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This paper deals with a new non-cooperative distributed controller for linear large-scale
systems based on designing multiple local Model Predictive Control (MPC) algorithms
using Laguerre functions to enhance the global performance of the overall closed-loop
system. In this distributed control scheme, that does not require a coordinator, local MPC
algorithms might transmit and receive information from other sub-controllers by means of
the communication network to perform their control decisions independently on each
other. Thanks to the exchanged information, the sub-controllers have in this way the ability
to work together in a collaborative manner towards achieving a good overall system
performance. To decrease drastically the computational load in the small-size optimization
problem with a short prediction horizon, discrete-time Laguerre functions are used to
tightly approximate the optimal control sequence. For evaluating the proposed distribution
control framework, a simulation example is proposed to show the effectiveness of the
proposed scheme and its applicability for large-scale interconnected systems. The obtained
simulation results are provided to demonstrate clearly that the proposed Non-Cooperative
Distributed MPC (NC-DMPC) outperforms Decentralized MPC (De-MPC) and achieves
performance comparable to centralized MPC with a reduced computing time. The system

performance of the proposed distributed model predictive control is given.

1. INTRODUCTION

In the last few decades there has been an increasing
importance in the formulation of control strategies for the class
of large-scale and spatially distributed systems, which consist
of finite number of (interconnected or independent)
subsystems and possibly located at different sites. An
archetype of large-scale systems are transportation systems
such as power networks, water distribution networks or traffic
[1, 2], chemical process networks [3-5] and power flow
systems [6]. These systems, generally called large-scale
interconnected systems, are composed of many subsystems, in
such a way that a subsystem is significantly interacting with
other subsystems through their control inputs and/or states.
Indeed, due to the growing requirements in terms of global
performance of the whole closed-loop system, the design of
high performance controllers is often a nontrivial task.
Therefore, several control strategies have been considered for
these wide-plant systems to fulfil certain desired global
performance.

Ideally, a centralized MPC control structure, as illustrated
in Figure 1(a), can be able to provide a high global
performance of the whole closed-loop system. Intuitively, a
classical MPC strategy assumes that all available information
regarding all the sub-systems are centralized. Indeed, MPC
technique relies on a global dynamical model of the system to
be controlled, whereby all subsystems’ interactions are
considered within the system, and it should be available for
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control design. Moreover, all measurements of the whole
system must be collected and gathered in a single controller
(one location) to estimate all the states and compute all the
sequences of future optimal control values to achieve a better
performance. Unfortunately, when the number of input
variables and states in the whole system becomes large, this
centralized control scheme suffers from potential problems
associated with heavy computational load of the centralized-
single optimization problem. In addition, except the high risk
of failure due to their centralized nature, using a single
centralized agent can result in a high need of resources for
computation and memory, which may further increase when
the length of prediction horizon increases. Moreover, the
amount of required resources also grows with the increasing
of the system complexity. Accordingly, it demands exchange
of vast amounts of information and use of high computing
power. These drawbacks inherent to this control structure
make the classical MPC approach often viewed by most
engineers as inappropriate and impractical for control of large-
scale interconnected systems. For this reason, it has
progressively given way to non-centralized control strategies,
including a decentralized (cf. Figure 1(b)) and distributed (cf.
Figure 1(c)) control structures, for their notable decrease in
system dimensionality using several local MPC controllers [7-
11].

In the case of either decentralized or distributed MPC
approach, the key idea is to divide the global optimization
problem into many independent optimization sub-problems
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also called local optimization problems. In other words, the
global system model with large-size order is decomposed into
several inter-acting subsystems with a small-size orders,
where a local controller, also known as agent (cf. Figures 1(b)
and 1(c)) is associated to each subsystem. Here, each
independent controller is assigned to solve its own local
optimization problem with local performance indices, relevant
information and proper constraints. It should be stressed that
there are some advantages of these control strategies,
especially the benefit of being adaptable to the system
structure, with less computational burden and no large
amounts of information demands [12-16]. The important
distinction between decentralized and distributed MPC
architectures consists in the amount and type of information
exchange by means of the communication network. In
decentralized MPC strategy, the communication network is
not used, then no shared information among the sub-
controllers is possible, the sole type of information exchange
is only between each subsystem and its sub-controller, i.e.,
local output measurements and control inputs. It is noteworthy
that the design of decentralized control follows either an
entirely decoupled system [17], or ignores the inter-subsystem
interactions due to the weakly interacting dynamics [18] or
models the interaction effects as unknown disturbances to be
rejected, compensated using a robust MPC formulation [19].
Unfortunately, in the case where strong interactions would
exist between the subsystems, the decentralization of the
control leads generally to a poor performance of large-scale
systems since no information about these interactions has been
exchanged by means of the information network and taken into
account by the agents in their control decisions. In contrast, the
central idea of distributed control approach depends on the
ability of exchanging some information between sub-
controllers. For this architecture, each local controller obtains
measurements from its subsystem and information from other
sub-controllers. However, the type of the information
exchange between agents, realized via inter-agents
communication network, is the external control inputs and/or
states from other subsystems. In addition, with shared
information between the sub-controllers, the objective is to
make them able to perform a certain degree of collaboration
with each other with the aim of achieving the best global
system performance.

Nowadays, the progress in communication network
technologies and real-time distributed algorithms have
allowed control methodologies to employ their potentials to
handle more complex large-scale systems for dramatically
enhancing the control performance. For this reason, the
improvement of the global control performance of the closed-
loop plant-wide systems using network information exchange
has been recently a field of active research. In order to fulfil
the overall objective for the whole system, communication
between the agents over a communication network is needed.
Thanks to the digital network, the required communication can
be achieved via a shared information among the agents. From
a control viewpoint, it is well known that MPC is able to
handle hard constraints, multivariable-linear, nonlinear,
uncertain or stochastic process [20, 21]. Moreover, this
technique profits hugely from both advances in computational
resources as well as advances in communication technology.
Usually, in the context of distributed MPC design, different
distributed MPC schemes have been proposed in the literature.
Indeed, it allows for independent local controllers able to
communicate and collaborate with other controllers to achieve
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improved stability, robustness and global
performance in a distributed way.

