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ABSTRACT
Strain rate effect of strength is a crucial factor for material characterization. Attempts have been made 
to evaluate strain rate effect by indentation tests. An indentation causes a non-uniform stress and strain 
field inside a specimen. This must induce a non-uniform strain rate field. However, little has been 
reported about strain rate distribution beneath the indenter. So far, various indenter control methods 
have been used. In previous studies, no direct comparisons were available as to how strain rate distri-
bution was affected by different control methods. In this study, we report on the strain rate effect of 
indentation with two indenter control methods: constant loading rate (CLR) and constant indentation 
strain rate (CISR). The finite element method was designed to reproduce deformation caused by a coni-
cal indenter of a half apex angle of 70.3°. Pure aluminum (99.999 mass% purity), which showed high 
strain rate dependence of strength, was chosen as a specimen. Material properties were obtained from 
low strain rate (10−4, 10−2/s) to high strain rate (102/s) tests, and results were incorporated into a FEM 
analysis using the Cowper–Symonds equation. Four constant loading rates (from 0.7 to 350 mN/s) and 
constant indentation strain rates (from 0.006 to 6/s) were used, and both results were compared. Differ-
ences between both indenter control methods were displacement-dependent. Loading curvature, which 
has been defined as a material constant in the indentation, was calculated from load divided by square 
of displacement. Although loading curvatures were decreased with increasing displacement for CLR, 
they were constant for CISR. Results also showed that values of strain rate decreased as displacement 
increased for CLR, whereas they were the same for CISR. Similarities of both indenter control methods 
were found as follows. The highest strain rate regions were observed at the edge of the indenter. In addi-
tion, higher strain rate region was distributed hemispherically from the edge of the indenter.
Keywords: finite element analysis, indentation, indentation strain rate, pure aluminum, strain rate, 
strain rate sensitivity.

1 INTRODUCTION
Indentation technique has been used for the mechanical characterization of materials. In a 
typical indentation test, a sharp indenter is shifted downward against a specimen, and the 
indentation load (P) and displacement (h) are continuously recorded. By using recorded data, 
the hardness (H) can be obtained from the following equation [1]:

 H
P

A
=

max  (1)

where Pmax is the maximum indentation load and A is the projected contact area of the 
indenter.

Since a single indent is typically of a nano- or micrometer order, the indentation test can 
be applied on various materials such as metals, composites and polymers.

In the typical indentation test, sharp indenters such as conical, four-sided pyramid Vickers 
and three-sided pyramid Berkovich are being used frequently. Schematic images of these 
indenters are shown in Fig. 1. It has been observed that identical results can be obtained, if 
the effective area of the indenter (shaded area in Fig. 1) is the same [1]. In a simulation model, 
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the conical indenter has been used due to its asymmetrical shape, which produced the same 
results as that of a Berkovich indenter [2].

The sharp indenters induce the same elastic-plastic strain distribution regardless of the 
displacement (geometrical similarity) [3]. For example, in the case of a conical indenter, the 
contact radius to displacement ratio is the same regardless of the displacement (a1/h1 = a2/h2) 
[1], which is shown in Fig. 2a.

In addition, the elastic-plastic strain distribution beneath the indenter has been known to be 
hemispherical [4]. Schematic diagram of strain distribution beneath the indenter is shown in 
Fig. 2b. Experimental observations showed that high plastic strain (High εp) was found near 
the tip of the indenter, and the value of the plastic strain gradually reduced at regions away 
from the tip (Low εp), until its value meets the elastic-plastic boundary [5]. Chaudhri [6] 
investigated the plastic strain distribution beneath the indenter using annealed copper, and 
found that the plastic strain is as high as 0.36 at the tip of the indenter. Then, the plastic strain 
gradually reduced to almost zero at the region away from the indenter. Because indentation is 
influenced by elastic-plastic deformation, the shape of the deformed zone is dependent on the 
material properties [7]. Sinking in (surface pushed downward at the indenter edge) or piling 
up  (surface piled up at the indenter edge) effect, shown in Fig. 2b, induces an error while 
measuring the true contact area. Thus, the accuracy of hardness has been debated [8, 9].

