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Rotator-cuff tear and vascular-related stenosis are common diseases in the elder persons. 

A balloon-like rotator-cuff is proscribed as the usual clinical intervention. Recently, 

computational schemes are being sought to enhance clinical outcomes in vascular-related 

repairs. This paper presents a numerical treatment of asymmetrically-shaped gold-

embedded nanoparticle in stenotized conduit under the influence of magnetic field. We 

described the dynamics of fluid and particle transport under externally imposed field 

effect using established mathematical formulations. Thereafter, a robust numerical 

scheme built around spectra-relaxation scheme to implement the solution over 

conformation in the Au-blood stream under magnetic field imposition. 
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1. INTRODUCTION

Cardiovascular related disease is regarded as an issue of 

public health concern across the world [1]. The current 

hospitalization rate across the world implicates 2019-nCov as 

a respiratory disease which translates to cardiovascular 

complicity. Cardiovascular-related death is expected to surge 

beyond the predicted metrics by the end of year 2030 [2-4]. 

Thus, the coronavirus pandemic has disproportionately 

leading to mortality of persons with underlining 

cardiovascular-related diseases across race and gender in 

middle as well as high-income countries [5]. This contributing 

fact compounds the present disease burden associated to 

cardiovascular diseases (CVD) reported as 17.7 million deaths 

accounting for 31% death world-wide [6, 7]. Of all CVD 

deaths, atherosclerosis is associated with an estimate of 45.1% 

with substantial healthcare budget devoted to clinical 

intervention and investigation to ameliorate the severity of 

disease burden tied to atherosclerosis [8].  

Post cardiac interventions in the coronary arteries are 

reported to cause a complication described as restenosis. The 

precise and sustain dosing of anti-proliferative materials in the 

region of dilated arterial vessel is considered a dependable 

technique to limit the severity of the balloon-like envelope 

injury. Recent developments in nano-medicine, biocompatible 

nanoparticle mediation are being deployed to engulf anti-

proliferative agents which may be tailored for controlled-

release of the therapeutic materials. Certain nanoparticles 

identified within the class of anti-proliferative agents for 

restenosis is documented in the report [9-11]. Notable 

candidate nanomaterial are classified as either lipid-based, 

polymer based and gel-based with respective examples as 

liposomal or polylactic-coglycolic acid (PLGA) nanoparticles 

(NPs) [12-14], poly (ethylene oxide) and poly (d.L-lactic-co-

glycolic acid) [15], hydrogel spheres made of poly (N-

isopropylacrylamide) [16, 17]. In addition to controlled-drug 

release application, NPs have been shown a promising 

material in prognostic intervention of atherosclerosis. For 

instance, image-based diagnosis of myocardial infraction 

employs nanoparticle because they can be embed reagents and 

ensure target release on the sight of disease lesion either for 

dosing of drugs or for providing contrast for imaging 

procedure. Particularly in NP-based fluorescence imaging 

based on fluorescence molecular tomography utilizes NPs to 

target macrophage specific sites in region of atherosclerosis 

[18]. The target deposition of therapeutic materials could be 

achieved using NPs in the intra-arterial region to limit the 

incidence of restenosis in surgical setting [10]. There are on-

going computational endeavors to describe restenosis process 

in coronary stenosis leveraging on molecular dynamics 

techniques [19]. 

Computational techniques to handle hemodynamics of 

blood flow in nanoparticle-mediated systems are been reported 

in recent literatures. Nadeem and Ijaz [20] studied numerical 

investigation on nanoparticle dynamics in a venture-like 

orientation of arterial stenosis which showed significant 

pressure impedance which increased with Darcy parameter 

with thermal field within the diverging section of the vessel 

considered. Premised on these findings, the same group [21] 

demonstrated the dominance of metallic copper-base 

nanoparticle embedded in blood flow in a stenotic conduit. 

The impact of permeability on conjugated of nanoparticle-

blood flow in a multilayered stenosis was investigated. In a 

latter study, Ardahaie et al. [22] presented the analysis of 

nanoparticle-containing blood flow under the influence of 

magnetic field using a combination of Akbar-Ghanji method 

and differential transformation method over the set of 

governing equations. Within the confinement of magnetic 

field, the authors reported that increment in Grashof parameter 

and negative pressure gradient precipitate the flow field while 
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the combined effect of Brownian-thermophoretic parameters 

regulated the concentration and thermal behavior in the 

nanoparticle-blood flow field. Akbar [23] demonstrated that in 

a symmetrically tapered stenotic condition, the inclusion of 

metallic nanoparticle in water as base fluid was studied to 

describe flow behavior during wall shearing and resistive 

impedance in various sections of the region of arterial stenosis. 

There is convincing experimental report that NP-coated drug 

in the domain of vessel stenosis could be guided toward target 

delivery in a magnetic field environment [24-28]. Hence, the 

numerical study of Badfar et al. [29] described the dynamics 

of droplet formation and vortex generation in a magnetic field 

drug targeting and dispensing intervention using Fe3O4–based 

nanoparticle in arterial stenosis of specified geometric 

constrictions. Ahmed and Nadeem [30] showed that varying 

configuration of shaped nanoparticle of metallic copper could 

be modeled to describe angioplasty using mathematical 

techniques of perturbation approximation to estimated balloon 

rise of angioplasty procedure in a model catheterized stenotic 

blood flow. Ayub et al. [31] observed reduction in 

hemodynamic response considering flexible wall analogy of 

arterial blood vessel experiencing benign stenosis with balloon 

in the presence of copper-based nanoparticle-blood as 

conjugated fluid exhibiting viscous behavior.  