From the literature review, various distributed MPC designs
have been proposed in a number of works [9, 12, 22-24]. A
study analysis of the control performance of distributed MPC
has been discussed by Vaccarini et al. [23]. Adopting a
distributed solution, the global computational burden can be
reduced without significant deteriorations of the control
performance and the fault tolerant issues can be addressed [22].
The authors propose a feasible-cooperation DMPC scheme,
where the local MPC problem was resolved considering the
effect of the local control actions on the performance of the
remaining subsystems [25, 26]. The proposed distributed MPC
can be classified into two approaches for collaboration
between local controllers, namely a cooperation and non-
cooperation MPC algorithms [24]. In cooperation-based
DMPC algorithms, each local controller minimizes a global
performance index [27]. However, when each local controller
minimizes only a local performance index, it is called a non-
cooperative-based DMPC algorithm [12, 28-30]. The control
objective, in both approaches, is to enhance stability as well as
optimality and makes the distributed control design very close
to the centralized one in terms of control performance. The
correlation between the complexity of non-centralized, i.e.,
decentralized and distributed, MPC schemes and their closed-
loop performance have been analyzed [9]. The results
conclude that, when the dynamical interaction effects between
subsystems are weak, for the case of large-scale
interconnected systems, a fully decentralized strategy can
offer an acceptable control performance. In the other case, the
distributed MPC scheme can improve the global performance
of the whole closed-loop system, only if its communication
implementation is feasible in practice. For the case of
uncertain systems, a robust distributed MPC approach was
proposed for a class of linear systems subject to structured
time-varying uncertainties [31]. Moreover, for polytopic
uncertain large-scale systems, a novel robust distributed model
predictive control method has been presented by Shalmani et
al. [32]. Viewing strong dynamic coupling effects as bounded
disturbances between subsystems, the proposed algorithm can
ensure some degree of stability robustness with respect to
these disturbances. Since the works [7, 30], distributed MPC
has become a field of active research, for detailed overviews
on the current state of the art on this topic we refer to the papers
[4, 33-36] and the references therein.

In this paper, we deal with unconstrained distributed MPC
of large-scale interconnected systems to fulfill a global
performance thanks to the use of a non-cooperative strategy
between agents communicating through a digital network. The
main contribution of the paper is an innovative solution for a
distributed MPC framework relying on Laguerre functions
with two key advantages consisting firstly of significantly
reducing the computational load in the local receding
optimization problems and secondly of allowing a small
prediction horizon to closely approximate the predicted
control trajectory. The rest of the paper is structured as follows.
Mathematical models of large-scale systems are presented in
section 2. In section 3, we state our problem to be resolved.
Section 4 presents the proposed non-cooperation optimization-
based distributed MPC (NC-DMPC). Section 5 summarizes
some of the main properties of Laguerre functions to be used
in section 6 to establish the algorithm used in the design of the
proposed NC-DMPC scheme. An algorithm for non-
cooperative distributed MPC is developed in section 7. A

closed-loop



numerical simulation example is presented in section 8 to
illustrate the effectiveness of the proposed NC-DMPC
algorithm with Laguerre functions incorporated. Finally, to
sum up, some concluding remarks are drawn in section 9.

2. MATHEMATICAL MODELING OF LARGE-SCALE
SYSTEMS

Let a discrete-time linear and time-invariant global system
be given by

= AX(k) + BU(k)

_ {X(k+1) 1)

Yoo = CXq

where, x ., € R"* is the state of the system, u) € R™« is its
input and y ) € R™ is its output with k > 0 an integer index
denoting discrete time. The whole system matrices are A €
RUx*"x - B e R and € € R . Consider the
decoupled subplants or decentralized models derived from (1),

{t} i}
PO L = Auxgy) + Baugyy 5
ii — {,_} _ {l} . ( )
y(k) = Cl-l-x(k) L= 1, N

where, vectors x&}) € R"™i, u&}) € R™i are the local states

and inputs, respectively, of the it" subsystem, while y(l} €

R™: is its local output. The dimensions of these local vectors
are such that

N
Y
i=1
state vector can be written as x =
COlie{l,...,N}(X{i}) , (§=coliey, ny(ED) . vector consisting of
stacked subvectors &{), the global input as u=
colieqa,.,ny(ut), the global output as y = colieq, (™).
Note that the interconnected system’s elements are generally
strongly coupled. Consequently, the decentralized control
design leads to poor performance requirements or even
instability because it has not the potential to take into account
these interactions between the subsystems.

Throughout this manuscript, we suppose that the global
system S in (1) is composed of N subsystems S;. Therefore,
any subsystem §; can be interacting with the other subsystems
§;,j # i through linear interconnections. Therefore, the local

dynamics of any subsystem S;,i = 1,N, is described as

and the global

follows:
Si
{1} {i} U}
|(X(k+1) A”x(k) + B”u(k) + Z [Au (k) + B”u(k)]
- { (3)
{1} {1} {J} i=1N
lyw) = CiiX(k) +Z CijXgy 1=1LN,j#

The interaction vectors are built upon state and input
interactions produced on the subsystem S§; by the other
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subsystems §;, j # i are described as follows:

N
L - U3 ut?
Viy = Z [AijX ey + Bijugio)]
“4)
wid U}
W) Z CijX iy
According to this representation, the matrices 4;;, B;; and

C;j, for i # j, define the dynamic coupling terms between the
subsystems.
In general, not all the subsystems might have an influence
on each other. To account for the influences between the
subsystems, let us introduce the following definition

Definition 1 A subsystem §; interacts dynamically with the
subsystem §; if and only if, at least, one of the matrices 4;;,
By;, C;; is non null, i.e., if and only if the states xU} and/or
inputs uU} of §; affect the dynamics of S;.

1 Control system

Controlled system

(a) Centralized control

Control system

Controlled system

(b) Decentralized control

Communication Network

{ Control system

Controlled system

Information network

- — =» State measurement ———3 Control action <=3 Dynamic coupling
(c) Distributed control

Figure 1. A schematic illustration of the principal control
system architectures



The distributed control architecture dealed with throughout
the paper has the generic structure given in Figure 1(c). This
architecture consists of several local controllers, each
dedicated to a subsystem of the overall plant, which can
exchange information over a digital communication network.
This architecture favors a non-cooperation based control
strategy for large-scale interconnected systems (3)-(4) that
aims to emulate the performance achievable with a centralized
control scheme of Figure 1(a).

In a typical DMPC framework, N subproblems are resolved,

each one assigned to different sub-controllers ¢;, i = 1,N,
instead of a single centralized problem.

The following procedure achieved by the set of independent
local controllers C;, at each time instant k, is given by: 1)
acquire both local output measurements on S; and the received
estimate of the interactions between §; and the other
subsystems S;, j=1,N, j#i, transmitted through the
communication network, to predicate the local state variable
over the prediction horizon, 2) resolve the local optimization
problem, 3) calculate the first control sample and apply it as a
control input, 4) share both local optimal control sequence and
future state prediction information with the other controllers
through the communication network.

3. CONTROL PROBLEM FORMULATION
From (3) and (4), the I-step ahead state and output

predictions at time instant k over a horizon of length N, can be
deduced easily, and are given as:

l
o{i} _al oii} -1 {i}
R+ = AiiX ey + Z [A5 " BitU (s i)
s=1

~14(0}
+ ATV eriosppe-1)]

(5a)

~{i} _ o{i} ~{i}
Yk + 1y = Cife + 1y Y Pk + 1 - sk — 1) (Sb)

for I =1,N,
where, f<33+z|k) (BA’&}HW)) is the predicted state (output)
variable at time instant k + [ having current plant information

ﬁgc}l - (3783',()) at the current time instant k.

Suppose that the whole system §, as illustrated in Figure
1(c), is composed of N interacting subsystems §;, the
unconstrained DMPC problem with N,, and N,, , respectively,
the prediction and control horizons, N, = N,,, lies in finding
N separate sub-controllers C; so that every C; solves, at each
sampling instant k, an optimization problem with the following
local quadratic performance index J;, which penalizes output

tracking errors and incremental controls Aut [37].

