examine fluid dynamic forces acting on non-spherical particles in 
incompressible fluid flow. We consider a complete, three-dimensional numerical approach, 
to allow for the treatment of arbitrary particle shapes and a possible extension to flows with 
moderate Reynolds numbers, where axial symmetry of the flow pattern is lost. To obtain a 
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comprehensive overview of drag and lift distribution on an arbitrary non-spherical particle, 
fluid forces must be captured for wider ranges of Reynolds numbers and for the entire range 
of non-symmetrical particle orientations. For this reason, we propose a numerical model of 
incompressible fluid flow around a particle, by the way of an automated generation of design 
of experiments (DoE).

2.1 Numerical fluid flow formulation

The governing equations of the incompressible viscous motion of a Newtonian fluid are  
given by:
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where p, ρ, u are pressure, fluid density and fluid velocity, g represents gravity and v is the 
fluid kinematic viscosity. Discretization of (1) and numerical computation are performed in a 
finite volume framework – OpenFOAM – using its incompressible transient solver pisoFoam, 
based on the PISO algorithm. For the present study, solver settings are configured so that the 
turbulent stress term is omitted, since our main interest remains in flows with lower relative 
Reynolds number Rep = |up - u|dp/v, where up is the particle velocity and dp is the volume 
equivalent sphere diameter. We are searching for a geometry parametrization technique such 
that a single parametric equation could handle a vast amount of particle shapes that are often 
encountered in particulate flows. A significant research interest already exists for ellipsoidal 
particles, so the next reasonable step would be an extension of this formulation. Thus, we 
choose a superellipsoidal parametrization, which is given by
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where a, b, c are superellipsoid x, y, z half-axes, respectively, while e1 and e2 are its expo-
nent parameters. The superellipsoid volume is determined by the following expression:
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where B(x, y) is the beta function, which is related to the gamma function Γ by the expres-
sion B(x, y) = Γ(x)Γ(y)/Γ(x + y). Following from momentum conservation law in continuum 
mechanics, fluid forces, exerted on the particle surface area, are obtained by direct integration 
of the pressure and viscous stresses from the flow field, 
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In the present numerical setting, the only non-zero velocity component is u = u0î. This in 
turn allows us to express the drag and lift components of the above given force in principal 
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components of the global frame, which yields FD = |Fxî  | and FL = |Fy  ĵ + Fzk̂  |, for drag and lift 
respectively. In this formulation, lift is expressed by the L2-norm of the two force components 
that are perpendicular to the velocity vector. While such an approach lacks the directional 
information (important for non-axisymmetric bodies), it is beneficial for introducing the drag 
and lift coefficients, which are expressed by the particle equivalent sphere diameter, namely
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2.2 Numerical framework validation

Special consideration was given to properly sizing the domain, since we aim to allow for the 
treatment of various flow regimes. Some authors have already established that applications 
with extremely low-Re flows can be particularly demanding when it comes to domain sizing. 
This follows from the fact that in such cases the main mechanism of momentum transport is 
by diffusion, which in theory has an infinite reach (when Re→0). By reviewing the works of 
other authors (related to our application), we detected significant discrepancies at employing 
the computational domain, in terms of shape and size. Chadil et al. [19], for example, used 
a rectangular domain of 16dp × 8dp in their DNS model of flow around a sphere, similar to 
Zastawny et al. [13], who employed a domain of 20dp × 20dp × 10dp for their IBM setup for 
non-spherical particles. Andersson and Jiang [20] preformed an extensive domain study for 
low-Re flow around non-spherical particles, where the domain measure is given as a volume 
equivalent cube edge length. They examined edge lengths from 20dp to 170dp and reported 
that the domain independent solution was obtained at around 135dp. In the present study, the 
numerical domain configuration (Fig. 1) is employed in similar fashion to traditional studies 
of external aerodynamics, by positioning the particle body in the centre of the rectangular 
flow field domain, bounded by planar surfaces, representing the far-field boundaries. A Dir-
ichlet boundary condition is used to set inlet velocity to a fixed value (u = u0i), the particle 

Figure 1:  Numerical domain sizing and configuration, including boundary conditions (left), 
with centre cross-section view of the computational mesh (case D3/M3) and 
highlighted mesh areas of interest (right).
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Figure 2:  Resulting drag coefficients of a sphere in a Stokes flow with Re = 10-3 are presented. 
Data are displayed for all configurations from Table 1, where each line represents a 
single mesh density across all domains.