The presence of stenotic complicate vascular pathways, this 

geometric feature impacts on the flow dynamics of plasma and 

its containing biomolecules constitute some grade of 

intricacies. Hence, a fascinating dynamics of biogenic fluid 

through this complex bio environment has continued to draw 

researchers’ attention. Reddy et al. [32] numerically 

considered a homogenous treatment of coupled-stress problem 

showing the dynamics tapered constrictions in a stenosis-

plagued arterial vessel. The study highlighted the impact of 

stenotic configuration on pulsating flow under selected 

physiological conditions. In the attempt to investigate stenotic 

flow, Akbar et al. [33] described blood flow as a Jefferry-type 

non-Newtonian fluid using perturbation scheme to 

numerically analyze wall shear and shearing stress in the 

stenotic conformations of the model vascular conduit. A 

detailed review of numerical study and implications of the 

flow regime as a tool to enhancing medical procedures and 

improving clinical outcomes is contained in the works of 

Zhang et al. [34]. 

Some studies have shown the capability of numerical 

techniques to handle clinical images of stenosis diagnosis. 

This image-based numerical modeling has been applauded as 

a precursor for achieving real-time computer-driven clinical 

medicine. Skopalik et al. [35] presented a robust numerical 

assessment to predict pressure drop using image-based data in 

a scenario of iliac-type arterial stenosis. However, there are 

certain issues limiting the utilization of image-computing in a 

numerical scheme in the cases of arterial stenosis [36]. The 

ease of accessing geometric intricacies in a digital image and 

its contribution to boundary conditions in the formulations is 

slim. A deal of sensitivity is required in image-based 

numerical modeling to sufficient capture the geometric 

intricacies in a stenotic environment. To improve on 

sensitivity in image-based computational study, the use of 

nanoparticle is proposed based on the fluorescent 

characteristic of the some particulate metal oxides. For 

instance, in a bid to optimize computer tomography procedure, 

gold nanoparticle (AuNP) being a contrast agent was 

employed to improve the outcome of imaging of 

atherosclerosis [37]. AuNP could assist in controlling imaging 

procedure which could in turn improve the definition of 

geometrics as a precursor to defining approximation solutions 

at the boundary of the stenotic regions. While the boundary-

defining role of particulate AuNP embedded in vascular fluids, 

the impact of field imposition is as well identified as tool for 

remote monitoring directing the swimming of the particulate 

solids in the fluid media [38-40]. Numerical approaches are 

presently being explored in nanoparticle-based fluid 

mechanics. For instance, Badfar et al. [41] developed a scheme 

based on finite volume method for magnetic drug targeting in 

a two-phase dynamics in a stenotic arterial vessel to predict 

droplet formation and vortices propagation. 

This study examines a near-native scenario of the arterial 

vessels, we treated the stenotic conduit to a realist 

asymmetrical wall distension occasioned by lesion. Hence, 

this study explored the strength of numerical technique to 

describe hemodynamics of NP-mediated blood flow within 

modeled microenvironment of arterial restenosis. Particular 

emphasis on asymmetrically-constricted arterial dilation to 

sufficiently scrutinize transport behavior of eluting NP is made 

during this investigation. The study addressed three geometric 

conformations of AuNP in the eluting dynamics under 

magnetic field effect in the modeled cylindrical micro conduit. 

 

 

2. MATHEMATICAL FORMULATION 

 

The following are the equations which dictate mass, 

momentum, and energy conservation. 

 
∆. �̅� = 0 (1) 

 

𝜌𝜂𝑓

𝐷�̅�

𝐷𝑡
= −Δ𝑃 + 𝜇𝜂𝑓

Δ2�̅� + 𝑔(𝜌𝛾)𝜂𝑓
(𝜃 − 𝜃1)  (2) 

 

𝜌𝑐𝑝

𝐷�̅�

𝐷𝑡
= 𝐾Δ2𝜃 + 𝑄𝜊  (3) 

 
𝑑�̅�𝑟
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𝑟

1

𝑟

𝑑�̅�𝑟

𝑑𝑟
+

�̅�𝑟𝑐𝑜𝑠𝜓
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𝑏

𝑏+𝑟𝑐𝑜𝑠𝜓

𝑑�̅�𝑧

𝑑𝑧
= 0  (4) 

 

𝜌𝜂𝑓
(
𝑑�̅�𝑟
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−

�̅�𝜓
2

𝑟
−

 
�̅�𝑧

2𝑐𝑜𝑠𝜓

𝑏+𝑟𝑐𝑜𝑠𝜓
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𝑏
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𝑟

𝑑�̅�𝑟
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(𝑏+𝑟𝑐𝑜𝑠𝜓)2
𝑑�̅�𝑧
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𝑐𝑜𝑠𝜓

(𝑏+𝑟𝑐𝑜𝑠𝜓)2
(�̅�𝑟𝑐𝑜𝑠𝜓 −

�̅�𝜓𝑠𝑖𝑛𝜓)]  

(5) 
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(𝜌𝑐𝑝
)
𝜂𝑓

(
𝑑𝜃

𝑑𝑡
+ �̅�𝑟

𝑑𝜃

𝑑𝑡
+

�̅�𝑧𝑏

𝑏+𝑟𝑐𝑜𝑠𝜓

𝑑𝜃

𝑑𝑧
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(
𝑑𝜃2

𝑑𝑟2
+

1

𝑟

𝑑𝜃

𝑑𝑟
+

𝑐𝑜𝑠𝜓

(𝑏+𝑟𝑐𝑜𝑠𝜓)2
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𝑑𝑧2
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(8) 