NZ’ Ny
_ PSU {i}sp 2 (i}
Ji = Z 19 ey = Yo ot Z I AuG s 11pp IR, (6)
=1 =1
k s.t. the local dynamics model (5)

where, — [l 2 15 = ATWA, for a vector 1 € R™ and a matrix
Y e R,

— Yiesh ) denotes the predicted values of the desired output at

the future sampling instant ¢ + [ known at time instant k.

—Au§2+l_1|k) represents the future control increments (or

control variations) signal at time instant k.

—Q; = QF > 0andR; = RT > 0 are real symmetric positive
semi-definite and positive definite weight matrices,
respectively.

— N, and N,, € N* are, respectively, the predictive and control
horizons, used as tuning parameters.

Remark 1

i) The optimization problem is a quadratic programming
problem and thus convex, thanks to the linearity of model (5),
and the quadratic performance index Ji with R; and Q;
respectively positive definite and semi-definite matrices.

ii) The design parameters of the optimization problem are
the weighting matrices Q;, R; and the horizons N, and N..
These parameters might be tuned for achieving the desired
closed-loop performance and the stability of the system under
the unconstrained DMPC.

4. NON-COOPERATION BASED DISTRIBUTED MPC
PROBLEM

In DMPC formulation, the whole-size optimization problem
is replaced by N small sub-problems working together
towards achieving the best performance of the centralized
control system. To obtain an explicit solution of the work on
the nominal distributed optimization problem presented by
Vaccarini etal. [12, 13], each sub-controller C; is composed of
three parts: an optimizer, a state predictor and an interaction
predictor (see Figure 3). The workflow of each sub-controller
will be described later in algorithmic form in section 7.

For the sake of simplicity, the availability of the local states

)?gc}) through measurements is assumed. Furthermore, denoting

Npi and Ny; the prediction and control horizons for the i sub-
controller ¢;, the subsequent assumptions are adopted in the
sequel:

Assumptions 1
a. the prediction and control horizons are equal, i.e., N, =

Ny, = Ny, and Ny, = Ny, = Ny, , Vj, i = 1,N,i #j;

b. the sub-controllers ¢;, for i = 1, N, act in a synchronous
way;

c. the information is transmitted (and received) by the local
sub-controllers only once within each sampling time interval
(non-iterative algorithm);

d. the digital network introduces one step communication
delay;

e. the information exchange is not loosed during the
transmission;

f. all the pairs (4;;, B;;) are stabilizable.

At each time instant k, neither xg(}) 8(}) for j # i are
available by the agent C;; only their predictions, previously
sent by the agents C;, are known. In fact, due to the unit delay
introduced by the communication network (cf. Assumption 1-
(d) above), the information of the other subsystems is available

only after one sampling time interval. Therefore, the

interaction  predictions \7&}“_5“() and W&}H_S'k) are

unavailable at current time k for the subsystem §;. Then, theirs
values are available after one sampling time interval with
respect to the instant they are broadcasted in. For this reason,

nor u



the predictions ‘7&}+1 slk— 1) and Wgc}+l—s|k—1) will be used
instead of ¥ V(k+l sk and W W(k+l _s|ky inthe subsequent problem

definition.
For mathematical notation simplicity,
notations are used in this paper:

the following

« diag, [A]= block-diag{A A ... A};

a times
* 0gxp(Iaxp) 1s the null (identity) matrix in RaxE,
0, (1) is the null (identity) matrix in R¥*%;
* 0 is the null matrix or vector with appropriate dimensions.

4.1 State predictor

The I-step ahead predicted state variable of the it"
subsystem, at each time instant k, is given by:

Ny 1 o{i) 1 {1}
Ry = Ak k|k)+z Aj BiiWse 115110y %)
15 {l}
+AGY Vik+1- s|k—1)]
where, v&}ﬂ _sik—1y denotes the prediction of vgfﬂ_s)

computed at the past time instant k — 1.
4.2 Interaction prediction

The interaction predictions of the it subsystem, at each
time instant k, are expressed as follows :

A{i} _ ~ o~ ~ o~
Viewyie-1 = Ak aenyiie-1) T BiliUge-1,ny16-1) ®
Wienyiie-1y = CiXenyli-1)

Now, let us assume that:

K,
= [diag, (Ki1) ... diag, (Kj;—1) 0 diagy, (Kjj41) .. diagy (Kin)]

with &, € {C,, B, A}

4.3 Optimal control sequence of each independent sub-
controller C;

At each sampling time instant k, when a set of the estimation
vectors XU} and UY} are received from the other sub-
controllers C;, j = 1,N, j # i through the communication
network (cf. Assumption 1-(d) above), the interaction
predictor of each independent C; uses these information to
estimate the interaction predictions. Then, these predictions

are gathered with the local state value xg(}) and all these
information to be used by the optimizer in order to find a

solution of the local optimization problem. Once the sequence

of future control values AU*® = {Augid, ..., Augl ) Vis

computed by solving the finite-horizon optimal control
problem (6), only the first sample of the computed optimal

i i {1} {1} {1}
control sequence is retained and u .y = Au gy + Uy IS

injected as the control action to the subsystem §;, while
neglecting the rest of the elements constituting the computed
optimal sequence. At the same time, by means (7), the state
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predictor estimates the future state variable. Then, the optimal
control sequence together with the state predictions over the
prediction horizon N, are broadcasted to the other sub-
controllers C;, j # i, through the communication network. At
the next time instant, k + 1, the overall procedure is repeated,
for each local controller, according to the so-called receding
horizon principle.

Usually, the horizons Np and Ny are two important tuning
parameters of the MPC control design. However, the
computational burden in MPC is directly depending upon
theme. Among the MPC formulations, the well known one is
the classical scheme [38-40]. In this technique, for the
possibility of high rapid sampling frequency, complex plant
dynamics and/or high requirement on the global system
performance, satisfactory approximation of the control

increment Aug;}) could involve a vast number of parameters
(especially Ng), resulting in poorly numerically conditioned
solutions with a weighty computational burden [41].
Otherwise, a more suitable approach is to use Laguerre

functions [42, 43] in the design of MPC.

5. PARAMETERIZATION
SIGNAL TRAJECTORY

OF THE CONTROL

A method of designing an MPC using orthonormal
functions was proposed with the main advantage of reducing
the number of tuning parameters used for the description of the
control signal trajectory. This makes fewer computations com-
pared to the traditional MPC approach [44-46]. The change in
the control trajectory was achieved through the adjustment of
the scaling factor incorporated in the orthonormal function.

In traditional MPC approach, at each time instant k, the state
variable vector x(, provides the current plant information
obtained through measurements. In the case of a single input
system, the optimal control sequence is then defined as follows

AUZk,NuHc) = [Auzk|k)' ""Auzk+Nu—2|k)'Auzk+Nu—1|k)]T

The control horizon N,, indicates the number of parameters
used to capture the optimal control sequence. Having X, the
future state variables are predicted for N, future samples, N,
being the prediction horizon, it represents also the length of
the optimization window. The future predicted state variables
are then defined by :

ks 1,Nplk) = R+ 11icyr -+ » RNyl ""),Z{k+Np|k)]T

According to the receding horizon strategy, the MPC
technique takes only the first element of the computed optimal
control sequence and apply it. Additionally, in the next sample
time period, the new measurements are used to formulate the
state vector for the computation of the new optimal control
sequence.

