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This paper presents the proposal of a stable non-consensus opinion model in an infinitely
branched fractal network, analyzing how its percolation properties are affected and based
on the Ising model that allows the stable coexistence of three states, forming two groups of
agents that hold contrary opinions and a third group that assumes a state of indecision The
model is structured in a Sierpinski folder S in which its fractal attributes are characterized
by the dimensions of Hausdorff (Dn), topological Hausdorff (Dw) and the spectral
dimension (ds) since in these the values of the critical exponents of percolation are
determined by the set of numbers of the dimensions (Dn, D, ds), rather than solely by
spatial dimension (d). Our findings suggest that starting from a random distribution of
agents to which initial conditions are given, and employing a stable opinion dynamic
through numerical simulation to calculate the percolation threshold and its critical
exponents, the kind of universality to which the model belongs is determined and how the

fractal characteristics in an infinitely branched network affect its percolation properties.

1. INTRODUCTION

Many of the characteristics studied in the collective
behavior of systems are independent of the attributes of each
and the details of their interactions [1]. This makes it possible
to model the dynamics of large groups using the tools of
statistical physics [2]. The hypotheses of the opinion models
are based on the observation that the agents tend to make when
exchanging their opinions, and it is these interactions that are
the cause of the change of opinion towards a consensus or non-
consensus between them [1, 2]. One of the most used tools to
analyze this type of phenomenon is the theory of percolation.

The theory of percolation has been known for several
decades [3, 4] and is the simplest fundamental model in
statistical physics. It is typical to approach percolation theory
as the study of a variety of chaotic and random systems that
exhibit criticality [5, 6]. These complex and self-organized
systems present interconnectivity between their individuals
either through links or sites and are characterized by being
based on simple discrete models, but mainly by the importance
of the study of their percolation threshold characterized by
their critical exponents that are independent of the geometry
of the system [7-10]. However, it has been found that
percolation thresholds in cells with the same topological
constraint depend on fine details of the Structure of the same
[11-13] this may indicate that cells with different thresholds
belong to different classes of universality.

This also implies that the work done to build universal
formulas to predict percolation thresholds based on a small
number of network characteristics with the spatial dimension
and coordination number is not sufficient. Previously, Galam
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and Mauger [10] have provided estimates for various networks
using the formula of the power law quantified by Eq. (1).

(1

where, the d-dimensional lattices are determined by the
different values of the constants po, a and b and by the
topological restriction Eq. (2) [10].

qg=0@-DZ-—-1) 2

However, there are examples of networks with equal d and
q, but with different percolation thresholds. Therefore, it
seems likely that there are more classes of universality since
Galam and Mauger specified that if there is a universal
formula for percolation thresholds, it must be based on more
information than d and ¢ alone.

In addition, it can be used to identify unknown percolation
thresholds, since although it may indicate that meshes with
different thresholds belong to different classes of universality
this also makes the spatial dimension and the coordination
number not enough to build a universal law. However, this can
be useful for testing the effects of topology and connectivity
on the information percolation threshold in similar networks
[11-15].

The rest of the article is structured as follows: section 2
addresses the main features of the sierpinsky folder and its
related percolation network. Section 3 reports the numerical
simulations performed in the sierpinsky folder. Section 4
discusses the fractal effects that resulted in the simulations
performed. Finally, section 5 describes the relevant
conclusions Figure 1.
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Define the problem by stating the objective

Presentation of the results obtained

Validate and discuss our results to achieve the proposed
objectives

2. INFINITELY RAMIFIED NETWORKS

Recent studies have shown that infinitely branched
networks can be quantified by topology. Hausdorff dimension
Dy [12].

Infinitely branched networks are determined by their order,
which is defined as the smallest number of links 7; at a point i
that must be cut to isolate an arbitrarily large bounded set of
points C; connected to i. For the infinitely branched network,
the number r; grows with the size of the network L of C; as 7;
o L2, while for finitely branched networks all numbers 7; are
finite [16].

To characterize fractal geometry, van der Marck [13]
introduced a new dimension number Dy, called the Hausdorff
topological dimension this concept of dimension for metric
spaces is defined by a combination of topological dimension
and the Hausdorff dimension. Mandelbrot [16] defined that for
a subset of a Euclidean space to be a fractal its topological
dimension must be strictly smaller than its Hausdorff
dimension. The value of the Topological Hausdorff dimension
is always between the topological dimension and the
Hausdorff dimension, in particular, this new dimension is a
non-trivial lower estimate for the Hausdorff dimension.