 

Introducing boundary conditions: 

 
�̅�𝑧

′′ = 0 at r=h(𝑧′′), �̅�𝑧
′′ = 0 at r=R(𝑧′′ , 𝑡′′) 

𝜃′′ = 𝜃′′
1 at r=h(z), 𝜃′′ = 𝜃′′

𝜊 at r=R(𝑧′′, 𝑡′′) 

 

The following thermo physical properties are used in this 

study: 

 

𝜇𝜂𝑓
=

1

(1−Θ)2.5
; 𝜇𝜂𝑓

=
𝐾𝜂𝑓

(𝜌𝑐𝑝)
𝜂𝑓

; 

𝜌𝜂𝑓
= (1 − Θ)𝜌𝑓 + Θ𝜌𝑠(𝜌𝛾)𝜂𝑓 

= (1 − Θ)(𝜌𝛾)𝑓 + Θ(𝜌𝛾)𝑠; 

(𝜌𝑐𝑝
)
𝜂𝑓

= (1 − Θ)(𝜌𝛾)𝑓 + Θ(𝜌𝛾)𝑠; 

𝐾𝜂𝑓

𝐾𝑓
=

𝐾𝑠+(1+𝑚)𝐾𝑓−Θ(1+𝑚)(𝐾𝑠−𝐾𝑓)

𝐾𝑠+(1+𝑚)𝐾𝑓+ Θ(𝐾𝑠−𝐾𝑓)
  

(9) 

 

where, vr and vz which are in radial and axial directions are 

velocity components of the nanofluid, ef is the density, ηf is 

viscosity, μf is thermal expansion coefficient, (𝜌𝑐𝑝
)
𝑓

 is the 

heat capacitance, Kf is the thermal conductivity of the base 

fluid, ρs is density, γs is thermal expansion coefficient, (𝜌𝑐𝑝)
𝑠
 

is the heat capacitance, Ks is the thermal conductivity of 

materials constituting of Au-nanoparticles; ϕ is the nanofluid 

volume fraction, T is the temperature of the nanofluid, Q0 is 

the heat absorption/generation constant, B0 is the magnetic 

field strength, ρref is reference density, μref is the reference 

viscosity, Kref reference thermal conductivity and γref is the 

reference thermal expansion coefficient and , (𝜌𝑐𝑝)𝑟𝑒𝑓
 is the 

reference heat capacitance. The following non dimensional 

quantities are used to obtain the simplified governing 

equations: 

 

[
 
 
 
 
 
 
 
 
 𝑟 = 𝑅∞𝑟′′;  𝑧 = 𝐿∞�̂�; �̅�𝑟 =

𝛿𝑢∞

𝐿∞

�̅�𝑟
′′𝑣�̂�;

�̅�𝑧 = 𝑢∞�̅�𝑧
′′; 𝜏𝑟𝑧 =

𝑢∞𝜇𝑓

𝑅∞

𝜏𝑟𝑧
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𝑅∞

𝑏
;

𝑃 =
𝑃′′𝐿∞𝑢∞𝜇𝑓
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𝜌𝑓
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2(𝜃 − 𝜃𝜊)
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𝑄𝜊𝑅∞

2

𝐾𝑓(𝜃 − 𝜃𝜊)
;

𝑅𝑒 =
𝑅∞𝑢∞𝜌𝑓

𝜇𝑓

;  𝜃 =
𝜃 − 𝜃𝜊

𝜃𝑖 − 𝜃𝜊

;  �̃� = 𝑅∞𝑡′′; 𝜃 = 𝜃′′

]
 
 
 
 
 
 
 
 
 

 (10) 

 

Using the dimensionless terms, transformed continuity 

equation becomes: 

 

𝛿 [
𝑑�̅�𝑟

′′

𝑑𝑟′′ + 
�̅�𝑟

′′

𝑟′′  
1

𝑟′′

𝑑�̅�𝑟
′′

𝑑𝑟′′ + 
�̅�𝑟

′′𝑐𝑜𝑠𝜓

1+𝜖𝑟′′𝑐𝑜𝑠𝜓
]  

+ 
𝑏

𝑏+𝜖𝑟′′𝑐𝑜𝑠𝜓
 
𝑑�̅�𝑧

′′

𝑑𝑧′′ = 0  
(11) 

 

𝜌𝜂𝑓

(

 
 

𝛿𝑢∞

𝐿∞𝑅∞

𝑑�̅�𝑟
′′

𝑑𝑡′′
+

(𝛿𝑢∞)2

𝐿∞𝑅∞

�̅�𝑟
′′
𝑑�̅�𝑟

′′

𝑑𝑟′′

+
𝜖𝛿𝑢∞

2

𝐿∞
2𝑅∞(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

�̅�𝑧
′′
𝑑�̅�𝑧

′′

𝑑𝑧′′
− 

𝑢∞
2𝑣𝑧

′′2𝜖𝑐𝑜𝑠𝜓′′

𝑅∞(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′))

 
 

 

= 𝜌𝜂𝑓
(

𝛿𝑢∞

𝐿∞𝑅∞

𝑑�̅�𝑟
′′

𝑑𝑡′′
+

(𝛿𝑢∞)2

𝐿∞𝑅∞

�̅�𝑟
′′
𝑑�̅�𝑟

′′

𝑑𝑟′′

+ 
𝜖𝛿𝑢∞

2

𝐿∞
2𝑅∞(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

�̅�𝑧
′′ 

𝑑�̅�𝑧
′′

𝑑𝑧′′

− 
𝑢∞

2𝑣𝑧
′′2𝜖𝑐𝑜𝑠𝜓′′

𝑅∞(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
 ) 