Laguerre functions can be used to approximate the
incremental terms contained in AU . The Z-transfer

representation of the £ Laguerre function is given by:

_ p)m 1
m(z) V 1- pZ_l)m 1. P € [0 1[ (9)
form =1,N



where, V" is the number of terms used in capturing the control
signal and p is the pole location of the discrete-time Laguerre
network, it is also called the scaling factor. The free parameter
p is needed to be tuned by the designer to guarantee the
stability of the network. It is worth to emphasize that the
choice of the parameter p is very important to ensure the
convergence rate of the Laguerre functions. Laguerre
functions become a set of pulse operators when p = 0, which
makes their using for MPC design equivalent to conventional
MPC [43].

From (9), the structure of the discrete-time Laguerre
network is illustrated in Figure 2.

1 o @ | -1 a(2) 1 Iw(z)
171)2 = ipl - — ad - -
1—pz 1 1—pz 1—pz

Figure 2. llustration through a bloc-diagram representation
of a discrete Laguerre network

The set of discrete Laguerre functions is defined for some
0 < p < 1, by taking the inverse Z-transform of Eq. (9), that
is:

Loy = Z Tz}

This set of Laguerre functions, at time instant k, can be
expressed in a vector form as follows :
Laoy = [Pr L2 -+ Ewvaol” (10)
Finally, based on the relationship (9), the set of discrete
Laguerre functions can be computed using the following state-
space model:
Lger1y = ALy (11)
where, the lower triangular matrix A,;(p, 1) and the initial
state L, are given by:

D 0 0 0 01
u p 0 O 0
—pu U p 0 0
Ai(p, ) =|p*u —pu U p 0 |;
)" ?u (=p)Pu wop
1
-p
pZ
Loy =Jul” 4
14
"
with y = 1 — p?

For instance, in the case of V' = 5, the matrix A, and £
are given by:

560

p 0 0 0 0 1
woop 0 0 0 -
—pu U p 0 0 zp

A, = i Loy =Julp

Tt o -pen p 0 © =K 3
-pPu p*u —pu p p p*

Moreover, the Laguerre functions are well known by their
orthonormality, this property can be expressed by the
following relationship:

<) 0’
Z Lriotnu = {1,
k=0

The orthonormality will be incorporated into the MPC
scheme. The main idea in Laguerre functions-based MPC is to
express each element of the future incremental control
trajectory by a set of Laguerre functions.

At each time instant k, the future incremental control
trajectory vector, i.e., AU v, k) i captured by combining a
set of Laguerre functions, defined in (10), with a set of the
following Laguerre coefficients n,, obtained from the online
optimization:

for

f*h
for f=h (12)

Nao = [C10) C20) -+ vy I’ (13)

Then, all the components of the incremental control
trajectory for a single input system, at the future time I, can be
accurately approximated by a linear combination of Laguerre
functions as follows

N
Augegey = Z Con)Cmo) (14)
m=1

Hence, Eq. (14), forl = 0,N, — 1, can be rewritten as

follows
Mgy = LN (15)

According to (15), we can remark on the one hand, that the
number of terms N with the free parameter p are used
implicitly to capture the optimal control sequence.

On the other hand, the coefficient vector 7, depends only
on the initial time k.

For the sake of simplicity, the expression of 7, in (13) is
abbreviated as follows

n=lcicy ]’

The control increment in (15) shows that the control horizon
Ny, which is one of the tuning parameters of the classical MPC
approach, is omitted from the control design. Consequently,
with the discrete-time Laguerre functions, an alternative
formulation of the performance index can be performed by
using the coefficient vector 7.

In a matter of fact, the second term of Eq. (6) can be
rewritten as :



Ny

I AUGesi-1) I1F= Z AU 110 RAU G 1- 1110
=1

Ny (16)
= z A1 1— 100 RAU 41— 1)1)
=1

In order to compute all the predictions over the prediction
horizon Np, all the incremental controls beyond the control
horizon Ny are supposed to be zero, that is Au4;—1xy = 0 for
Ny <1< N,

Substituting (15) into (16) yields:

Ny
I AUGegi—1jiy IR= Z AUGes 110 RAU 41— 1110
Nyt (17)
= Z AU(e 11— 10 RAU 41— 1110)
=1

where, R, = block-diag{R R ... R} RV,

This weighting matrix is used as a tuning parameter for the
desired closed-loop response and N is chosen sufficiently
large to satisfy the orthonormal property, that is:

Np
Z raothm ={
k=0

Then, the set of coefficients 7 in (13) is obtained from the
online optimization. With this design framework, contrary to
the classical MPC approach, the control horizon Ny is not
needed. Note that the number of variables involved in the
control vector according to (17) is just V" rather than N, used
in the original performance index. Typically, V" is smaller
than Ny (W < N,) which may reduce the computational
burden. Indeed, a larger control horizon Ny can lead to higher
computational burden and memory storage. As it can be seen,
the parameters in discrete MPC using Laguerre functions,
namely p and V', are used to capture the projected control
signal and the prediction horizon N,. The value of the Laguerre
pole location p is included between 0 and 1 (i.e., p € [0,1])
whereas the number of terms IV is selected to satisfy the
impulse response. In this paper, a Laguerre functions-based
MPC is used in the proposed distributed MPC scheme.

Remark 2: The stability and the desired closed-loop
performance of the unconstrained DMPC based on Laguerre
functions can be designed and tuned by adjusting the
weighting matrices Qi, Ri, the horizon N, and the design
parameters p;, JV;.

0,
1’

for f#h

for f=nh (18)

6. PROPOSED DISTRIBUTED MPC DESIGN USING
LAGUERRE FUNCTIONS

6.1 The modified interaction prediction
Given the measurements until instant h, the future states,

inputs and interactions vectors from instant k to instant k +
[ — 1, with k > h, are expressed by
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A{i} /{1
deiny Dty
ri {3 /{2}
Dgc}”h) — |dtks1imy Dieuiny = Dt
~ (i) N
d(k+l—1|h) D(k,llh)

Ui Ui
Ugc},llh) = Tl(;ﬁllh) yUgen = .Uélzﬂ}llh)
ugc}+l—1|h) Uéllj}”h)
Furthermore, let us assume that:
Bi= [Py « Py_y 0 Pyyy o Pyl

where, P; € {4, B;, C;}.
For i = 1,N, the -step ahead predictions of the local

interaction vectors, at time instant k, can be described as
follows :

N
~{i} _ U} {3
Viery = [AiiX(k+l|k) + Biju(k+l|k)]

J=1(#0)

N (19)

~{i} oU}
Wit CijX vy

J=1(#0)

Using the previous definitions, the compact form of the
interaction prediction vectors can be expressed as follows

(i) o -
Vienpie-1 = Ak enpli-1) T BiUgonyje-1) 0)
i _ A

Wienyik-1) = CiXenyik-1)

Referring to Assumption 1-(d), the information of the other
subsystems is available only after one sampling time interval.