That is, regular d-dimensional meshes are characterized by
DtH=d, while, in general in fractal geometry, D,z<Du<d [17],
where Dy is the Hausdorff dimension that regulates the scale

of number of sites in the network with the network size NXLpg.

One of the most important fractal geometries is the
Sierpinski carpet which is a generalization of the Cantor set in
two dimensions [18-20]. It is universal for any compact object
in the plane. Thus, any curve drawn in the plane with the
intersections we want, however complicated, will be
homeomorphic to a subset of the Sierpinski carpet. That can
be built through an iterative process as follows. The square
unit [1,0]? is divided into nxn sub-frames of equal size and the
interior of m? sub-surfaces are removed. The same procedure
is applied recursively to all remaining sub-surfaces
indefinitely. The boundary area of the resulting network is

Model and simulate the behavior in the interaction of
the nodes of each agent with its close neighbors,
performing simulations in the nert-logo software in
order to obtain its type of distribution and its
percolation threshold.
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Figure 1. Algorithm representing the methodology of the system structure
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equal to zero. Figure 1 shows two three- and four-step
Sierpinski pre-fractal carpets Figure 2.

Figure 2. Sierpinski carpet pre-fractal S 3 steps

With the number of interactions k increases the number of
sites, in the carpet N; are increased as Ny=(n>-m?) k, while the
size of the folder (measured in the number of sites k) increases
as the size of the folder Li=n*. So the fractal dimension
(Hausdorff) of is equal to Eq. (3).

_In(n*-m?)

Dy = 3)

Inn

where, m tells us the number of copies of similarity and n tells
us the magnification factor.

The average number of coordination (average number of
links per site) of increases with the number of iteration steps k&
as. Eq. (4) and (5).

2= 2a[1= (=)

Zy, = Zo[1 — n~(PH-Dk]

4)

)

where, Eq. (6) and (7).



n? —m?
Z, =4 (n—z — n) (6)

n2—-m?-(m+m)

Zow =4 (7N

n¢2—m?—n

It is the average coordination number at the fractal boundary
k—oo, while Z; is the average coordination number after &
iterations [20]. It is important to deduce the rapid convergence
of Zj to Z, after some iterations.

From here we can see that the topological dimension of
Hausdorff of the folder of sierpinky is equal to Eq. (8).

®)

where, the second term on the right side equals the
connectivity of folder 3 [21]. Of the Eqns. (3), (4) and (5) it
follows that the average coordination number Z, of Smn is
related to Dy and Dy as Eq. (9).

1 — ni-2Den

Zow =4 )

1 — nl-2Dy

In addition, the phenomenological relationship for the
spectral dimension Eq. (10) [21].

__In@m?-m?)

ds =21 (n% + m?)

(10)

which provides good estimates for the standard Sierpinski

folder. Consequently, the standard Sierpinski folder is
characterized by Eq. (11).

Dy <ds <Dy <d=2 (11)

In this regard, it is pertinent to note that the rapid

convergence of Z; to Z,, allowing us to observe fractal effects

in Sierpiski pre-fractal carpets after a few iterations (see, for
example, Refs. [13, 21-28]).

3. NUMERICAL SIMULATIONS OF THE SYSTEM

To simulate the system, the pre-fractal Sierpinski carpet S1
was changed in an interval of 1<N<567 nodes randomly
distributed over the entire network in such a way that each
node represents an agent which only interacts with its closest
neighbors, while that said node is soon assigned any of two
states, considering that the nodes with a third state are
distributed in the rest of the population; a cycle is considered
as the process carried out by N interactions between agents.

This system is based on a non-consensus NCO model that
shows new states in which the stable relationship of a
reduction in agents produces percolation of majority opinions.
This stable state is reached from an initial random
configuration after the application of a dynamic process
according to the increase in the number of agents in a relatively
short time.

It is intended to demonstrate that, when the population of an
opinion is above a certain critical threshold, even a minority, a
large group extension of a proportional size percolates to the
total population. Using increasingly large simulations, it is
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shown that the phase transition in the NCO model belongs to
the same universality class [29-31], since agents who have the
same opinion form a group, where each member of the group
will be part of a cluster holding its opinion, and that over time
each cluster stabilizes at a percolating cluster saturation. The
basic hypothesis of the proposed NCO model is that its
formation is a process where an agent's opinion is influenced
both by his own current opinion and by that of his nearby
agents represented as nearest neighbors in the network [32].