(12) 

= 
𝜇𝑓𝐿∞𝑢∞

𝐿∞𝑅∞
3

𝑑𝑃′′

𝑑𝑟′′
+ 𝜇𝑓 (

𝛿𝑢∞

𝐿∞𝑅∞
2  

𝑑2�̅�𝑟
′′

𝑑𝑟′′2
+

𝛿𝑢∞

𝑟′′𝐿∞𝑅∞
2

𝑑�̅�𝑟
′′

𝑑𝑟′′

+ 
1

𝑟′′2𝑅∞
2

𝛿𝑢∞

𝐿∞

𝑑2�̅�𝑟
′′

𝑑𝜓′′2
−

𝛿𝑢∞

𝐿∞𝑅∞
2

�̅�𝑟
′′

𝑟′′2

+ 
1

(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

𝛿𝑢∞

𝐿∞
3

𝑑2�̅�𝑟
′′

𝑑𝑍′′2

+ 
𝜖

𝑅∞(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
[
𝛿𝑢∞

𝐿∞𝑅∞

𝑐𝑜𝑠𝜓′′
𝑑�̅�𝑟

′′

𝑑𝑡′′

− 
𝛿𝑢∞

𝐿∞𝑅∞

𝑐𝑜𝑠𝜓′′

𝑟′′

𝑑�̅�𝑟
′′

𝑑𝑟′′
]

+
2𝜖3𝑠𝑖𝑛𝜓′′

(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2

𝑢∞

𝐿∞

𝑑�̅�𝑧
′′

𝑑𝑧′′

− 
𝜖𝑐𝑜𝑠𝜓′′

𝑅∞
2(1 + 𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2

𝑢∞

𝐿∞

�̅�𝑟
′′𝜖𝑐𝑜𝑠𝜓′′) 

 

Divide through by 
𝛿𝑢∞

𝐿∞𝑅∞
: 

 
𝜌𝜂𝑓

𝜌𝑓
𝑅𝑒𝜖3 (𝛿∧ 𝑑�̅�𝑟

′′

𝑑𝑡′′ + 𝛿∧�̅�𝑟
′′ 𝑑�̅�𝑟

′′

𝑑𝑟′′ + 
𝛿∧�̅�𝑟

′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
 
𝑑�̅�𝑧

′′

𝑑𝑧′′ −

𝜖3�̅�𝑟
′′𝑐𝑜𝑠𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
)  

= −
𝑑𝑃′′

𝑑𝑟′′
+

𝜇𝜂𝑓

𝜇𝑓
[(𝛿∧𝜖2 𝑑2�̅�𝑟

′′

𝑑𝑧′′2
+

𝛿∧𝜖2

𝑟′′

𝑑2�̅�𝑟
′′

𝑑𝜓′′2
− 𝛿∧𝜖2 �̅�𝑟

′′

𝑟′′
+

 
𝛿∧𝜖4

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑2�̅�𝑧
′′

𝑑𝑧′′2
 +

𝛿∧𝜖4

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
)(𝑐𝑜𝑠𝜓′′ 𝑑�̅�𝑟

′′

𝑑𝑟′′
−

𝑠𝑖𝑛𝜓′′

𝑟′′

𝑑�̅�𝑟
′′

𝑑𝜓′′
+

2𝜖3𝑠𝑖𝑛𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
𝑑�̅�𝑧

′′

𝑑𝑧′′
−

𝛿𝜖3�̅�𝑟
′′𝑐𝑜𝑠2𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
)]  

(13) 

 

Similarly, Eq. (6) can be transformed as: 

 
𝜌𝜂𝑓

𝜌𝑓
𝜖2 �̅�𝑧

′′𝑠𝑖𝑛𝜓′′

1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′ = −
1

𝑟′′

𝑑𝑃′′

𝑑𝑟′′ +
𝜇𝜂𝑓

𝜇𝑓
𝛿∧𝜖2 𝑑2�̅�𝑟

′′

𝑑𝑧′′2
  

−𝛿∧𝜖2 𝜖𝑠𝑖𝑛𝜓′′

1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′

�̅�𝑟
′′

𝑟′′
+

2𝜖3𝑠𝑖𝑛𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
𝑑�̅�𝑧

′′

𝑑𝑧′′
+

𝛿∧𝜖4𝑠𝑖𝑛𝜓′′ 𝑐𝑜𝑠𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
  

(14) 

 

z-coordinate of the momentum equation become: 

 

𝑅𝑒𝜖
𝜌𝜂𝑓

𝜌𝑓
(
𝑑�̅�𝑧

′′

𝑑𝑡′′
+ 𝛿∧�̅�𝑧

′′ 𝑑�̅�𝑧
′′

𝑑𝑟′′
+

�̅�𝑧
′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑�̅�𝑟
′′

𝑑𝑟′′
+

𝛿∧�̅�𝑟
′′�̅�𝑧

′′ 𝑐𝑜𝑠𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)
) = −

1

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑𝑃′′

𝑑𝑧′′ + 
𝜇𝜂𝑓

𝜇𝑓
(

𝑑2�̅�𝑧
′′

𝑑𝑟′′2
+

1

𝑟′′

𝑑�̅�𝑧
′′

𝑑𝑟′′
+

1

𝑟′′2

𝑑2�̅�𝑧
′′

𝑑𝑟′′2
+

𝜖2

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
𝑑2�̅�𝑧

′′

𝑑𝑟′′2
−

𝜖2�̅�𝑧
′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
+

𝜖𝑐𝑜𝑠𝜓′′

1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′

𝑑�̅�𝑧
′′

𝑑𝑟′′ −
𝜖𝑐𝑜𝑠𝜓′′

𝑟′′(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑�̅�𝑧
′′

𝑑𝜓′′ +

2𝜖2𝑐𝑜𝑠𝜓′′

(1+𝜖𝑟′′𝑐𝑜𝑠𝜓′′)2
𝑑�̅�𝑟

′′

𝑑𝑧′′ +
(𝜌𝛾)𝜂𝑓

(𝜌𝛾)𝑓
𝐺𝑟(𝜓′′))  