Figure 1: Schematic diagrams of sharp indenter (a) conical, (b) Vickers, (c) Berkovich.

Figure 2:  Schematic diagram of an indentation theory. (a) Concept of geometrical similarity [1];  
(b) Plastic strain distribution [1].
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Alternatively, indentation results have been evaluated using the loading curvature (C), 
which is defined by the following equation [2, 10]:

 P Ch=
2  (2)

Static indentation experiment shows that the value of loading curvature is constant in a given 
material if the indenter angle is fixed [1].

Although the plastic strain distribution is not uniform, indentation tests can successfully 
characterize the mechanical properties of materials. Tabor [3] reported that the hardness 
obtained from the indentation test can be converted to the representative stress (σr) through 
H≈3σr. The representative stress was defined as the flow stress in a uniaxial test at plastic 
strain 0.08 for the Vickers indenter. This plastic strain was also defined as the representative 
strain of the indentation. This notion of the representative stress has been used with conical 
and Berkovich indenters with different values of the representative strain [2, 10]. Using the 
representative stress, it is possible to estimate the tensile or compressive stress–strain curve 
through an indentation test [2, 10].

Various indentation simulations have been performed. Cheng and Li [11] have proposed 
parametric analysis of indentation and stated that indentation load was affected by Young’s 
modulus E, Poisson’s ratio ν, work-hardening rate n and indenter angle α. The relationship 
between load and displacement can be written as follows [11]:

 P Eh Y E n=
2
Π( / , , , )ν α  (3)

where  is the dimensionless function.
Previous studies revealed that the effect of Poisson’s ratio ν is small [11, 12]. Cheng and 

Li [11] have conducted finite element simulations on conical indentations with wide ranges 
of material parameters. They studied the effect of material parameters on indentation. Inves-
tigated material parameters were Y/E (ranged from 0.0002 to 0.1), work-hardening rate n 
(0, 0.1 and 0.5) and indenter angle α(30°, 45°, 60°, 70.3° and 80°). All of different combina-
tions of material parameters and indenter angles were studied. Similarly, simulations of 
conical indentation were investigated using representative stress [10]. E/σr was varied from 3 
to 3300 covering most of the metals and n was ranged from 0 to 0.5. Investigated indenter 
angles were 63.14°, 70.3°and 75.79°. The study showed that C/σr could lie on a single curve 
of E/σr regardless of work-hardening rate. It was suggested that finite element analysis could 
be used for understanding the mechanism of indentation. However, these studies were limited 
to static indentation until now.

Strain rate effect of strength is a crucial factor for material characterization. Attempts have 
been made to evaluate strain rate effect by the indentation tests [13, 14]. In a previous study 
[14], uniaxial compression and indentation experiments were conducted using pure alumi-
num 3N (99.9 mass% purity) and 5N (99.999 mass% purity). Experiments with wide ranges 
of the strain rate (10−4~103/s) revealed that pure aluminums have high strain rate dependence 
of strength.

Indentation tests were carried out using the same 3N and 5N aluminum by the constant 
loading rates with the Berkovich indenter. It is confirmed that indentation load increased as 
constant loading rate increased, and loading curvature was not constant for the pure alumi-
num. This suggested that classical indentation theory is not applicable in indentation with 
strain rate effect.

As mentioned earlier, an indentation causes non-uniform stress and strain field inside the 
specimen. This must induce a non-uniform strain rate field. However, little has been reported 
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about strain rate distribution beneath the indenter (e.g. shape of strain rate distribution and 
strain rate value beneath the indenter). So far, various indenter control methods were being 
used. In a previous study, no direct comparisons were available on how strain rate distribution 
was affected by different control methods.

In this study, we report on the strain rate effect of pure aluminum, which showed high 
strain rate dependence of strength, using indentation with the finite element method. Two 
indenter control methods: the constant loading rate (CLR) and constant indentation strain rate 
(CISR) were investigated. Indentation results using two loading conditions were compared, 
and their differences were discussed. Finally, strain rate distributions were obtained, and the 
effects of two indenter control methods on indentation results were summarized.