In this case, Ugnglk_l) and U v, |k-1) Can be expressed in

terms of UY and U(k—l,Np|k—1) respectively as

(k=1,Nplk—1)
follows:
{i} _ i
Uty lie-1) = TiUGe— 1w 1) (21a)
Uteylk-1) = TUge-1,0, k1) (21b)
where,
f = | I(Np_l)nui
i = [On,ny xny,
pMu XMy |Onuix(Np—2)nui Inui

f = dlag{fl, fz, ey FN}

By substituting (21a) into (20), the interaction prediction
vectors can be rewritten as follows:

(i) o .
Vienpie-1y = AiXenpli-1) + BiliU 1,5, k-1 )
= (i} o

Wienyik-1) = CiX ey k-1)



Note that the state predictions and the control actions
contained in expression (22) are calculated at time instant
k — 1 and transmitted through the digital network.

6.2 The modified state predictor

The state variable of the i subsystem, at sampling instant |,
can be predicted as follows:

< 1ol -1 {1}
Riertiy = AL ki) z Ajj [Biiu(k+z—s|k) (23)
1A{l}
AS Vik+i-s|k— 1)]
Let us now define, for [ = 1, N,
l
{i} — i {1} —
Ugesi—siey = Uge—1y T Z Au(k—s—1|k) fors=1,1 (24)
n=s
By means (23) and (24), the states )?E;'(}Jrllk) become
A{l} _ A{z} 1 {l}
Rertt = AiRgeiey + Z Al Bullge-s)
+ Z (Z A Bl o 29)

s=1 n=s
l
—15{i}
+Z AV i-sik-1)
s=1

According to the expression (15), the incremental control
trajectory along the prediction horizon at time instant k can be

calculated as Au(k+s 1K) =
Then, the [-step ahead states can be predicted by

Y _ lA{l} {i}
Rertiy = AiiX ey +z Af Biiugey)
+ Z (z A B LTy (26)
s=1 n=s
l
1543
+Z AS Vik+i-s|k-1)
s=1
where, the predicted control is rewritten as
s—1 {i} s—1 {i}
Z A Buv 4 — gy = Z Aii By
+Z (Z Al nBll)Ll(S 1)771
s=1 n=s
and the predicted output variable writes
~{i} 1 A{l} 1 {i}
Yieruy = CitAiiX ey + Cuz A Biili—qy
27)

+Cuz Z Al nBll)LL(S i

s=1 n=s

LiT(S_l)m in Laguerre formulation.
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AS 1'\{1}

~ (i}
Vikri-sik-1) TW

+Cy Wikes)k-1)

s=1

The previous expressions of the predicted future state and
output variables, show that the control signal u(k) is not
needed and it can be replaced by the coefficient vector n;.
However, the main idea is finding the coefficient vector 7; that
minimizes the performance index (31). In order to estimate the
prediction, the following convolution sum

Sl(l) - Z Z Al nBLL)Ll(S 1)

requires to be evolved. For further details see [47].
Consequently, the expression (28) evaluated along the
prediction horizon leads to

(28)

Csiy = Csiq-1) + Z AL Coiy (AT
n=1
= Bil’L;r(O) forl =

(29)

with Csi(l) 1, Np

where, the matrix A;; € RV Vi is depending on the scaling
factor p; and y;, defined in (11).

Compact form representation:

The compact prediction of (26) has the following form

ol
X1, Nplk)

- — (@ = (i} (30)
L k|k) + Ml-u(k_l) + Ni77i + Siv(k,NpU(—l)

where
] . onXi m
w xNSiblocks) = Np—1 ' i = Si [Oanx Xy, ]
[ 200 4 _Aiip A?l t i
[Csic1)
B;;] AiiCyicry + Coigry (Ap)"
M, =S :Bii N, = fqiicsi(z) + Coiy (AR
B.. ’ Ny-1
i AiiCsiqny-1)+ Csicry (A, )’

6.3 The modified optimizer

The local performance index in (6) can be rewritten using
the coefficient vector n; as follows:

Np
3
=1

The modified performance index shows that the control
horizon Ny, one of the tuning parameters of MPC for the
desired closed-loop response, is omitted.

5l

{i}sp
Ye+yr) —

Y+ G

G, + i Rumi



Now, the objective is to find, at each time instant, the
coefficient vector n; that minimizes J;. By substituting (27)
into the performance index (31), we obtain

Ji
Np
r — T
=1 (Z Qi) QiQyy + R i
=1
Np
+ ZTIiT(Z ﬁi(z)Qiéi(z)XEg)
=1
Np Np

oy N 32
+ ZUiT(Z Qi(l)Qini(l)ugc}_l)) + ZUiT(Z QiyQi®iqry) (32)
=1 =1

Np
+2n/ <Z QPG 4 slk — 1))

=1
Np

- ZTIL'T(Z ﬁi(l)QiY&}iﬂk))
=

To find the minimum of (32), without constraints, the first
partial differentiation of the performance index can be used,
leading to:

- Np
a]i — —T
Frvie Z(Z QiyQiQiy + Ry )m;
ni —
Np
+2(- ﬁi(l)Qiygc}j—Il)|k)
=1
14
+ Z Qi(z)Qi@i(z)Xg
l;,,l (33)

+ Z ﬁi(l)ini(l)ug(}_l)
=1
Np

+ z Qi Qi®iqy
=1
Np

+ ) Q0w )

DT (k+1-s|k-1)

=1

The necessary and sufficient optimality conditions of the
minimum of J; are obtained for:

g,
on;
whereby the optimal parameter vector is computed as follows:

Np

— —T
= (z Qi(z)QiQi(z)
=1
Np

+R,) % (Z ﬁi(l)Qi(Y&}iZk)
=1

~ _ _opt
n=n;

(34)
= o) _w D —

= 0inR ey — Vi Uge-1y — Qi
(i}

~ Wiki-sik-1)))

with the assumption that the inversion of the Hessian matrix
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Np

0 a’ -1 .
(Z QyQiQiy + R,,)  exists.
=1

where,

Oy

=Cydl;, Wiy =Cy ) Ai'By

s=1
l
_T _ T
Qg =Cay » P = Cuz AT ke
s=1

Compact form representation:

In order to write the compact form of the solution of the
optimization problem (31), the following notations are
adopted:

{i}sp

Y(k|h)
{i}sp

{i}sp _|Y
Y(k,l|h) = : (k + 1|h)

{i}sp

Yk + 1 — 1|h)

[CiiCsicn)

Cii[AiiCsic1y + Csiry (A"
Cii[AiiCsiczy + Csicry(AR)"]

N; =,
Np-—1
CulAiCsiny-1) + Csicy (A" ']
Cudj o Oy gii
Si =1\: - : ,Mi:Si:ii,
(N XNy, blocks) Np-1 ’
P CyAy” CiiAY B;;
(Cadi)"
Li =|: )
N
0 (CiiAiip)T
nyi
0: I(Np—l)nyi
ny,
T = 0, 1
Ony, ny, My y;