wall velocity to zero and pressure at the outlet to zero, while a Neumann boundary condition 
is employed for the velocity (∂u ⁄ ∂xi = 0) on other domain boundaries and for the pressure at 
the inlet (∂p ⁄ ∂xi = 0). We examined four different domain sizes, with edge lengths L0 in the 
range from 80dp to 240dp and three different meshes, with base element edge lengths h0 from 
8dp to 2.7dp, as presented in Table 1. This reflects the size of the far-field elements, whereas 
elements near the particle surface are refined by the ratio of 27. All refinement ratios are kept 
constant between the meshes, only the base element edge length was altered.

A domain and mesh study is performed by setting up a reference case of flow around a 
sphere with Re = 10-3. Since we are presenting a numerical model for fluid forces calculation, 
we use the drag coefficient Cd as a measure for validation, where Stokes drag is used as a 
reference. Results are displayed in Fig. 2 in terms of the ratio of calculated drag coefficient 
over Stokes drag coefficient for considered Reynolds number. As indicated in the figure, we 
establish that an insufficient domain size tends to overpredict the drag, whereas an insuffi-
cient mesh resolution leads to its underprediction. This is also the most probable cause for the 
‘spot-on’ match with Stokes drag in case of D1/M1, where it appears that the two errors have 
cancelled out. In an overall assessment, we conclude that all configurations yield satisfactory 
results. For further investigations, we decide to use the configuration D3/M1, as using the 
configurations from the lower right section of Table 1 cannot be justified by their negligibly 
superior accuracy. One could even consider case D1/M1 acceptable, but when migrating to 
a non-spherical geometry, the lack of domain span could have an increased influence on the 

Mesh (h0)

Domain (L0)

D1 (80dp) D2 (120dp) D3 (160dp) D4 (240dp)

M1 (8dp) 9,448 11,830 16,448 35,448

M2 (4dp) 54,544 79,470 110,544 272,601

M3 (2.7dp) 171,910 258,036 360,910 873,910

Table 1:  Number of mesh elements for domain configurations D1 to D4 and mesh densities 
M1 to M3.
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results, since the flow pattern around the particle would change due to its geometry and ori-
entation. To evaluate the entire numerical framework, together with the selected domain and 
mesh configuration (D3/M1), we extend the scope of investigations to the spherical reference 
case with higher Reynolds numbers, as presented in Fig. 3. The present drag coefficients are 
best matched by Schiller-Naumann [3] empirical correlation, which is valid for Re num-
bers up to 800 [17]. The relative error of present results, compared to the Schiller-Naumann 
model, is kept below 2% in Stokes flow regime, while it increases to about 10% approaching 
the maximum tested Reynolds number of 100.

This increase of relative error is probably caused by the mesh resolution, which might be 
slightly too coarse, to capture the smallest flow structures that start to occur at higher Reyn-
olds number. Nevertheless, the overall accuracy is satisfactory and the model is considered 
validated within the range of tested flow regimes.

2.3 Design of numerical experiments

Our main objective is to study fluid dynamic drag and lift properties of specific shape par-
ticles, taking into account the entire range of non-symmetric orientations. Since the effort 
of manually generating the required number of numerical experiments is considerable, we 
decide to automate this process in order to keep this routine in timely manner. Using the 
parametric equation (2), one can introduce the extension to ellipsoidal geometry and obtain 
shapes like cylinders, cuboids, rhomboids and even octahedrons, as indicated in Fig. 4. Since 
we are considering non-spherical particles, particle orientation, with respect to the flow field, 
must be expressed. The traditional fashion of establishing a single angle of incidence would 
not be sufficient for arbitrary non-axisymmetric bodies, as they experience different forces 
with respect to the angle of ‘drag-lift’ plane. Thus, we establish a two-angle (ϕ and θ) defi-
nition for the direction of the velocity vector, relative to the particle local frame, in somehow 
similar fashion to spherical coordinates (Fig. 5).

