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The possibilities of constructing a solution to an inhomogeneous the third-order
equation have been studied, in particular the Clausen equation in the vicinity of special
points x=0 and x=c. The construction of the method for indeterminate coefficients to
the construction of partial solutions of the Clausen equation is shown. These ideas are
extended to constructing private solutions of the simple Clausen system near a regular
feature with solutions in the form of a product of two hypergeometric Clausen functions,
each of which depends on one variable. A number of properties of the product of

Clausen functions constructed near these features have been proved. The construction
of a common solution of the main heterogeneous system of Clausen is investigated.
Four new functions have been created, representing the private solutions of the
heterogeneous equation and systems like Clausen.

1. INTRODUCTION

The monograph by Appel and de Feriet [1] are the main
literature where the basic properties of systems on differential
equations in partial derivatives of the second and the third
orders are studied. The monograph pays more attention to the
second-order systems whose solutions are generalized
hypergeometric functions of two variables and their properties
have been studied in detail, as well as the relation to orthogonal
polynomials of two variables. This level has not been achieved
with the third-order systems research. Although some
information is given about the Clausen system and its
decisions in the form of the Clausen function of two variables.
So far, the problems of constructing solutions to
inhomogeneous systems of the third order, in particular the
system and the Clausen equations have been learned.

Constructions of partial solutions on heterogeneous linear
differential equations, which study heterogeneous special
equations with elementary functions in the right-hand parts are
considered in the works of various authors [2-4]. Usually the
second-order differential equations and solutions in the form
of different special functions of a single variable are usually
studied. The Lommel, Struve, Anger and Weber functions are
used in the applications depending on the type of the right and
the ratios between the index and the degree. They are partial
solutions to Bessel’s heterogeneous equation.
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where, x« and v permanent.
The partial solution of the heterogeneous Bessel Eq. (1) is
represented by [4] as the Lommel function:
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The functions of Struve, Anger and Weber are special cases
of this function. The relationship between them and their
property is studied in the monograph [2]. It should be noted
that the problems are limited to the integration of
inhomogeneous Bessel equations where there are sources
distributed by volume. These and other non-homogeneous
hypergeometric equations have been studied in the Babister [4]
monograph. This monograph is the only fundamental work
dedicated to research of this nature. Sikorski and
Tereshchenko investigated more general linear differential
equations, a with an inhomogeneous right part in the form of a
normal series by method of null coefficients [5].

Recently, in connection with the study of multidimensional
degenerate equations, the properties of generalized
hypergeometric functions of the third and the higher orders
have often been used [6, 7].

The first example of a generalized hypergeometric function
is the Clausen function [8] with five parameters.

Definition 1. View function.
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where, Pochhammer notation (a, 0)=1, (a, n)=a(a+1)...(a+n-
1), n>0, (1,n)=1-2-...-n=n!, is used with five parameters q;
(171, 2, 3) and Bi(I=1, 2) is called Clausen function.

Define a generalized hypergeometric function.

Definition 2. A generalized hypergeometric function is a
function of the species.

(a;,n)
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it is assumed that none of them g is an integer negative. The
series (4) is reduced to a polynomial if at least one « is negative
number.

Generalized hypergeometric functions of many variables
have also been defined and studied.

Definition 3. Generalized hypergeometric functions of two
variables are defined by double series.
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n=0

F(X,y) = 5)
m,n=0
coefficients satisfying the following ratios:
am+1,n _ P(man) am,n+l _ Q(m,n) 6
a,, R(mn) a,, S(mn) ©

where, P, Q, R and S polynomials of m, n. They are subject to
three conditions. Of these, the common condition is:

P(m,n+1)-Q(m,n) _
R(m,n+1)-S(m,n)

P(m,n)-Q(m+1,n)
R(m,n)-S(m+1,n)

(7

provides for the unambiguous determination of the
coefficients amn in the series (5).

The purpose of this work is to explore the possibility of
constructing solutions to the heterogeneous Clausen equation
near regular special points x=0 and x=o0, as well as Clausen-
type systems near a regular feature (x=0, y=0). The study of
their properties, constructed solutions in the form of the work
of Clausen functions.