Now, by means of these notations, it would be easy to write
the compact form of the predicted output as follows:

el

— 7.0} {i}
e+ 1Npl) = LiX iy + MiYlge—qy + Nty

i} i}
+ Siv(k,NpUc—l) + Tiw(k,Np|k—1)

(35)

Consequently, the compact local performance index has the
following form

7 oy ofi} {i}sp 2 T
Ji = Yy i) — Yoes vy i ”§i+ ni Ryn; (36)
7 _ ot {i}sp A ol
Ji= [Y(k+1,1vp|k) - Y(k+1,Np|k)] Qi[Y(k+1,Np|k) (37)

{i}sp T
- Y(k+1,1vp|k)] +ni Ry



By substituting (35) into (37), the performance index can be
equivalently rewritten as:

Ji =niHm; = G{m; (38)
where, the Hessian matrix H; has the following form:
H; = NTQ,N; + R, (39a)
and
Gy = ZNiTEi [Y({li}:f,zvmk) - Liigc}m) - Miugc}—n
— Nilligey = Siﬁ({zi,}zvpm—n (39b)
- Tiw({l?Nﬂk—l)]

with Q; = diagy, [Q:].

By minimizing the local performance index (38), in the
absence of constraints, under the assumption that Hessian
matrix is invertible, the optimal parameter vector can be
computed as follows:

1
Ni(t) =S H'G (40a)
N _ 7 rulidsp NU; {i}
1:(6) = KilYoeranpe ~ Li%gey — Milge-n
pli)
- Siv(li,Np|k—1) (40b)
(i)
_Tiw(k,NpUc—l)]

where,

K; = [NiTaiNi + R, 17N/ Q,

Once the optimal parameter vector 7; is computed, the
incremental control Au', at time instant k is obtained and

(k)
expressed as follows:
Lil(o)T 0 w 0
a =0 Ho 0 41)
0 0 Lf(';gT

Consequently, following to the receding horizon principle,

the control signal ugc}) = ugc}_l) + Augc}) generated by the sub-

controller C; is applied to the physical subsystem §;.

7. ALGORITHM FOR NON-COOPERATIVE DMPC

A non-iterative algorithm for Non-Cooperative Distributed
MPC (NC-DMPC) with one-step delay communication is
developed to seek the local control decision for each
subsystem at each sampling time. Each subsystem resolves its
own local optimization problem.

{i}sp

The desired future set-point signal y .y, for the isub-

controller C; is generated by a local reference generator. It is
assumed to be either known in advance future reference
samples (anticipative action, also called preview) or unknown

564

in advance reference samples (causal), the algorithm of the
novel distributed MPC is outlined in the following:

NC-DMPC algorithm for a subsystem i
1. Setinitial parameter values;
2. Receive, from the other sub-controllers C; through the

communication network, the estimation X({z{,}wp|k—1) and
U3 TN
Ulenpik-1yrJ = LN

3. Combine with the local state sequences )?({,i},Nplk_l) and

{i}
(k,Np [k—1)

)?(k_,\,plk_l) and Ui nplk—1) and compute the estimation
of the corresponding interaction prediction vectors
according to (22);

4. Get the local state measurement igj) from the
subsystem sensors or a designed observer and the
sequence of set-point signal Y2

(k+1Npk)?
5. Calculate Ui and transmit it through the

communication network to the sub-controllers C;, j =

1,N;
i i) a8 *{i}
6. Calculate the control signal u ;) = Aug ) +ug 4,

and apply it as a control input to the real subsystem §;,
cf. (40) and (41);

7. Calculate the estimation of the future state sequence of
§; over the prediction N, and transmit it through the
communication network to sub-controllers C;, j = 1,N,
cf. (30);

8. Increment the sampling time index, i.e.,

k < k + 1, when anew state vector Xy, is available,

a new optimization problem is solved; and repeat the
algorithm from step (2).

the local control inputs U to construct

A block diagram illustrating the internal structure of the
DMPC controller is depicted in Figure 3.

Communication Network

it ) & i
Uleam i1y Al -1 A Holis Tico, e

Stata prodictor

Interaction predictor

Sub-cantroller Ci

Optimizer

e
Yo Aol

3
v

Interconnections

Figure 3. A Schematic illustration of the internal structure of
the i™ MPC sub-controller ¢;

7.1 Closed-loop stability analysis

In this section, the nominal closed-loop system under the
proposed state-feedback NC-DMPC control is presented and
its global stability condition is given. This condition can be
deduced through the analysis of the whole closed-loop
system’s dynamic matrix. Here, the term nominal system
refers to the case without any external disturbances affecting



the process, whose dynamics is perfectly represented by the
process model.
Let us now define the global matrices as follows:

H = [HT,..,HL]T,  where H € {4,B,(}
I,
l—‘i, = = [Inuionuix(Np—l)nui]
(Np blocks) Inul-
A= diag{A,, ..,\y},  where A€ {I",T,T}
{i} ol
Au(klk) LL(O)
Au L(O)("q
@ (e+11k) A2y
AUGenyiy = Augjﬁlk) = 1(0) ! Mige) = ZiMie)
Np 1
Au{t} L(O)(CA
(e Np=116)
L0y
L(O)(‘ﬂ )T
A T
Z;= ‘(0)( ) Mo = Mgy o Mige]”
Np—1
L(O)(‘ﬂ " )T
Q = diag{@lﬁ ---:QN}

where, Q € {L,L,M,M,S,T,K,N,Z}.

Theorem 1 (Global stability condition for NC-DMPC scheme)

The closed-loop system including the open-loop system §
and the feedback distributed control solution of the NC-DMPC
problem, composed by a set of independent sub-controllers

C;, i =1,...,N, is asymptotically stable if and only if:
|4{Ag}
A 0 BT 0
) 1 0 F
=41 | (Tzo4 + TZ¢r) Tz¢n (TZOBT +T'T+TZp) TZpF
0 0 Inym, 0
<1
vj € {1,2,...,Ng}, Ng = n, + Nyn, + 2Nyn, (42)

where, A is the dynamic matrix of the global closed-loop
system and N;; is its order.

The reader can refer to Appendix for details about the proof
of this Theorem.

Corrolary (Global stability condition for Decentralized MPC
(De-MPC) scheme)

If the network communication is not used, then no shared
information among the sub-controllers is possible, the global
closed-loop system is asymptotically stable if and only if:

J[<1

— A BT

12,{4a}l = "11‘{ (Tz64) (TZ6BT +T'T +Zp)
“43)

vj € {1,2,..,Ng}, N =n, + Nyny,

where, A is the dynamic matrix of the global closed-loop

system and N;; is its order.
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8. NUMERICAL SIMULATION RESULTS AND
ANALYSIS

In this section, the proposed NC-DMPC algorithm,
presented in the previous section, is tested and evaluated
through a simulation example, related to popular case studies
in the context of distributed control. This numerical simulation
has been conducted to assess the efficiency of the proposed
NC-DMPC algorithm. The proposed example for this
evaluation is presented in the sequel.

