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ABSTRACT
A review of Green’s functions for dissimilar or homogeneous elastic space containing penny-shaped 
or annular interfacial cracks under singular ring-shaped loading sources is presented. The solutions 
are based on fictitious singular loading sources and superposition of the fundamental solutions of the 
following two problems: (a) Dissimilar elastic solid without crack under singular source, and (b) Dis-
similar elastic solid containing crack under surface tractions. The above Green’s functions have the 
following advantages: (i) No multi-region BE modeling for the dissimilar material is necessary, and (ii) 
No discretization of the crack surface is necessary. Numerical examples are presented and discussed.
Keywords: axisymmetric loading, crack, dissimilar material, green’s functions.

1 INTRODUCTION
The usual methodologies for numerical solution of crack problems are based on high-density 
mesh. For analyzing interfacial cracks in dissimilar materials, apart from high-density mesh, 
multi-domain modeling is necessary [1, 2]. The multi-domain modeling is mostly known as a 
technique for solving non-homogeneous material problems. Gao et al. [2] have proposed a 
three-step solution technique where normalized displacements and tractions are formulated 
for each sub-domain. Their procedure is based on the following steps: (a) they eliminate inter-
nal variables at the individual domain level, (b) they eliminate boundary unknowns defined 
over nodes used only by the domain itself, and (c) they establish the system of equations 
according to the compatibility of displacements and equilibrium of tractions at common inter-
face nodes. Ribeiro and Paiva [3] have implemented an alternative multi-region technique. 
Establishing relations between the displacement fundamental solutions of the different sub-
domains, they analyze the sub-domains as one unique solid, not requiring equilibrium or 
compatibility equations. Ramšak and Škerget [4, 5] have proposed an efficient 3D multi-
domain modeling for solving the Laplace and the Poisson equation. They discretized the 
integral boundary equation using mixed boundary elements. The multi-domain technique has 
also been used for BE modeling of heat transfer [6] and fluid mechanics [7] problems. The 
multi-domain methodology seems to be an effective method for bi-materials containing inter-
facial cracks as well [8, 9]. Phan and Mukherjee [10] have implemented the boundary contour 
method (BCM), which offers a further reduction of the computational cost. Zhao et al. [11] 
have extended the displacement discontinuity method to analyze interfacial cracks in 
 magneto-electro-elastic bi-materials. Since non-homogeneous materials (e.g. bi-materials or 
composites) have currently many engineering applications, the analysis of interfacial cracks 
[12, 13] is always an interesting subject for research. In the mechanical engineering practice, 
axisymmetric structural parts (e.g. shafts) containing internal or external interfacial cracks are 
often analyzed. For these specific cases of non-homogeneous axisymmetric solids containing 
axisymmetric crack under axisymmetric loading, the use of Green’s functions [14] has 
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 important benefits: (a) reduction of the  dimensionality of the problem from 3D to 1D, (b) 
substantial reduction of the number of nodes because no multi-domain modeling is necessary, 
and (c) substantial improvement of the accuracy and reduction of the computing cost because 
no discretization of the crack surface is necessary. However, the price for the above benefits is 
the complexity of the mathematical derivation of the Green’s functions. A review of methods 
for Green’s functions derivation for axisymmetric dissimilar or homogeneous materials con-
taining cracks under ring-shaped singular loading sources, developed by the author, is the aim 
of the present work.

2 LOADING SOURCES
Cracked axisymmetric solids subjected to torsional and axial loads (e.g. shafts) can be ana-
lyzed with the aid of Green’s functions. Suitable singular loading source for deriving the field 
of displacements in an infinite medium in order to create the BE model of finite axisymmetric 
solids is the ring-shaped one containing torsional, axial, and radial components (Fig. 1). It is 
more convenient to derive the Green’s functions for the three components of the loading 
source separately and then to superpose the solutions. For the torsional (tangential) loading 
source q

ϑ
, complete Green’s functions exist for the case of dissimilar materials containing 

internal penny-shaped or external annular interfacial crack (Fig. 2a and b). For the axial and 
radial sources qz, qr respectively, only the analytic solution of the stresses σzz is available for 
a homogeneous medium containing internal penny-shaped or external annular crack (Fig. 3). 
However, for the purpose of finding the mode I stress intensity factor KI, this stress compo-
nent is sufficient [15].