2 SIMULATION MODEL
In this study, the finite element code ABAQUS/Standard (version 6.13,ABAQUS) was used to 
model the indentation test. Axisymmetric quadratic linear elements and large deformation 
options were adopted. A schematic image of model is shown in Fig. 3a. Roller boundary con-
ditions were applied along the center and bottom line. Simulations were performed with a 
rigid indenter. Half apex of the conical indenter was 70.3°. This angle is frequently used since 
the same contact area is produced with that from common Vickers and Berkovich indenters. 
Friction coefficient between the indenter and material was set to be 0.15, which was the fric-
tion value between metal and diamond [15]. However, the friction coefficient has little effect 
on indentation load if the indenter angle is greater than 60° [16]. Meshes were designed to 
become finer closer to the indenter. The number of nodes was approximately 20,000 and the 
smallest mesh under the indenter was 0.08 μm so that better convergences were achieved. 
Model sizes were determined in such a way that the size effects were negligible.

Strain rate effect is applied using the  Cowper–Symonds equation [17]:

 σ ε σ ε
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where σs(ε) is static stress at referred strain. γ  and m are strain rate parameters, which are 
defined as dynamic constants. Experiment results of 5N aluminum (99.999 mass% purity) at 
low strain rate (10−4,10−2/s) and high strain rate (102/s) [18] were used. True stress–strain 

Figure 3:  (a) Schematic image of model; (b) True stress–strain curves for 5N aluminum at the 
low and high strain rate [18].
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relationships were shown in Fig. 3b. Dynamic constants in eqn (4) were derived from Fig. 3b. 
Obtained γ  and m were 5000/s and 0.16, respectively.

3 LOADING CONDITION

3.1 Theoretical equation for the loading conditions

In general, indentation has been performed using ‘Constant Loading Rate (CLR)’ [1]. The 
maximum load is set and the value of CLR can be varied in experiments. In fact, strain rate 
effect was observed in indentation with different values of the CLR [14].

Indentation strain rate ε i is defined as [19]:

 ε i c
h

dh

dt
=











1
 (5)

where c is a material constant and t is test time. It has been reported that the hardness of 
material increased with decreasing indentation depth since the indentation strain rate ε i

increased [19].
Another loading condition is called the ‘Constant Indentation Strain Rate (CISR)’ and is 

given by the following equation [20]:

 




ε ic

h

h

P

P
const= = =

1

2
. (6)

where ε ic is the CISR.
In order to achieve the CISR, the following function must be satisfied [21]

 h h tic= 0 exp( )ε  (7)

where h0 is a displacement at t = 0.
These two loading conditions were applied using the same model and material properties 

including Cowper–Symonds dynamic constants. This makes it possible to compare the 
effects of loading condition in the indentation test.

3.2 Simulation conditions of constnat loading rate

The maximum indentation load in this simulation was 1200 mN and CLRs were set as 0.7, 7, 
70, and 350 mN/s. These CLRs covered the conditions of previous indentation tests [14]. At 
the maximum load, the indenter force was maintained for 30s.

3.3 Simulation conditions of constant indentation strain rate

The initial displacement h0 in eqn (7) was set to be 0.5 μm. The maximum displacement was 
chosen as 18.7 μm in order to minimize the initial displacement effect. In preliminary simu-
lations, different initial displacements with the fixed displacement (18.7 μm) were also tested 
and indeed obtained almost identical results. By solving eqn (7) in terms of ε ic, the CISRs 
were set as 0.006, 0.06, 0.6 and 6/s. These CISRs were chosen to cover wide ranges of inden-
tation strain rates used in previous studies [22, 23]. Since the exponential function as defined 
by eqn (7), was not supported in the ABAQUS, the input function was approximated as 70 
segments by using MATLAB.
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4 SIMULATION RESULTS
The relationship between load and displacement for CLR is shown in Fig. 4. In order to dis-
tinguish between the rate-dependent and rate-independent simulation, results without 
Cowper–Symonds equation was referred as ‘independent’ (e.g. 350 mN/s (Independent). In 
Fig. 4, the larger CLR indicated higher indentation load at a given displacement. Such an 
effect was not seen in the rate-independent results. For CISR, indentation loads were also 
increased similar to that of CLR (not shown here). Additionally, only rate-dependent results 
showed that displacement increased with increasing CLR during holding time in Fig. 4 (b). 
The relationships between loading curvatures and displacement are shown in Fig. 5. For CLR, 
loading curvatures were observed to remain constant in rate-independent results, whereas 
rate-dependent results showed that it decreased with the displacement as shown in Fig. 5a. The 
relationships between loading curvatures and displacement for CISR are shown in Fig. 5b, (for 
clarity, results during the initial displacement are excluded). Due to the approximation of 
exponential function, small fluctuations were observed, although such effect was small. Figure 5b 
showed that loading curvatures remained constant regardless of strain rate effect in CISRs.