> 3_1 Sierpinski_3_pasos_CLUSTERS - Netlago (D1 DEPURACIGN JUN 2022\DOCTORADONPROGRAMAS PASOS SIERPINSKY)
Archivo Editar Hemamientas Tamafo Pestafias Ayuda

Bt Informacn Codgo

(A |

[ Actusizar de laVista.

| o
Contnuamente: v

veloodad normal
* -| |
Aadr

Figure 3. Sierpinski S31 folder design in Net logo

The system was developed in the Net logo Figure 3
simulator, carrying out for this purpose the design and
programming of a two-dimensional Sierpinski S31 folder with
N agents where the initial distribution of active Agents is
always random, with active and non-active agents respectively.
To which a dynamic is applied to analyze their behavior.
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Figure 4. Evolution of the SJ network at the percolation
threshold with 375 participants a) Initial condition b)
Application of dynamics c) Start of percolation d)
Percolation of the network



The model was worked on in the Sierpinski carpet, its
behavior analysis in the simulations was based on its borders
to find the moment when the network reaches the percolation
threshold, an average result of 1000 simulations is reported for
each governed point. By the update rule of 1<a;<500 where a;
is the number of agents for each case.

Figure 4 illustrates the evolution of the simulation process
for the particular case of a network S1. In (a) the Sierpinski
folder is shown in its initial position, in (b) the random spatial
initial distribution is shown with 375 agents applying the
dynamics to simulate the active and non-active agents, in (c)
the moment in which the agents begin the initial behavior
process at the network border, in (d) the final state of the
configuration is shown when the percolation threshold is
reached.

4. BEHAVIOR OF THE SYSTEM
OPINION DYNAMIC

IN A STABLE

The analysis of the distribution in the size of the cluster is
very important since it is a very powerful tool in the
investigation of percolation transitions. The simulations we
perform take us to a constant scale of enlargement associated
with a valid percolation transition under fractal dimensions
since we are interested in the effect of fractal attributes on the
filtration threshold in the Sierpinski carpet and universal
checking as seen in the universal formula Eq. (12).

Pe = pod”q™* (12)

The results support the assumption for the distribution size
distribution of the cluster, provides a correction scale that must
be taken into account in the discussion of the scale functions
[33], so to generalize the Eq. (1) in fractal networks, we need
to estimate percolation thresholds in Sierpinski carpets with
similar accuracy. It is interesting to note that there is no fixed
percolation point on the Sierpinski carpet, so the average
percolation number is given by Eq. (13).

Pa =P+ AL® (13)

Which increases with the increase in the size of the folder
Lk = nDH /k. Consequently, one can define an apparent
percolation at the pA threshold (Zk) that is expected to
decrease with the number of iteration steps k as [33], Eq. (14).

Pa = Pc+ AL” (14)
where, pc is the percolation threshold in is the fractal limit of
k—oo, A is the constant, while the scale exponent is found to be
w>1/v [33]. And where the average coordination number
converges to Zoo exponentially where the dependency size (10)
becomes negligible with respect to the accuracy required after
a few iterations.

On the other hand, it is found that for percolation in
sierpinski's prefactal folder S;} with 3<k<6 iterations (L¢&=567
and Z.-Zs<0.0089) [33]. This gives us the foundation that
allows us to use Finite Size Scaling Analysis to estimate
critical exponents and percolation threshold pc with the
required accuracy.

In the simulations, our amplitude search algorithm was
determined by the spaces of the folders that were occupied one
by one in random order starting with the empty state. The sites
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occupied in the transition formed contiguous clusters in the
sense of with the first neighboring connectivity which
determined a percolation pc=0.758 that provides a clear
confirmation of a branch of the exponential function [34].

Based on this we can define S as the size of the cluster as a
number of sites in it. On the other hand, the cluster expansion
interval is defined as the cluster spanning the L; size of the
folder through either the horizontal or vertical directions, or
both. [35, 36]. We calculate the interval expansion of
probability as Eq. (15).

R.(p) = 0.5 (R + R[) (15)
where, R y R} are the probabilities that the folder cluster
expansion intervals along the horizontal and vertical directions,
respectively (See Figure 5).
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Figure 5. Probability of branching R. compared to
probability p for a Sierpinski carpet S for 3<k<5

The limit of L=co, the probability of expansion Ri(p) is a
step of the function that jumps from R; (p<p(C)=0 to
Ry (p>pC)=1 that moves from close to zero to places close to
one, where the theory of re-normalization defines the critical
point as a fixed point RL (pc)=pc[37]. As the size of the limits
depends on the grid of the finite size network where p.(L)
converges to pc as Eq. (16).