3 A REVIEW OF GREEN’S FUNCTIONS
Analytic solutions for the problems shown in Figs 2a,b and 3a,b have been derived by the 
author in refs [16–19]. The procedure for the derivation of the above Green’s functions is 

Figure 1: Ring-shaped singular loading source.
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Figure 2:  Dissimilar material under singular tangential ring-shaped source containing: (a) 
internal penny-shaped interfacial crack, (b) external annular interfacial crack.

Figure 3:  Homogeneous material under axial and radial loading sources containing:  
(a) internal penny-shaped crack, (b) external annular crack.

based on the superposition of two partial solutions: (a) the solution of the medium without 
crack under the ring-shaped singular source, and (b) the solution of a cracked medium with-
out ring-shaped source, where the crack surfaces are subjected to opposite tractions as derived 
from the first problem at the prospective crack site (Fig. 4).

For the case of dissimilar material containing interfacial crack under tangential ring-shaped 
source, a special technique for the solution of the first problem based on fictitious loading 
sources has been used [16, 17].

3.1 Solution for the un-cracked dissimilar elastic medium

According to this technique, the dissimilar medium is decomposed to two half spaces. One 
half space is loaded by the actual ring-shaped source as well as the surface stresses due to the 
contact of the other half space. The second half space is loaded only by the surface contact 
stresses (Fig. 5). Since analytic solution for a homogeneous medium subjected to ring-shaped 
tangential source is available [20], any half space can be considered as a sub-domain of the 
homogeneous medium subjected to two equal and symmetrically located (with respect to 
the prospective free surface of the half space) loading sources (Fig. 6). Therefore, the 
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Figure 4:  Superposition of two solutions for deriving the Green’s function of a cracked 
medium under singular loading sources: (a) uncracked medium under singular 
ring-shaped source, (b) cracked medium under opposite tractions acting on crack 
surfaces.

 displacements u ro
qr ( ) on the plane z = 0 (Fig. 6) of the homogeneous medium are known [20]. 

Since the τ ϑz  on the plane z = 0 are zero due to the symmetry of the two loading sources, each 
sub-domain z>0 or z<0 (Fig. 6) can be considered as a half space. Having now the solution 
for the half space under singular ring-shaped source, the displacement distribution on the 
interface between the two materials (Fig. 5) can be obtained [16, 17]:
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Figure 5:  (a) A dissimilar elastic medium, (b) Decomposition of the dissimilar elastic medium 
to two half spaces.

Figure 6: Homogeneous medium under two same loading sources.
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K( / , )π κ2 , E( / , )π κ2  are the complete elliptic integrals with modulus
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Then, fictitious loads Q2 and Q1 can be applied on the homogeneous media with shear 
modulus G2 and G1 respectively (Fig. 7a and b) in order to cause the displacement distribu-
tion u r0 0( , ) given by eqn (1).

Applying the existing solution for the displacements [20] on the plane z = 0 in the two 
homogeneous elastic mediums shown in Fig. 7a and b, and using eqn (1)
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the suitable values for the fictitious loads Q1 and Q2 causing the displacement distribution 
u ro ( , )0  given by eqn (1) can be obtained:
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Using the above values for Q1, Q2, the displacement distribution on the plane z = 0 of the 
homogeneous media shown in Fig. 7a and b is the same as the displacement distribution on 
the interface z = 0 of the dissimilar medium shown in Fig. 5a. Then, the sub-domain z ≥ 0 of 
the dissimilar medium shown in Fig. 5a has the same loading and boundary conditions  
(on z = 0) with the sub-domain z ≥ 0 of the homogeneous medium shown in Fig. 7b.  

Figure 7:  (a) Homogeneous elastic medium with shear modulus G2 subjected to a fictitious 
load Q2 causing the displacement distribution u r0 0( , ) given by eqn (1),  
(b) Homogeneous elastic medium with shear modulus G1 subjected to the actual 
loading source q

ϑ
 and to the fictitious one Q1 causing the displacement distribution 

u r0 0( , ) given by eqn (1).
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Therefore, the solution for z ≥ 0 of the dissimilar medium shown in Fig. 5a is the same as the 
solution for z ≥ 0 of the homogeneous medium shown in Fig. 7b:
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Taking into account the following eqns (13) and (14) obtained by [21, 22] respectively,
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the solution for the dissimilar medium shown in Fig. 5a can be written in terms of Bessel 
functions:

 

u r z
G

g r z d
G G

G G
g r z dJ p

w w w w( , ) ( , , ) ( , , )= +
−
+







∞∞

∫∫
1

4 1
1

1 2

1 2
2

00





≥z 0  (16)

 t
p

w w w w wJ
J

z r z G
u r z

z
g r z d

G G

G G
g r z( , )