5 GEOMETRICAL SIMILARITY

5.1 Geometrical similarity with strain rate effect

The previous section suggested that the strain rate effect in an indentation test was influenced 
by different indenter controls. However, for CISR tests, the loading curvature of rate 

Figure 4:  Relationship between indentation load and displacement for constant loading rate; 
(a) Load scale 0 to 800 mN (b) Load scale 1000 to 1200 mN.

Figure 5:  Relationship between loading curvatures and displacement. (a) Constant loading 
rates; (b) Constant indentation strain rates.
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 dependent materials showed the same behavior with that of rate independent materials. This 
means that it is possible that the classical indentation theory (e.g. geometrical similarity, 
which is based on C = P/h2 = const.) can be applicable if the CISR method is used.

The geometrical similarity has been widely known for indenters such as the Berkovich and 
conical indenters. By using such indenters, the ratio of contact radius and depth is always 
constant during loading, and the hardness is independent of displacement due to geometrical 
similarity [1]. So far, geometrical similarity has not been investigated under the strain rate 
effect.

The relationship between stress and plastic strain beneath the indenter was derived. All of 
the results were obtained from von Mises stress and the equivalent plastic strain (hereinafter 
referred to as stress and plastic strain) from simulation results. Values of plastic strain were 
obtained vertically from the indenter, and certain displacements were arbitrarily chosen for 
comparison (1~16 μm). Results are shown in Fig. 6a and b. Higher plastic strain indicates 
closeness to the indenter tip. Geometrical similarity is not applicable for the CLR with the 
rate-dependent material, because the stress and plastic strain relationship was dependent on 
the displacement. For example, stress reduction of approximately 15% was observed from 1 
μm to 16 μm as indicated in the Fig. 6a. On the other hand, geometrical similarity is valid for 
the following conditions:

1. Rate-independent results of CLR and CISR.
2. Rate-dependent results of CISR.

In order to investigate these points further, strain rate effect will be investigated in the follow-
ing section.

5.2 Geoemtrical similarity of strain rate

In a previous study, little information was available for the geometrical similarity on strain 
rate. Strain rates were obtained by using two subsequent time increments. Strain rate is cal-
culated from the following equation:

 ε

ε

=

d

dt
p  (8)

where εp is the equivalent plastic strain and dt is the output time step of the simulation, which 
is about 30 ms in this study.

Figure 6:  Relationship between stress and plastic strain under the indenter. (a) Constant 
loading rate 350 mN/s; (b) Constant indentation strain rate 6/s.
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Extractions of the data were made vertically from the indenter tip at arbitrarily chosen 
displacements (1~16 μm). Simulation results of CLR and CISR are shown in Fig. 7a and (b). 
The strain rates of CLR in Fig. 7a clearly showed that strain rate was dependent on the dis-
placement, whereas those of CISR in Fig. 7b indicated that the strain rate was independent of 
displacement. This supports the assumption that the geometrical similarity on strain rate is 
also valid for the CISR. This is the reason why the geometrical similarity with strain rate 
effect is only applicable for CISR as shown in Fig. 6b.

In addition, the highest strain rate was observed at plastic strain 0.125 for both indenter 
control methods. It is interesting to note that this value is close to the representative strain 
0.08 as Tabor has suggested [3]. However, further investigation is necessary to clarify the 
physical meaning of this finding.