IPe(L) = pel o< L71/° (16)
where, v is the critical exponent that governs the correlation
length Ex|p-pc|—v [37]. A equality Rz(pc)=pc can fail due to
system conditions however it can be calculated by limit pa (c,
L) defined as Eq. (17).

Ry(Pa) =C (17)

For 0<c<1 [37]. Where the dependence of the network size
on the apparent critical concentration can be adjusted as Eq.

(18).

Pe(L,C) = pe+ CL™V + C,L72/7 (18)
where, ¢;(C) and c¢2(C) are adjustment parameters (see Ref.
[37]). Therefore, the probability expansion intevalos that are
covered in the pre-fractal folders Sy, (k) with sufficiently large
k can be well collapsed into a single curve at coordinates, Eq.
(19). (See Figure 6).

(R, X) = [p — pa(k, OIL'” (19)

while, pa(k, C) is defined as R;(P4)=C. After running the
simulations, the values of p.(k, C) were determined for various
values of C. We then used the collapsing probabilities of
expansion.
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Figure 6. Collapse of R; probability in a Sierpinski prefactal
for pa defined by Eq. (19) with C=-0.01

5. DATA ANALYSIS AND RESULTS

Our findings suggest that starting from a random
distribution of agents given initial conditions, and using stable
opinion dynamics through numerical simulation to compute
the percolation threshold and its critical exponents, the
universality class at which that the model belongs to and how
fractal features in an infinitely branched network affect its
percolation properties.

For this system, the critical exponents, a, T, were determined
using the scaling method of the total number of clusters Eq.
(20).

N, p(c)al? ™" (20)

Such a relationship can be derived from the assumption that
the scale for the cluster distribution size is usually written Eq.

@1).

ns(®) = s fi(slp — pcl/?) 1)
where, ft are scale functions associated with the two sides of
the critical point, 7 the Fisher exponent and ¢ another exponent
[30]. From which it is seen that the cluster size distribution is
Eq. (22).

ns(pclas™" (22)

And the average size spanning the cluster is Eq. (23).

S(a Y s? nypaly” 23)

To make sure of the veracity between the numerical values
of the critical exponents, we verify that the following relation
Eq. (24).

a+26+y=2 (24)

Consequently, the percolation threshold p(c) and the critical
exponents 7 and y are calculated using the following
hyperscale relationships Eq. (25).
2v

Y= DHv - (25)
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And the Eq. (26).

D, = Dy_B/v (26)
From the above equations we can perform a calculation of
the critical exponent 7 is enough to confirm the hyperscale

relationship [6] Eq. (27).
t=1+Dy/D, 27

The values of obtained from the scaling behavior for a non-
consensus network are reported in the Table 2.

The data found in the table for the Sierpinski S;* NO folder
It does lead us to the fact that the irregular trellises and the
percolation of bonds that occurs between them belongs to a
kind of universality of random percolation, where the spatial
dimension d was determined by the critical exponents, from
which it is inferred that, if for two systems of the same spatial
dimension d the critical exponents are different, then these
systems belong to different kinds of universality [6, 31].

However, in their generalization the critical exponents in
their universal form (Table 1) can also depend on other
fundamental attributes of the system as can be seen in Table 2
and compared with the data reported in the references [37, 38]
point out that the values of the critical exponents of random
percolation are defined by the Dimensions (D, Dg, ds) that
define the network, rather than just by d. Also, esot determines
that the hyper dependence relations between the critical
exponents found in Table 2 are governed by the Hausdorff
dimension Dy.

Therefore, our findings indicate that percolation in infinitely
branched Sierpinski carpets from the data found in Table 2,
suggest that the site filtration thresholds of standard Sierpinski
folders can be adjusted by generalized Eq. (1) if the dimension.