8.1 System description and representation

A benchmark example, often used to assess the
effectiveness of distributed control algorithms is the quadruple
tank system, described in [48-50], and illustrated in Figure 4.
The process consists of four interconnected water tanks and
two pumps. It is a MIMO system with two manipulated
variables and four state variables. The goal here is to control
the water levels h, and h; in tanks 1 and 3 using the pumps
command voltages v; and v, . Let us define x=
[X; Xz X3 X4]" = [hy hy hs hy]" and u = [u; wp]" = [vy v,]"
with h; and v; are the liquid levels and the voltages,
respectively (cf. Figure 4).

Using mass balances and Bernoulli’s law, we obtain

() == 20k (O + 5 V20RO + 5

ha(t) = Zghzct)+(sﬂw

: az a 2 Y2k “44)
ho(t) = =5 V20hs(D) + ¢ V2gha (D) + ==,

. 1—-vy)k

h(© == SR @ + 2,

where, S; :cross-section of Tank i; a;:cross-section of the
outlet hole of Tank i; h;(t): water level of Tank i; g:
acceleration of gravity.

The voltage applied to Pump i is v; and the corresponding
flow is k;v;. The parameters y,,y, € [0 1] are determined
from how the valves are set prior to an experiment. The flow
to tank 1 is y; k;v; and the flow to tank 2 is (1 — y;)k,Vv; and
similarly for tanks 3 and 4. The measured level signals are
k. hq and k_ h;. According to [49], the values of the parameters
considered in the following simulations are:

S, =8,=28[cm?] , S,=25;=32[cm?] a, =a, =
0.071 [cm?], a, = az = 0.057 [cm?], g =981 [cm/s?],
k.=1[V/cm].

The chosen operating points correspond to the following
parameter values: (hY,h9) = (12.4,12.7) [cm], (h3,hY) =
(1418)[em] ,  (vp,v2)) =B3)[V] ,  (kpky) =
(3.35,3.33) [cm3/Vs],(y1,72) = (0.7,0.6).

The linearization of system (44) and its zero-order-hold
discretization with sampling time Ty = 0.5 s, leads to the
discrete-time state-space representation of the form (1), with
n, = 4 and n, = n,, = 2. The obtained model matrices are
given by the following:



0.9921 O 0 0.0206
A= 0 0.9835 0 0 ,

0 0.0165 0.9945 0

0 0 0 0.9793
0.0417 2.47 x 1073

B:0.0156 0 C=[1 0 0 O
1.30 x 1073 0.0311 ’ 0 01 0
0 0.0235
qf|-¢ W q:

Tank4 Tank 2

l—|qr3 %l 'Tz
E

-

Pump 2

Figure 4. A schematic representation of the quadruple tank
benchmark

In order to apply the proposed NC-DMPC control scheme,
the whole system has been partitioned into two interconnected
subsystems. The first one is composed of tank 1 and tank 2 and
the second one is composed of tank 3 and tank 4. Therefore,
the states and inputs are accordingly partitioned as follows:

xW = [hy hy]"and u™ = [v,];
x =[h; hy]Tand ut? = [v,]

Subsystem 1:

According to the form (3), we set the subsystem §; with
matrices {A,1, B11, C11, A12, B12}, Where,

=57 Gonssl B =[orsel-ca =t 0
A 2[8 8.0206]‘ 3122[8.47x10—2]

Subsystem 2:

Also, according to the form (3), we set the subsystem S,
with matrices {A,,, By, C22, A21, B21}, Where,

Apyp = 8'9945 3_9793]‘ Bz, = [gg;;é]rczz =[1 0]
Ay = [8 8'0165], By, = [(1).30 X 10—3]

The interactions between the subsystems §; and §, are
considered through the state and control input variables which
will allow to test the effectiveness of the proposed DMPC
structure in presence of both interactions. The proposed
algorithm, described in section 7, was used to implement the
two sub-controllers, where the control objective was to keep
the levels of tank 1 and tank 3 at the reference values,
expressed by their respective set-point signals, defined as
follows

* For tank 1 (level 1):

(a) from 0 s to 50 s, the set-point is 0.2 m;
(b) from 51 s to 150 s, the set-point is 0.6 m;

* For tank 3 (level 3):
(a) from 0 s to 20 s, the set-point is 0 m;

(b) from 21 s to 80 s, the set-point is 0.4 m;
(c) from 81 s to 150 s, the set-point is 0.1 m.

m— Qutput signal "y
= = =0Qutput signal "y’
= = Set-point "y

100 150

Time [sec]

0.6 T T
— Qutput signa o2
= = =Q0utput signal "y"|
Fo. N ‘== Set-point "y .
k
[
1 E
1
-0.2 L L
0 50 100 150

Time [sec]

Figure 5. Evolution versus time of the output responses of Tank 1 and Tank 3, obtained with classical C-MPC and the proposed
NC-DMPC for the quadruple tank system
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Figure 7. Evolution versus time of the output responses of Tank 1 and Tank 3, obtained with decentralized MPC and the
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Table 1. Summary of the control design parameters of the different MPC controllers

Controllers Nu Np Q R N p Ts  N°
Classical-MPC (C-MPC) 5 10 1xI, 0.02xI, - - 0.5 300
NC-DMPC & De-MPC: ¢, - 10 1x/I, 0.02xI, N =3 p;=05 05 300
NC-DMPC & De-MPC: C, - 10 1x[I, 0.02xI, N,=3 p,=05 0.5 300

Note that the design parameters N, Ri, Qi, pi and JV;, for
i=1,2 needed for the distributed optimization problem, have
been manually (i.e., heuristically) tuned to obtain the best
performance. To this end, several tests were performed to
determine the most suitable values for the proposed case.
Besides, the optimal values can be found using a multi-
objective optimization procedure or one of the metaheuristic
methods (such as swarm optimization technique), but this is
out of the scope of this study. Usually, a trade-off between the
two terms of the performance index should be ensured,
depending on each particular circumstance (response rapidity
or lower energy).

In order to make a fair comparison, the closed-loop
performance of the proposed controller are compared with a
Laguerre functions-based Decentralized MPC (DeMPC),
where the network communication is omitted (Figure 1(b)),
and a classical centralized MPC (C-MPC). The simulation
parameter settings are summarized in Table 1.
where, N, denotes the control horizon, it is selected by
considering a good trade-off between tracking performance
and the amount of the control effort; N, is the prediction
horizon, it is assumed sufficiently large, to ensure the closed-
loop stability. Q and R are two constant matrices serving as
weights of the tracking errors and control actions, respectively;
pi is the scaling factor, it is a tuning parameter for the closed-
loop response speed; V; is the number of Laguerre functions
representing the degrees of freedom in describing the control
trajectory; Ts is the sampling time; N° is the total number of
samples of the whole simulation.

For this example, the obtained simulation results are
depicted in Figures 5, 6, 7 and 8, including the system outputs
and the generated control signals. The obtained simulation
results, demonstrate that the proposed distributed control
structure has a good control performance, since the quadruple
tank system under the proposed DMPC strategy has the ability
to track the set-point signals; with smooth control signals.
Although, the control signals in this control strategy are
obtained separately, the performance is still satisfactory due to
the cooperative manner of the sub-controllers by using the
local information and the information shared by the other
agents via the communication network.