Following from eq. (2), one can establish that the resulting surface exhibits planar sym-
metry for all principal planes. This leads to the conclusion that the range of non-symmetrical 
orientations spans from 0° to 90° for both, ϕ and θ, while the rest of orientations can be 

Figure 3:  Drag coefficients of a sphere in the extended range of Re numbers are displayed, in 
comparison with Stokes analytical drag and with other well-established empirical 
models (Schiller-Naumann [3], Oseen [2]) that have been extensively used for 
years. 
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Figure 4:  Examples of superellipsoidal particles. The first from the left is a triaxial ellipsoid, 
while the following four are oval cylinder, cuboid, rhomboid and octahedron. All 
examples are formed from the same axes (a, b, c), by only altering the exponential 
parameters (e1, e2).

covered by simply mirroring the results across all principal planes. To account for the range 
of particle orientations that need to be examined, we define a rotational formalism, which 
is used to transform the geometry to arbitrary orientations, with respect to the flow field. A 
rotation matrix R is employed, based on the local frame (x', y', z') direction cosines, which are 
expressed in terms of Euler parameters (q0, q1, q2, q3).

3 RESULTS

3.1 Flow around a prolate ellipsoid

A prolate ellipsoid particle was generated, according to eq. (2), by setting a = 2.5 and keeping 
the rest of the parameters at unity. Numerical simulation was employed in the Stokes flow 
regime at Re = 10-2, using the presented numerical framework. A study of all non-symmetri-
cal orientations has been performed, by using the presented DoE generator. Since the prolate 

Figure 5:  Definition of the velocity vector, relative to the particle local frame, by two 
orientation angles (φ and θ).
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ellipsoid is an axisymmetric body, the range of non-symmetrical orientations is reduced to a 
single plane, with its normal perpendicular to the semi minor half axis of the ellipsoid. This 
in turn means that only a single angle (ϕ) can be used to describe the range of orientations, 
which goes from 0° to 90°. This approach was employed to generate the reduced number of 
DoE cases, for which fluid forces were computed as given by eq. (4). Following from that, 
drag and lift coefficients were derived by eq. (5), which are displayed in Fig. 6 and compared 
to Brenner’s [7] analytical formulation. This comparison is provided to further support the 
validity of the presented numerical model, by including the non-spherical case with different 
orientations.

Two straightforward conclusions can be drawn from the figure, the first is that the max-
imum drag is formed when the projected area is the greatest, which is at ϕ = 90°, and the 
second is that the maximum lift occurs at ϕ = 45°. This is only possible at very low Reynolds 
numbers, where the flow stays attached across the entire surface. Any other way, as soon as 
some separation would begin to occur, it would promote the formation of a stall when further 
increasing the incidence angle. The magnitude of the total fluid dynamic force, exerted on 
this ellipsoid, is not very different from that exerted on a sphere. For this ellipsoid, two no-lift 
orientations exist, where the minimum (at ϕ = 0°) and maximum (at ϕ = 90°) total force 
magnitude is exerted on the particle.

3.2 Flow around a triaxial ellipsoid

A triaxial ellipsoid was generated, using the parameters a = 2.5, b = 1.5, c = 1, e1 = 1, e2 = 1. 
Contrary to the prolate ellipsoid, a triaxial ellipsoid does not exhibit axial symmetry, which 
in turn means that the range of non-symmetrical orientations would have to be defined by 
two angles, as presented in the second half of section 2.3 and displayed in Fig. 5. Other than 
that, the process of setting up a fluid dynamic study was analogous to prolate ellipsoid case. 
An identical flow regime, with Re = 10-2, was established, and drag and lift coefficients were 
computed. The coefficients are presented on Fig. 7, in the form of a product with Re number. 
Within the limits of Stokes flow, this can be assumed as a measure of drag and lift, related 
only to the particle geometry, so it can be applied to any Re number within this regime.

Figure 6:  Drag and lift coefficients of a prolate ellipsoid in Stokes flow with Re = 10-2 are 
displayed in range of ϕ from 0° to 90°. Three y-axes are established on this plot, 
where left is used for drag scale, first right for lift scale and second right for relative 
error scale.
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As evident from Fig. 7, the drag and lift coefficients are influenced by both orientation 
angles, which demonstrates the lack of axisymmetric properties of this geometry. The min-
imal drag is obtained in zero-lift case where ϕ and θ are both 0°, while the maximum drag 
occurs at the total zero-lift case, at θ = 90°, where drag is constant and lift is zero across the 
entire range of ϕ. This is a special case among all non-symmetrical orientations, where the 
velocity vector is aligned with the particle local z-axis, which causes that ϕ rotations are lim-
ited to the plane, perpendicular to the flow and thus have no effect on the resulting drag and 
lift values. Setting the angle to ϕ = 0° and θ = 45°, one obtains maximum lift, which reflects 
the particle axial ratios, namely a > b > c. Following from that, one can also establish that 
variations of both, drag and lift, are most pronounced by fixing ϕ to 0° and altering θ. Due to 
axial ratios, this configuration causes the greatest change in the projected area.