Table 1. Site percolation thresholds and critical exponents
reported in the literature for three infinitely ramified
Sierpinski carpets (Hausdorff carpets)

Property Reference Sierpinski carpet

S3 Sk S3
Du Eq. (3) Ln8/In3 Ln12/In4 Ln16/In5
pc [39] 0.85 0.92 0.95
[40] - - 0.815
[41] 0.6898 - 0.8273
[42] 0.759 <0.864 -
Thiswork 0758+ 0.858+ 0.914+
0.002 0.004 0.004
y [39] 2.13 2.43 2.69
[40] 1.718 - 1.937
[41] 2.194 - -
[42] 1.786 <25 -
. 1.790 + 2.65+ 2.40
This work ) 507 0.004 +0.005
B [39] 0.27 - -
[43] 0.234 - -
[42] 0.115 >0.066 -
Thiswork 0114+ 0.067+ 0.001+
0.004 0.003 0.003
De [43] 1.828 1.766 -
This work 1.829 1.767 1.718




Table 2. Values obtained from the scaling behavior for a non-consensus network

Square Lattice WPLS Sierpinski carpet
st s3 S3NC 52 s2
Dn 2 2 1.9746... 1.8927... 1.8927... 1.7924... 1.7227...
D 2 2 1.8613... 1.6309... 1.6309... 15 1.4306...
Zoo 4 5.33 3.78%4... 3.2 3.2 3 2.9090...
gt 3 4.33 2.402... 1.388 1.388 1 0.822
Pc 0.592745 0.527 0.634+0.004 0.758+0.002 0.758+0.002 0.858+0.004 0.914 +0.004
Ds 2 <2 1.951 1.806 1.806 1.659 1.572
Dw - D1 0 0 0.1133 0.2619 0.2619 0.2925 0.2920

v 4/3 1.635 150+0.01 1.790+0.007 1.825 +0.007 2.65+ 0.04 2.40 +0.05
B 5/36 0.222 0.134+0.004 0.114+0.004 0.195+0.004 0.67+0.003 0.011+0.003
Y 43/18 2.825 2.69 3.16 3.062 4.6 4.1

o -2/13 -1.27 -0.97 -1.4 -1.4536 -2.75 -2.1

T 187/91 2.072  2.05+0.05 2.03 +0.05 2.06+ 0.05 2.01+0.04 2.00+ 0.02
D¢ 91/48 1.864 1.885 1.829 1.7854 1.767 1.718

We also found that the data shown in Table 2. found in the
simulations confirm that there are minimal differences
between the pc values and their critical exponents of the
sierpisky S;*=folders. =0.758 and the folder S;*NO=0.858
obtained in numerical simulations and calculated with Eqns.
(1), (24), and (25) and these are in the commonly accepted
range for the application of approximate threshold by
universal formulas (see Refs. [32, 33]). Indicating that the
dimension number relevant to the percolation threshold is the
Topological Hausdorff dimension.

This confirms our initial hypothesis that starting from a
random distribution of agents with certain initial conditions,
and using a stable opinion dynamic by means of numerical
simulation to calculate the percolation threshold and its critical
exponents, the universality class to which the model belongs
is checked and how the fractal characteristics in an infinitely
branched network affect its percolation properties.

6. CONCLUSIONS

We found that filtration thresholds and critical exponents
were determined for standard Sierpinski folders S;7* infinitely
branched from a random distribution of agents given the initial
conditions, and using stable opinion dynamics by numerical
simulation to calculate the filtration threshold and its critical
exponents meet the kind of universality for which the non-
consensual opinion model belongs and validate the fractal
characteristics in an infinitely branched network derived from
its percolation properties.

It was also found that data from two-dimensional
simulations and networks reported in the literature show that
percolation in infinitely branched Sierpinski carpets suggest
that Sierpinski folder site filtration thresholds infer that a
universality exists. This was based on the fact that the
percolation values of the component critical exponents
immersed in a random percolation universality class are
determined by the established dimensions (DH, DtH, ds),
rather than solely by the spatial dimension (d). on the other
hand it was inferred that the hyper scalability relationship
between the critical exponents is governed by the Hausdorff
dimension of the network. Therefore, we discuss that the
percolation site in infinitely branched Sierpinski carpets (DtH,
ds, DH) concerns the universality class of random percolation,
and that the values of the critical exponents of percolation are
functions of DtH, DH, and ds.

In summary it was confirmed that the hyperscalability
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relationship between the critical exponents is governed by the
Hausdorff dimension of the network, thus validating the non-
consensual opinion model using a percolation site in
Sierpinski carpets in infinitely branched networks belonging
to the universality class of random percolation comparing it
with previously reported results, while the values of the critical
exponents of percolation are functions of the aforementioned
dimensions. So, in the context of the site's filtering threshold,
these networks belong to the same kind of universality.
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