(15) 

 

Similarly, 

 

𝑅𝑒𝑃𝑟𝜖 (
𝑑𝜃

𝑑𝑡′′ + 𝛿∧�̅�𝑟
′′ 𝑑𝜃

𝑑𝑟′′ +
sin𝜃

(1+𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑𝜃

𝑑𝑧′′
) =

 
𝐾𝑟𝑒𝑓

𝐾𝑓

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑟𝑒𝑓

(
𝜕2𝜃

𝜕𝑟′′2
+ 

1

𝑟

𝑑𝜃

𝑑𝑟′′ + 
𝜖𝑐𝑜𝑠𝜓′′

(1+𝑟′′𝑐𝑜𝑠𝜓′′)

𝑑𝜃

𝑑𝑟′′
) +

𝜖2

(1+𝑟′′𝑐𝑜𝑠𝜓′′)2
𝜕2𝜃

𝜕𝑧′′2
+ 𝛽

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑟𝑒𝑓

  

(16) 

 

We subject the term 𝛿∗ =
𝛿

𝑅0
 representing unsteady flow of 

nano fluid stenosis such that 
𝑅0

𝐿0
≅ 𝑂(1). 

Also, asymmetrical stenotic conformations in the rotator-

cuff balloon is represented [30] by: 

 
𝑅(𝑧′′,𝑡′′)

= {
[𝑅∞ − 2𝛿(cos (2𝜋

𝑧′′ − 𝜙

2
−

𝑙𝜊
4
) −

7

100
cos (32𝜋 − 𝜙 −

𝑙𝜊
2
))]Ω

    𝑅∞Ω(𝑡′′)                                               
𝑓𝑜𝑟: 𝑧′′ ≤ 𝜙 ≥ 𝑧′′ + 𝐿∞

 (17) 
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Time-varying parameter within the stenotic arena is defined 

as: 

 

Ω(𝑡′′) = 1 − 𝜆(𝑐𝑜𝑠𝜔𝑡′′ −  1)𝑒−𝜆𝜔𝑡′′
 (18) 

 

Also: 

 
𝑑𝑃

𝑑𝑟
= 0 

𝑑𝑃

𝑑𝜓
= 0 

1

(1+𝜖𝑟𝑐𝑜𝑠𝜓)

𝑑𝑃

𝑑𝑧
= 

𝜇𝜂𝑓

𝜇𝑓
 (

𝑑2�̅�𝑟

𝑑𝑟2
+ 

1

𝑟

𝑑�̅�𝑟

𝑑𝑟
 +  

1

𝑟2

𝑑2�̅�𝑟

𝑑𝑟2
−

 
𝑚2�̅�𝑧

(1+𝜖𝑟𝑐𝑜𝑠𝜓)2
+ 

𝜖𝑐𝑜𝑠𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓

𝑑�̅�𝑧

𝑑𝑟
− 

𝜖𝑠𝑖𝑛𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓

𝑑�̅�𝑧

𝑑𝜓
) +

 
(𝜌𝛾)𝜂𝑓

(𝜌𝛾)𝑓
𝐺𝑟𝜓 − 𝑀2�̅�𝑧  

(19) 

 
𝑑2𝜃

𝑑𝑟2
=  

1

𝑟

𝑑𝜃

𝑑𝑟
+

𝜖𝑠𝑖𝑛𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓

𝑑𝜃

𝑑𝑟
  

+
𝐾𝑠+2𝐾𝑓+2Θ(𝐾𝑓−𝐾𝑠) 

𝐾𝑠+2𝐾𝑓− 2Θ(𝐾𝑓−𝐾𝑠)
𝛽 = 0  

(20) 

 

 

3. NUMERICAL APPROACH 

 

The non-dimensionless transformed system of partial 

differential equations is solved in this section using the 

spectral relaxation method (SRM). SRM is an iterative 

procedure that employs the Gauss–Siedel type of relaxation 

approach to linearize and decouple the system of coupled 

differential equations [42, 43]. The resulting non-linear 

differential equations are further discretized and solved with 

the Chebyshev pseudo-spectral method over the well-defined 

colocation points. The linear terms in each equation are 

evaluated at the current iteration level (denoted by r+1) and the 

non-linear terms are assumed to be known from the previous 

iteration level (denoted by r). The following are the basic steps 

of the method: (1) decoupling and rearrangement of the 

governing non-linear equations in a Gauss–Siedel manner. (2) 

discretizing the linear differential equations. (3) solving the 

discretized linear differential equations using the finite 

difference method.  