( , )
( , , ) ( , ,=

∂
∂

= − +
−
+1 1

1 2

1 2
2

1

4
)) d zw

00

0
∞∞

∫∫











≥  (17)

 u r z
G G

g r z d zJ p
w w( , ) ( , , )=

+( ) ≤
∞

∫
1

2
0

1 2
1

0

 (18)

 t
p

w w wJz r z
G

G G
g r z d z( , ) ( , , )=

+( ) ≤
∞

∫2

1 2
2

04
0  (19)

where:

 g r z e J r Jz zo

1 1 1( , , ) ( ) ( )ω ω ρω
ω

=
− −( )  (20)

 g r z e J r Jz zo

2 1 1( , , ) ( ) ( )ω ω ρω
ω

=
− +( )

 (21)



222 D.G. Pavlou, Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017)

3.2 Solution for the interfacial crack of a dissimilar medium under crack surface tractions

Let us now assume a dissimilar medium containing a penny-shaped crack. To this medium, 
only the crack surfaces are subjected to equal and opposite tractions. Since solution exists 
only for a homogeneous medium containing crack under equal and opposite tractions [15], 
the dissimilar medium should be substituted by two different homogeneous media, contain-
ing sub-domains with the same loading and boundary conditions with the sub-domains of the 
dissimilar medium.

Taking into account ref. [23] the displacements on the plane z = 0, of the half space G1 in 
Fig. 8 is given by the following equation:
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On the same plane z = 0 of half-space G2 (Fig. 8) the displacements are:

 u r
G

h r2 2
2

0
1

4
( , ) ( )= −( )

π

 (23)

 h r
r

Q x d
r

Q x dz
c

z

a

a

( )
( )

( )
( )

( )/

,

/=
−

+
∞

∫∫
t tθ θη

η
η

η
η

η1 2

1 2

1 2
0

 (24)

 x
r

r
=

+η

η

2 2

2
 (25)

Assuming that the two half spaces are perfectly bonded, the condition

 u r u r1 20 0( , ) ( , )=   (26)

yields u r u r1 20 0 0( , ) ( , )= =  (27)

Figure 8: Decomposition of the cracked dissimilar medium to two half spaces.
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Figure 9:  (a) Cracked homogeneous medium with shear modulus G1, (b) Cracked 
homogeneous medium with shear modulus G2.

Therefore, the sub-domain z ≥ 0 of the cracked dissimilar medium (Fig. 8) has the same 
loading and boundary conditions and the same material properties as the sub-domain z ≥ 0 of 
the cracked homogeneous medium shown in Fig. 9a. Similarly, the sub-domain z ≤ 0 of the 
dissimilar cracked medium has the same loading and boundary conditions and the same 
material properties as the sub-domain z ≤ 0 of the cracked homogeneous medium shown in 
Fig. 9b. Since the solution for a homogeneous domain containing a penny-shaped crack sub-
jected to opposite and equal surface tractions is known [15]
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the expression for τ zc
c  in the above equations can be substituted by the opposite stresses τ

ϑz  
given by eqns (17) and (19). Then, superposition of the solutions of the media shown in  
Fig. 4a and b (taking into account only the tangential component of the loading source) yield 
the required Green’s function for the dissimilar domain containing interfacial penny-shaped 
crack, under tangential ring-shaped singular loading source (Fig. 2a). The calculation of the 
resulted quadruplicate integrals is the main challenge. Analytic solution simplifying the 
quadruplicate integrals to single ones has been achieved by the author [16]. This Green’s 
function is summarized in the Appendix 1. Following the same concept, Green’s function for 
the dissimilar medium containing external interfacial crack, subjected to ring-shaped tangen-
tial loading source, as well as Green’s functions for homogeneous mediums containing 
penny-shaped crack under ring-shaped axial and radial loading sources [17–19] are summa-
rized in Appendices 2 to 3 respectively.

4 NUMERICAL RESULTS
Graphical representation of the solutions provided in Appendices 1–3 can be obtained for some 
typical cases of dissimilar or homogeneous crack problems under singular ring-shaped sources.

Example 1: Dissimilar material containing an interfacial penny-shaped crack and a singular 
tangential ring-shaped loading source.