3.3 Flow around an oval disk

In order to demonstrate the functionality of the proposed superellipsoidal parametrization, 
another fluid dynamic study was employed, on a representative case of this geometrical 
group. An oval disk-like particle was introduced, defined by the following parameter set: 
a = 2.5, b = 1.5, c = 1, e1 = 0.2, e2 = 1. The rest of the setup was employed using the same 
approach as with the triaxial ellipsoid case, with results presented in Fig. 8.

By comparing the results with the former case, similar conclusion can be drawn regarding 
the orientations of minimal and maximal drag and lift. This is not surprising, as some resem-
blance still exists between the particles, namely the axial ratios are the same. The magnitude 
of maximal drag is almost identical, while minimal drag is somewhat higher as with the tri-
axial ellipsoid, which is not surprising, considering the ‘shaper’ edges of a superellipsoid. As 
for the lift, it is slightly lower in magnitude for all configurations and it is less varied between 
the minimum and maximum lift orientations. Overall, the general fluid dynamic impression 
is similar to the triaxial ellipsoid; however, the two are fairly distinct from the prolate-ellip-

Figure 7:  Drag and lift coefficients of a triaxial ellipsoid in Stokes flow. Simulation was 
performed at Re = 10-2. Drag and lift products with the Re number are displayed 
on the left- and right-hand y-axes respectively. Rotation angle ϕ is plotted on the 
x-axis, while θ is presented in steps by four different lines, as indicated on a chart 
legend. The rightmost side of the figure represents the considered particle shape.
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soid case, where axial symmetry allows for substantially simplified treatment (as orientations 
are distributed on a single plane).

4 CONCLUSION
A numerical framework for drag and lift force modelling on superellipsoidal particles is 
proposed. The idea behind this model is to provide a relatively straightforward solution to 
obtaining the drag and lift forces for superellipsoidal particles in multiphase flows. An auto-
mated DoE generation is introduced, based on the superellipsoidal parametric equation, which 
allows for the geometry definition by only four parameters. Since the particles are non-spher-
ical, rotational formalisms are established to allow for the treatment of arbitrary orientations. 
Using this approach, a DoE generator creates the entire range of non-symmetrical particle 
orientations with pre-defined discrete steps, so that drag and lift distributions can be obtained. 
The setup of the numerical configuration, together with domain size and mesh resolution anal-
ysis, was evaluated and substantiated in the process of numerical framework validation. After 
that, the proposed framework was validated on a spherical example, where wider range of 
flow regimes was examined and results were compared to well-known empirical correlations 
for spherical drag. That said, the numerical framework functionality was demonstrated on 
three examples, namely a prolate ellipsoid, a triaxial ellipsoid and an oval disk-like superellip-
soid. All of the examples were subjected to the simulated Stokes flow environment, and drag 
and lift correlations were established. The results of all considered particles were presented, 
whereby most notable differences between the particles were pointed out. A triaxial ellipsoid 
and superellipsoid were found to behave quite similar in terms of drag magnitude and distri-
bution, while for the lift, some differences were observed at the force distribution as well as 
the magnitude. On the other hand, we detected significant deviation between the axisymmet-
ric and non-axisymmetric particles, where for the latter, the drag and lift analysis was proven 
to be substantially more demanding, due to three-dimensional properties of force formation.

Figure 8:  Drag and lift coefficients of an oval disk in Stokes flow. Simulation was performed 
at Re = 10-2. Drag and lift products with Re number are displayed on left- and 
right-hand y-axes respectively. Rotation angle ϕ is plotted on the x-axis, while θ 
is presented in steps by four different lines, as indicated on a chart legend. The 
rightmost side of the figure represents the considered particle shape.
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