Implementing spectra relaxation method on the latter: 

 

𝐿 =
1

(1+𝜖𝑟𝑐𝑜𝑠𝜓)

𝑑𝑃

𝑑𝑧
; 𝑎1 =

𝜇𝜂𝑓

𝜇𝑓
; 𝑎2 =

𝜇𝜂𝑓

𝜇𝑓
 
1

𝑟
; 

𝑎3 =
𝜇𝜂𝑓

𝜇𝑓
 
1

𝑟

𝑑(�̅�𝑧)𝑛

𝑑𝑟
; 𝑎4 =

𝜇𝜂𝑓

𝜇𝑓
 

𝑚2(�̅�𝑧)𝑛

(1+𝜖𝑟𝑐𝑜𝑠𝜓)2
; 

𝑎5 =
𝜇𝜂𝑓

𝜇𝑓

𝜖𝑠𝑖𝑛𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓
; 𝑎6 =

(𝜌𝛾)𝜂𝑓

(𝜌𝛾)𝑓
𝐺𝑟𝜓

𝜖𝑠𝑖𝑛𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓
; 

𝑎7 =
𝜇𝜂𝑓

𝜇𝑓

𝜖𝑐𝑜𝑠𝜓

1+𝜖𝑟𝑐𝑜𝑠𝜓

𝑑(�̅�𝑧)𝑛

𝑑𝑟
; 

𝐿 = 𝑎1
𝑑2(�̅�𝑧)𝑛+1

𝑑𝑟2 + 𝑎2
𝑑(�̅�𝑧)𝑛+1

𝑑𝑟
+ 𝑎3 − 𝑎4 + 𝑎5

𝑑(�̅�𝑧)𝑛+1

𝑑𝑟
+

𝑎6 + 𝑎7 − 𝑀2(�̅�𝑧)𝑛+1  
𝑑2(𝜃)𝑛+1

𝑑𝑟2 =
1

𝑟

𝑑(𝜃)𝑛+1

𝑑𝑟
+ 𝑏1

𝑑(𝜃)𝑛+1

𝑑𝑟
+ 𝑏2 = 0  

(21) 

 

Subject to: (�̅�𝑧)𝑛+1 = 0; at r=h(z); (�̅�𝑧)𝑛+1 = 0 at r=R(z,t); 
(𝜃)𝑛+1 = 0; at r=h(z); (𝜃)𝑛+1 = 0 at r=R(z,t). 

The unknown functions in the resulting equation are defined 

using Gauss-Lobatto points defined as: 

 

𝜀𝑗 = 𝐶𝑜𝑠 
𝜋𝑗

𝑁
; 𝑗 = 0,1,2…… . . 𝑁; 1 ≤ 𝜀 ≤ −1 (22) 

 

where, N is the number collocation points. To solve the 

linearized equations above, first transform the domain of the 

physical problem from [0, ∞]. The initial approximate for 

solving Eq. (20) and Eq. (21) are obtained at r=0 which are 

consider with preference to the boundary conditions. Hence, 

�̅�𝑧0
 and θ0 are chosen as: 

 
�̅�𝑧0 = 1 − 𝑒−𝑛; 𝜃0 = 1 − 𝑒−𝑛  (23) 

 

Eqns. (20) and (21) are solved iteratively for the unknown 

functions commencing from the initial approximation (23). 

The concept behind spectral collocation method is by using 

differentiation matrix D to approximate the derivatives of 

unknown variables defined: 

 
𝑑𝑛�̅�𝑧

𝑑𝑟𝑛 =  ∑ 𝐷𝑖𝑘
𝑛𝑁

𝑘=0  �̅�𝑧(𝜀𝑘) =  𝐷𝑛�̅�𝑧 𝑖 = 0,1,2…… . . 𝑁

𝑑𝑛𝜃

𝑑𝑟𝑛 =  ∑ 𝐷𝑖𝑘
𝑛𝑁

𝑘=0  𝜃(𝜀𝑘) =  𝐷𝑛𝜃, 𝑖 = 0,1,2…… . . 𝑁
]  (24) 

 
𝑎1𝐷

2(�̅�𝑧)𝑛+1 + 𝑎2𝐷(�̅�𝑧)𝑛+1 + 𝑎3 − 𝑎4 − 𝐿 + 𝑎7 +
𝑎5𝐷(�̅�𝑧)𝑛+1 + 𝑎6 − 𝑀2(�̅�𝑧)𝑛+1 = 0  

(25) 

 

𝐷2(𝜃)𝑛+1 +
1

𝑟
𝐷(𝜃)𝑛+1 + 𝑏1𝐷(𝜃)𝑛+1 + 𝑏2 = 0  (26) 

 

Simplifying the above: 

 
[𝑎1𝐷

2 + 𝑎2𝐷 + 𝑎5𝐷 − 𝑀2](�̅�𝑧)𝑛+1 + 𝑎3 − 𝑎4 − 𝐿 +
𝑎7 + 𝑎2 + 𝑎6 = 0  

(27) 

 

[𝐷2 +
1

𝑟
𝐷(𝜃)𝑛+1 + 𝑏1𝐷](𝜃)𝑛+1 + 𝑏2 = 0  (28) 

 

Now, we proceed to apply the finite difference scheme on 

Eqns. (27) and (28), we obtain: 

 

[𝑎1𝐷
2 + 𝑎2𝐷 + 𝑎5𝐷 − 𝑀2]

(�̅�𝑧
𝑚+1)

𝑛+1
+ (�̅�𝑧

𝑚)𝑛+1

2
+ 𝑎3 −

𝑎4 − 𝐿 + 𝑎7 + 𝑎2 + 𝑎6 = 0  

[𝐷2 +
1

𝑟
𝐷 + 𝑏1𝐷]

(𝜃𝑚+1)𝑛+1+ (𝜃𝑚)𝑛+1

2
+ 𝑏2 = 0  

(29) 