Furthermore, as depicted in Figures 5 and 6, the C-MPC has
a similar performance as the proposed NC-DMPC, and both
outperform the DeMPC strategy, as shown in Figures 7 and 8.
This conclusion is not only valid for this four tank plant, but
also for other plants, since the DeMPC strategies does not take
the interactions into account, which leads to some degradation
in performance. It is noteworthy to mention that the main
drawback of decentralized MPC is that local MPC controllers
would fail to fully compensate for the process interactions
beyond the confines of the local subsystems. Such limitation
can degrade the controller performance and possibly, leads to
stability problems of the overall system.

The computational burden of the control schemes depends
greatly on the number of inequality constraints and the number
of control variables [51]. From this point of view, in the
unconstrained centralized MPC, the optimization problem
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increases significantly with the total number u{¥ of system
inputs as well as the length of the control horizon N, since a
large value of the control horizon implies more control
variables to be computed. In the proposed NC-DMPC strategy,
the local control actions are parameterized by Laguerre
functions. The total number of Laguerre functions, namely 2V,
used in capturing the future control trajectory vector is
generally less than Ny. Thereby, each sub-controller needs
smaller control variables to be computed, compared to the
classical centralized control scheme.

Incidentally, by decomposing the problem into smaller
subproblems and solving them in parallel, we can handle a
much larger number of units. Furthermore, compared to the
classical centralized algorithms, decomposition methods
require less memory storage, and are mainly much faster. To
sum up, the computational burden of the distributed
implementation is much less than the centralized structure,
especially for large-scale systems including a large number of
subsystems.

8.2 Performance analysis discussion

The performance analysis of the control strategies can be
described in terms of output tracking errors and control efforts.
Therefore, a more accurate way to obtain a criterion reflecting
the performance and differences between the different MPC
controllers is to evaluate the following unified performance
index,

NS
Tico =Z I
k=1

NS NS
= Z ]ei(k) + Z ]ui(k) fori = 1,2
k=1 k=1

where, N° represents the total number of samples of the whole
simulation, y{Js? denotes the set-point (reference) to be
tracked and y{¥ is the actual simulated output. The MPC
performance index in (45) is formulated with two performance
indices, namely the tracking error and the control effort. The
performance index corresponding to the tracking error J, is
formulated using the squared difference between the set-point
y*P and the predicted plant behavior §. Similar to the tracking
error term, the performance index for the control effort J,,, is
also formulated as in (45). The control effort is determined by
the squared difference between the present and past control
actions.

It is worth to recall that one key concept in centralized
control is that all the individual performance indices J; are
gathered in a single cost function, leading to:

NS
96—y 1B+ D 1 aul) iz,
k=1

(45)

N=2 N=2 NS NS
JGyt = Z Jigey = Z (Z Je;) T+ Z Ju;a0) (46a)
i=1 k=1 k=1

i=1



N=2 NS N=2 NS
= Z Jeya + Z Z Juwoy (46b)

i=1 k=1 i=1 k=1
6@ = Jeay + Jue) (46¢)

The evaluation results are summarized in Table 2.

Table 2. Comparison of the costs obtained with centralized
MPC, distributed MPC and decentralized MPC

Controllers Je Ju Jeost
C-MPC 1.0307 0.3174 1.3481
The proposed distributed MPC 1.0452 0.3682 1.4133
De-MPC 1.2005 0.3234 1.5239

Table 2 shows the results obtained through the evaluation
of the performance index (46) for the three MPC controllers.
As it can be seen from this table, the same previous conclusion
holds according to the obtained numerical values. It shows that
decentralized MPC has the largest value of the global
performance index ¢S, whereas the proposed distributed
NC-MPC has a performance close to the centralized scheme.
Taking into account each term of the performance index, the
proposed DMPC has almost the same performance compared
to the C-MPC controller; and both have a better performance
related to the tracking error, but the De-MPC and C-MPC
controllers have a slightly smaller control efforts compared to
the proposed DMPC. Using the proposed NC-DMPC scheme,
the tank levels track the set-point signals better than with the
controller De-MPC. This is because the distributed MPC
controller provides more control effort than decentralized
MPC scheme. The obtained results of the above table, with
Figures 7 and 8, corroborate this conclusion.

9. CONCLUSION AND FUTURE WORKS

In this paper, a novel distributed MPC approach for large-
scale interconnected systems has been derived, leading to a
non-cooperation based DMPC (NC-DMPC) algorithm. The
main feature of the proposed algorithm lies in the use of
orthonormal functions, viz. Laguerre functions, to parametrize
the system trajectories, thereby reducing considerably the
computational burden of the MPC optimization process under
a one-step communication network delay and reducing
significantly the set of exchanged information over the
network. Moreover, the stability of the resulting plant-wide
closed-loop system was analyzed and the performance of the
proposed NC-DMPC algorithm was discussed. The approach
methodology has been demonstrated on an example for a set-
point tracking objective. Through the conducted numerical
simulations, the obtained results show clearly that the
proposed NC-DMPC scheme achieves similar performance as
a centralized model predictive scheme while outperforming
the decentralized MPC strategy. Future works may
concentrate on extending the proposed methodology in the
constrained case. Furthermore, the robustness issues with
regards to model uncertainties and external disturbances may
be investigated.

In this method the following important features can be
emphasized:

» The global optimization problem was transformed into
many independent local optimization problems, taking into
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account the shared information about the interaction effects of
the other subsystems in the local MPC decision.

A number of distributed control algorithms based on the
DMPC approach has been presented. They are designed for
large and interconnected systems, described in state-space
form and decomposable in several non-overlapping
subsystems.

* The reduction of the communication among subsystems.

* A decrease in the computational burden associated with
the solution of the local MPC problem.
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APPENDIX
Proof of Theorem 1

Merging the process equation, the global prediction
equation and the global optimal sequence, the closed-loop
state-space model for the distributed control framework is
obtained:
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X(k+1) = AX(k) + BU(k) (Ala)
X = AX(e-1) + Buge—1)
= AX (k1) T BUU k—1,n 11-1) (k)
=K[Y;? - 1%
Nk + 1, Nplle) ~ 700 (A1b)
— Mu(k—l) - SV(k‘ Nplk _ 1)
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= SVtemyie-1) = TWaemp -]

Therefore, the global
expressed as follows:

interaction predictions can be

17(k,zv,,|k—1) = A’X(k,Np|k—1) + EfU(k—l,N,,m—l) (Ald)
W(k,N,ﬂk—l) = C~X(k,Np|k—1) (Ale)
Ny = Xy + ¢X(kivp|;cp—1) + PUk-1,n,|k-1) (A1)
+ KY 10,10
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¢ =—-K(SA+TC)
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A 0 BT 0
Yoy = (X (Alp) > i 0 F
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Let us now define the augmented state vector as follows: [0 0 Inyn, 0

Xe) = [X(Tk),X(Tk,Npm—n, U(Tk,zvp|k), U(Tk—1,Np|k—1)]T g
B;=|,|.C.=[1000]

The state-space model of the whole closed-loop system is B
then given by: 0

Consequently, the stability of the overall system is
determined by the eigenvalues of the dynamic matrix A;.
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