A dissimilar space composed by aluminum (on z>0) and steel (on z<0) with shear modulus 
G1 = 26 GPa and G2 = 75 GPa, respectively, contains an interfacial (on z = 0) penny-shaped 
crack with radius α = 0.01 m. The above dissimilar space is subjected to a singular, ring-
shaped, tangential loading source with radius ρ = 0.08 m and magnitude 2 1πρ

ϑ
q =  located 

on the plane zo = 0.08 m. With the aid of the solution given in Appendix 1, the shear stress 
distribution τ

ϑz  versus r for three planes z = 0.010 m, 0.013 m, and 0.016 m is demonstrated 
in Fig. 10. According to this figure, the peak values of the shear stress distribution take place 

Figure 10:  Shear stress τ
ϑz  distribution on the sub-domain z>0 (material G1) of a dissimilar 

medium containing a penny-shaped crack and ring-shaped source.
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on the crack tip (r = 0.01 m) and on the radius of the singular loading source (r = 0.08 m). As 
the distance of the reference plane moves from the plane of the crack toward the plane of the 
loading source, the peak value on r = 0.01 m decreases while the peak value on r = 0.08 m 
increases.

Example 2: Dissimilar material containing an external interfacial crack and a singular, 
 Tangential, ring-shaped loading source, lying on the interface

A same aluminum/steel dissimilar space contains an external crack with internal radius 
0.010 m and infinite external radius. The dissimilar space is subjected to a ring-shaped, tan-
gential loading source 2 1πρ

ϑ
q =  with radius ρ = 0.03 m located on the interface z = 0. Using 

the solution given in Appendix 2, the shear stress distribution τ
ϑz  versus r for three planes 

z = 0.04 m, 0.06 m, and 0.08 m is shown in Fig. 11. It can be observed that the peak values 
take place on r = 0.03 m and r = 0.10 m, that is, on the vicinity of the singular source and the 
crack tip, respectively. As the distance z from the above singularities increases, the values of 
the shear stress decreases.

Example 3: Homogeneous material containing a penny-shaped crack and a singular, ring-
shaped axial and radial loading source

A homogeneous space made by steel contains a penny-shaped crack with radius α = 0.01 m. 
The domain is subjected to a singular, ring-shaped loading source with axial and radial 
components 2 1πρqz =  and 2 1πρqr =  respectively, and radius ρ = 0.08 m. The distance of 
the plane of the loading source from the plane of the crack surface is zo = 0.08 m. With the 
aid of the solution obtained by Appendix 3, the axial displacement uzz versus r is demon-
strated in Fig. 12 for the planes z = 0.01 m (near to the crack surface) and z = 0.07 m 
(near to the loading source). In the above figure, peak values for the displacement uzz can 
be observed on r = 0.01 m (crack tip) and r = 0.08 m (perimeter of the loading source). 
As the reference plane moves from z = 0.01 m to z = 0.07 m, a rapid decrease of the 
peak value of uzz on r = 0.01 m and a considerable increase of its value on r = 0.08 m  
happen.

Figure 11:  Shear stress τ
ϑz  distribution on the sub-domain z>0 (material G1) of a dissimilar 

medium containing an external annular crack and a ring-shaped source.
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5 CONCLUSIONS
A review of Green’s functions developed by the author for dissimilar or homogeneous media 
containing axi-symmetric cracks and singular, ring-shaped loading sources has been summarized.

A brief presentation of the methodology for developing the above Green’s functions has 
been presented.

Numerical results for three examples have been demonstrated for three cases: (1) Dissim-
ilar material containing a penny-shaped interfacial crack and a singular tangential, ring-shaped 
loading source, (2) Dissimilar material containing an external interfacial crack and a singular 
tangential, ring-shaped loading source located on the interface, and (3) Homogeneous mate-
rial containing a penny-shaped crack and an axial/radial singular loading source.

In all examples, the field values take peak values in the vicinity of the crack tip and the 
singular source.

The above Green’s functions can be used for BE modeling of finite axi-symmetric cracked 
solids under axial and torsional loads (e.g., cracked shafts). The advantages of using the 
above Green’s functions are: No multi-domain modeling and no discretization of the crack 
surfaces is necessary.
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Appendix 1: Green’s function for dissimilar elastic space containing an interfacial 
 penny-shaped crack and a tangential, ring-shaped loading source.
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The functions B t B t B to ( ), ( ), ( )21 22  can be obtained from Pavlou [16].

Appendix 2: Green’s function for dissimilar elastic space containing an interfacial external 
crack and a tangential, ring-shaped loading source.
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Region z<0
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The functions A t A t A to ( ), ( ), ( )21 22  can be obtained from Pavlou [17].

Appendix 3: Green’s function for homogeneous elastic space containing a penny-shaped 
crack and an axial/radial, ring-shaped loading source.

(a) Radial loading source
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(b) Axial loading source
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