Figure 7 shows that high strain rate gradient is obtained at low plastic strain 0 to 0.1. In con-
trast, low strain rate gradient was observed at high plastic strain (e.g. 0.3 to 0.5). As shown in Fig. 
2b, the area of plastic strain 0 to 0.1 (Low εp) should be large in comparison with that of high 
plastic strain 0.3 to 0.5 (High εp). This means that high strain rate gradient affects a large area of 
the specimen during indentation. A similar conclusion was obtained for all indenter velocity.

6 ANALYSIS OF STRAIN RATE DISTRIBUTION IN INDENTATION

6.1 Strain rate distribution

In order to obtain a general idea on the strain rate distribution, strain rate diagrams are 
depicted in Fig. 8. It can be observed that strain rate is distributed hemispherically.

As shown in Fig. 2b, the highest plastic strain is found at the tip of the indenter. In contrast, 
the highest strain rate was located at the edge of the indenter as shown in Fig. 8. This is 
because new surface is always deformed as indenter penetrates. Additionally, higher strain 
rate region was observed from indenter radius, which was approximately 2 to 5 times larger 
than the displacement.

Figure 8a and b showed that the CLR produced smaller strain rate at larger displacement. 
However, the strain rate values were the same for the CSIR.

6.2 Strain rate of indentation

Actual strain rate values that affect material have been debated in previous studies [24, 25]. 
It was revealed that strain rate is distributed non-uniformly as explained in the previous sec-

Figure 7:  Relationship between strain rate and plastic strain under the indenter. (a) Constant 
loading rate 350 mN/s; (b) Constant indentation strain rate 6/s.
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tion. Unlike in a uniaxial test, obtaining the single value of strain rate is difficult in indentation. 
It is therefore of technical interest to seek a reference strain rate that can correlate with the 
strain rate of a uniaxial test [25]. The relationship between the strain rates of uniaxial tests 
and constant indention strain rates can be approximated as:

  ε ε= b ic  (9)

where b is a material constant [25].
It has been assumed theoretically that b in eqn (9) ranges from 0.071 to 0.286 depending 

on material properties [25]. Our results suggested that strain rate of CLR is found to be 
decreasing with increasing displacement. Obtaining a reference strain rate for the CLR is 
difficult since it reduces with displacement. Here, we focused on the CISR, since the strain 
rate distribution was the same regardless of the displacement. The highest strain rate from 
Fig. 7b was derived, and b was 0.23, which was within the ranges mentioned earlier. As the 
present study has suggested, strain rate distribution is not uniform, and is different from plas-
tic strain distribution. More detailed work is necessary to relate indentation strain rate with 
strain rate of uniaxial tests.

7 CONCLUSIONS
Strain rate effects of indentation is an important material characterization, although the effect 
of loading condition has been unknown. In this study, strain rate effects of indentation with 
different indenter controls were investigated using the finite element method. Results were 
summarized as follows.

Figure 8:  Strain rate diagrams at certain displacements (h = 2 μm and 16 μm) given by 
different testing methods. (a), (b) The constant loading rate (350 mN/s); (c), (d) The 
constant indentation strain rate (6/s).
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For CLR,

1. Loading curvatures decreased with increasing displacement.
2. Geometrical similarity was not applicable with strain rate effect.
3. Value of strain rate decreased with displacement.

For CISR,

1. Loading curvatures were constant regardless of the displacement.
2. Geometrical similarity was applicable with and without strain rate effect.
3. Value of strain rate was the same regardless of the displacement.

Similarities of both control methods were listed as follows.

1. The highest strain rate regions were observed at the edge of the indenter.
2. Higher strain rate region was distributed hemispherically from the edge of the indenter.

It was clarified that strain rate in indentation was strongly affected by the loading conditions. 
Constant indentation strain rate was suitable to relate the strain rate value with that of uniax-
ial test since those were the same regardless of the displacement. However, further study is 
necessary to correlate the indentation strain rate with uniaxial strain rate.
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