 

Simplifying further: 

 
[𝑎1𝐷

2+𝑎2𝐷+𝑎5𝐷−𝑀2]

2
 (�̅�𝑧

𝑚+1)
𝑛+1

 = −
[𝑎1𝐷

2+𝑎2𝐷+𝑎5𝐷−𝑀2]

2
 

(�̅�𝑧
𝑚)𝑛+1 −𝑎3 + 𝑎4 + 𝐿 − 𝑎7 − 𝑎2 − 𝑎6  

(30) 

 
[𝐷2+

1

𝑟
𝐷+𝑏1𝐷]

2
(𝜃𝑚+1)𝑛+1  

= −
[𝐷2+

1

𝑟
𝐷+𝑏1𝐷]

2
(𝜃𝑚)𝑛+1  

−𝑏2  
𝐴1(�̅�𝑧

𝑚+1)
𝑛+1

= 𝐴1(�̅�𝑧
𝑚+1)

𝑛+1
+𝐾1

𝐵1(𝜃
𝑚+1)𝑛+1 = 𝐵2(𝜃

𝑚)𝑛+1 + 𝐾2

]  

(31) 

 

where, 

 

𝐴1 =
[𝑎1𝐷

2+𝑎2𝐷+𝑎5𝐷−𝑀2]

2
; 

𝐴2 = −
[𝑎1𝐷

2+𝑎2𝐷+𝑎5𝐷−𝑀2]

2

𝐵1 =
[𝐷2+

1

𝑟
𝐷+𝑏1𝐷]

2
;  𝐵2 = − 

[𝐷2+
1

𝑟
𝐷+𝑏1𝐷]

2

 𝐾1 = −𝑎3 + 𝑎4 + 𝐿 − 𝑎7 − 𝑎2 − 𝑎6

 ]
 
 
 
 
 
 

  

 

 

4. RESULTS AND DISCUSSION 

 

The coupled partial differential equation is solved 

numerically, using the spectral relaxation method. Results 

obtained are present graphically. SRM employs the idea of 
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Gauss-seidel relaxation approach to linearize and decoupled 

system of non-linear different equations. All programs are 

coded in MATLAB R2012a. The result was generated using 

the sealing parameter L=15 and we observed that increasing 

the value of L does not change the result to a reasonable extent. 

Table 1 and 2 depict the numerical computations of velocity at 

a fixed point heights of stenosis for both curvature and non-

curvature arteries with fixed non-dimensional parameters. It is 

detected that fixed value of axial velocities of brick Cu-

nanoparticle, cylinder Cu-nanoparticles as well as platelet Cu-

nanoparticles at heights Z=1.0, Z=1.2, for curvature K=0.1. 

 

Table 1. Numerical computations of the velocity at critical points of the stenosis when Q∘=1.2, M=2.0, Gr=1.8, β=1.6, d=0.75, 

δ*=0.1 Axial velocity for M=3.9 

 

R 
Z=1.0 

K=0 

Z=1.0 

K=0.1 

Z=1.2 

K=0 

Z=1.2 

K=0.1 

Z=1.71 

K=0 

Z=1.71 

K=0.1 

0.1 0.024439 0.018456 -0.051422 -0.061230 0.024439 0.018456 

0.2 0.036967 0.028648 -0.006387 -0.006341 0.036967 0.028648 

0.3 0.041229 0.034628 0.013492 0.013492 0.041229 0.0348280 

0.4 0.043326 0.036472 0.023863 0.023863 0.043326 0.036472 

0.5 0.040213 0.032624 0.027752 0.027752 0.040213 0.032624 

0.6 0.036884 0.022146 0.033512 0.033512 0.036884 0.022146 

0.7 0.032612 0.021105 0.025534 0.025534 0.032612 0.021105 

0.8 0.021524 0.010122 0.023815 0.023815 0.021524 0.010122 

0.9 0.001678 0.004041 0.015124 0.012703 0.001678 0.004041 

 

Table 2. Numerical computations of the velocity at critical points of the stenosis when Axial velocity for M=5.0 

 

R 
Z=1.0 

K=0 

Z=1.0 

K=0.1 

Z=1.2 

K=0 

Z=1.2 

K=0.1 

Z=1.71 

K=0 

Z=1.71 

K=0.1 

0.1 0.024647 0.018648 -0.051642 -0.061451 0.024647 0.018648 

0.2 0.036989 0.028862 -0.006588 -0.006543 0.036989 0.028862 

0.3 0.041667 0.034846 0.016224 0.013697 0.041667 0.034846 

0.4 0.047214 0.036691 0.026834 0.023885 0.044214 0.036691 

0.5 0.042217 0.032842 0.027971 0.027974 0.042217 0.032842 

0.6 0.038686 0.022448 0.036395 0.033731 0.038686 0.022448 

0.7 0.032401 0.021008 0.026771 0.025754 0.032401 0.021008 

0.8 0.021322 0.010091 0.023657 0.023801 0.021322 0.010041 

0.9 0.001456 0.004041 0.015042 0.012505 0.001456 0.004041 

 

 
 

Figure 1. Variation of velocity distribution for different 

values of Hartman number M 

 

Figure 1 depicts the effort of Hartman number on the 

velocity distribution. It is observed that increase in the 

Hartman number reduces the profile. The application of the 

magnetic field in the opposite direction to fluid flow gives rise 

to a drag like force which resist the fluid velocity. Physically 

the magnetic field is created in the problem of fluid mechanics 

when an electric current is induced. The moment this current 

is induced probably because of the motion of an electric 

conducting fluid because of the presence of magnetic field in 

the fluid model which gives rise to this drag-like force. Figure 

2 shows the effect of shape factor m of different shapes of 

nanoparticles (Bricks and cylinders) on the axial velocity. It is 

observed in the figure that axial velocity upsurges for the 

volume fraction parameter =0, 0.2, 0.4, 0.1 for All-

nanoparticles (M=4). It is also observed that the axial velocity 

close to plate and at free stream depressed. Figure 3 shows the 

variation of velocity profiles Vz of different values of shape 

factor of bricks and cylinders for all nanoparticles. The 

velocity of cylinder is observed to be higher than that of bricks 

all-nanoparticles. Arterial curvature (=0.2) is response to the 

reduction of the flow but non-curvature (straight arteries) (=0) 

supports the velocities of the fluid flow for different type of 

all-nanoparticles. 

 

 
 

Figure 2. Variation of velocity profiles Vz for different 

values of all-nanoparticle volume fraction with shape factor 

of brinks and cylinder when shape factor (m=4) 
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Figure 3. Variation of velocity profiles Vz for different 

values of shape factor of bricks and cylinders 

 

 
 

Figure 4. Variation of temperature profile with r for different 

values of shape factor of bricks and cylinder 

 

Figure 4 shows the temperature profile  with r for 

distribution quantities of shape factor of bricks All-

nanoparticles and cylinder maximum temperature than 

cylinder All-nanoparticles. We observed that the Bricks are 

having it curvature (=0) is responsible for enhancing the 

temperature of nanofluid in the artery than a non-curvature 

artery (=0). And non-curvature K=0 arteries respectively. It 

is obviously that the very close to the catheter, the axial 

velocity is observed to be higher for curvature artery compared 

to the non-curvature artery. 

In this study, temperature in case of All-nanoparticles 

decreases close to the plate and away from the plate with 

comparison to the hybrid nanofluid; the nanoparticles 

temperature is greater than that of all-nanoparticles. Hence, the 

temperature decreases in the presence of hybrid nanofluid in 

the flows. It is worth, mentioning that the temperature is higher 

for trapezoidal stenosis but the bell-shaped stenosis possess 

lower temperature along among all other types of stenosis. 

 

 

5. CONCLUSIONS 

 

This study examined the effect of fluid flow in stenosed 

blood vessels with the presence of both nano particles/nano 

fluids and a magnetic field, and we wanted to find out if: 

(1) We are able to clear blockages in blood vessels or micro 

conduits with the given scenario. 

(2) Take note of the behaviour of the working fluid under 

said working scenario. 

The study results have shown the following: 

(1) The magnetic field moves opposite to the direction of 

the flow of the working fluid. 

(2) Different nanoparticles have different velocity profiles. 

This is also due to their shape factor. 

(3) Behaviour of nanoparticles is also dependent on the type 

of stenoses encountered. 

(4) Hybrid nanoparticles have a smaller temperature profile 

compared to other nanoparticles. 

Under the influence of magnetic fields with increasing 

values of r and ϕ, the velocity vz, of flow eventually becomes 

zero. 
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NOMENCLATURE 

 

vr  radial directions velocity components of the 

nanofluid (m/s) 

vz  axial directions are velocity components of the 

nanofluid (m/s) 

ef  density (kg/ms2) 

ηf  viscosity (Nsm2) 

μf  thermal expansion coefficient (µmm-1K-1) 

(𝜌𝑐𝑝
)
𝑓
  heat capacitance (mK-1) 

Kf  thermal conductivity of the base fluid  

(Wm-1K-1) 

ρs  density (kg/ms2) 

γs  thermal expansion coefficient (µmm-1K-1) 

(𝜌𝑐𝑝)
𝑠
  heat capacitance 

Ks  thermal conductivity of materials constituting 

of Au-nanoparticles (Wm-1K-1) 

ϕ  nanofluid volume fraction (unitless) 

T  temperature of the nanofluid (K) 

Q0  heat absorption/generation constant (kJ) 

B0  magnetic field strength (Am-1) 

ρref  reference density (kg/ms2) 

μref  reference viscosity (Nsm2) 

Kref  reference thermal conductivity (Wm-1K-1) 

γref  reference thermal expansion coefficient 

(µmm-1K-1) 

(𝜌𝑐𝑝)
𝑟𝑒𝑓

  reference heat capacitance (mK-1) 

δ*  unsteady flow of nanofluid stenosis (m/s) 

g  gravitational acceleration, m.s-2 

k  thermal conductivity, W.m-1. K-1 

Cp  specific heat, J. kg-1. K-1 

 

Subscripts 

 

p  nanoparticle 

f  fluid (pure water) 

nf  Nanofluid 

 

Greek Symbols 

 

  thermal diffusivity, m2. s-1 

 thermal expansion coefficient, K-1 

  solid volume fraction (unitless) 

Ɵ  dimensionless temperature (unitless) 

µ  dynamic viscosity, kg. m-1.s-1 

δ  stenosis parameter (m) 

µ  viscosity (Nsm2) 

ϕ  nanofluid volume fraction (unitless) 

Ɵ  temperature (K) 

Ω  time-varying parameter (s) 

∈  Curvature of nanoparticle (m) 

ρ  Density of nanofluid (kg/ms2) 

λ  Resistive impedance (unitless) 

τ  shear stress (N/m) 

σ  shape factor of nanoparticle (unitless) 

ω  pulsating parameter of the stenoized vessel 

(unitless) 

𝜓  Angular orientation of the cylindrical-spherical 

(Degree) 
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