The work consists of three parts. The introduction
summarizes the research conducted in this direction and the
generalized hypergeometric functions of one and two variables.
The second part shows the features of constructing solutions
to Clausen’s heterogeneous equation in the vicinity of regular
special points x=0 and x=c0. Here, by analogy of the Lommel
function, partial solutions of the Clausen equation are
constructed according to the features x=0 and x=co. The third
part extends these ideas to the simple Clausen system
consisting of two ordinary differential equations near regular
features (0, 0). A number of properties on the product of
Clausen functions constructed near these features have been
proved. Then the general and private solutions of the main
system of Clausen are built and a number of properties are
considered.

907

2. SOLUTION OF THE INHOMOGENEOUS CLAUSEN
EQUATION BY THE FROBENIUS- LATYSHEVA
METHOD IN THE VICINITY OF REGULAR SPECIAL
POINTS

Formulation of the problem. Showfeatures of
constructing solutions to the inhomogeneous Clausen equation:

3 2
xz(l—x)%+[l+,6’l+ﬂ2 ~(B+a,+a, +a3)x]x%+
X X

®)

+[Bf, U+ o, +a, + o, +ayar, + a0, + alaS)X]% -
—aya,0,y = f(x),

subject to the right side.
Situation where an ordinary differential equation has a right:

=x"Y a;x),a, #0

j=0

)

has been studied in work [4].

In this case, it is efficient to use the method of indeterminate
coefficients, where the partial solution is found in a
generalized power series:

=Y AX( (10)
j=0
and get a ratio:
AT () + A f (A +D) + A L (A)]x + ~
X{+[A2fo(/1+2)+A1f1(/1+1)+Aofz(/l)]xz+..}_ 1)

= x”iaj x
j=0
in (11) fo(4) coincides with the left part of the defining equation:

A fol4)= ALAA-D(A-2)+ ’
+ U+ B+ BAA-D]+ B BA =0 (12)

the corresponding uniform equation. Put A=p, then (11)
implies that the generalized power series (9) will be the formal
solution of Eq. (8) with the right side (9) when A; (j=0, 1, 2, ...)
is satisfying a particular system:

A)fo(l):ao
Aty (A+1)+ AT (1) =a,
Af (A+2)+ A (A+D)+ AT (1) =a,,

(13)

The unknown A; (j=0, 1, 2, ..) can be determined
sequentially from the system (13) provided that A+k, where k-
any natural number is not an indicator of the solution for Eq.
(8). The convergence of the series in the expression (9) will
lead to the convergence of the series in the expression (10).

As is known [9] the construction of a general solution of the
inhomogeneous equation (2.1) consists of two parts.



Theorem 2.1. If the partial solution Y(x) of heterogeneous
Eqg. (8) is known, the general solution is the sum of that
particular solution and the general solution of the
corresponding homogeneous equation.

Start constructing a partial solution Y(x) (10) of the

heterogeneous Eg. (8) by the method of undefined coefficients.

The type of general solution of the corresponding uniform

equation is established by the following theorem [9].
Theorem 2.2. The Clausen function (3) is a partial solution

of the differential equation of the third-order hypergeometric

type:

3 2
xz(l—x)%+[l+,b’1 +8,-(B+a, +a, +a3)x]x%+
X X

+[ﬂ1ﬂ2 —(1+ o +a, +a; +a,a, +a,a, +ala3)x]%— (14)
X

— 2,03y =0,

and the total decision is presented as an amount.

— 3 a, A, «a
y(X): Ciyi(x)=c F( . z 3XJ+
> Fla s
+C.XYAE a1+1_ﬂ1’ a, +1_ﬁ1v a3+l_ﬁlx + (15)
2 2_ﬁ1v ﬂ2+1_ﬁ1
+C XlﬁzF{al+1_ﬂ2’ a, +1-p,, a;+1-p, X].
’ B+l=f  2-5,

2.1 Features of the Frobenius -Latysheva method
By the Frobenius -Latysheva method [10], the classification

of regular and irregular special points of ordinary differential
equations is defined by the concept of rank:

p=1+k,k=rme

(1<s<n) S (16)
which introduced by A. Poincare (1886) and antirank:
m=-1-A,A=mn 2270 (17)

(1=s<n) S

added by L. Tome. These notions of K.Y Latysheva were used
as a basis for the classification of regular and irregular special
points of ordinary differential Eq. [10].
According to this classification, if both rankp < 0 and
antirange < 0, then features X=0 and Xx=c0 special regular.
Theorem 2.3. Let be a generalized inhomogeneous Clausen
equation given:

Lly]=x2@=x)y" +[1+ B, + B, -3+, + o, + o )Xy +
+[88, — U+, + @, + oy + aya, + ay0, + a0, )X]y —

(18)

_ P
— a3y = X7,

where, p- permanent. Then the general solution of the
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generalized heterogeneous Clausen Eq. (18) is represented as
the sum of the general solutiony(x) of the corresponding
homogeneous Clausen Eq. (14) and the private solution Y(x)
of the heterogeneous Eg. (18), that is, it has the form:

a,+1- 5,

V(X)=§(X)+Y(x)=A3|:Z(Z: ‘;22 a,

a, +1- 4,

B +1-5

a, +1-4,,
2-p,

o, +1-4,,
2-p,
a, +1-4,,
Bi+1-p,,

+Bx' FZ[

a, +1- 5, XJ+

P~ Uy,
p-1+ 5

(19)

+Cx Fz[

P =0y,

+ X! F( PG
plp=1+B)p-1+ ;)" *\ p-1+ 4,

Proof. We know the general solution y(x) of the respective
homogeneous equation. In the 40#0 defining equation relative
to a special point x=0 there are three distinct real roots: 1,=0,
A1=1-p1, A2=1-f,. These roots are linear-independent partial
solutions in the form of generalized power series of the
homogeneous Clausen Eq. (14):

(04 a o
1 L . 2 : ,
Ko [ﬂl, s, X]
_a g | Aatl=h e tl-f, ag+l-fy
yZ(X)_X 3F2[2_131' B, +1-p, Xho (20
Vo(x)= X7 F a, +1-6,, o, +1-p4,, a3+l_ﬂ2x
3 = 32 ﬂ1+1—ﬂ21 Z—ﬂz \

(20) constitutes the fundamental system of solutions to the
Clausen equation.

It remains to construct a partial solution of the
inhomogeneous Eqg. (18), at A=p. To this end, we construct a
characteristic Frobenius function of the Eq. (18), placing the
Eq. (18) in the left side of the equation y=x*:

L[XAJE xAfo(2)+ £,(2)-x} = x” 21
where,
fy(1)= 2212 -2)+ {1+ B, + B,)- HA-1)+ BB, 4,
f,(2)= A1 -1)A2-2)+(B+a, +a, +a;) AA-1)+ (22)

+ (1+ a, +a, +a; +oy0, oo+ a2a3)p - 0,0,04.

From the system the unknown constant coefficients A; (j=0,
1, 2, ...) of the series (2.3), at A=p. The coefficient 4o shall be
determined from the first equation of the system, taking into
account ao at x” that the coefficient at: op=1

A = (23)

plo-1+4,)-(p-1+5,)

Since all other coefficients o) (I1=1, 2, ...) to aoare zero, the
partial solution of the heterogeneous Eq. (18) is represented as:



Xﬂ

Y(X) =

+(p a)(p—a,)(p— aa)x+

Plo=1+B)p-1+5,)"

(p+1(p+ )P+ B)

(p—a)p—a)p-a)(p+l-a)(p+1l-a,)(p+1-a;)

(P + (o +2)(p+ AP +1+B)p+ f)(p+1+ B)(p+ B )(p+1+ )

x+}x”2

(p—a)alp =), (P —a3),

24

XP

P Ay,

F P —Q,
3
p =1+ py,

p-1+5

P =0

Therefore, the general solution of the inhomogeneous
equation in the neighborhood of a special point x=0 as the sum
of the general solution y(x) of the corresponding uniform Eq.
(14) and the partial solution of the inhomogeneous Eq. (18) is
represented (19).

Babister also called the Frobenius method for constructing
a particular solution to an inhomogeneous equation. The
method was used exclusively to construct the second-order
decisions. The generalization to Clausen equations is the first
application. The newly constructed partial solution of the
inhomogeneous Clausen equation is further denoted by:

K (al’ %o Ga xJ x? .
B B ~ plp=1+B)(p-1+f,)
(25)
'3Fz( P —ay, P—Cy P05 XJ.
p-1+p, p-1+p,

2.2 Constructions of a solution to the Clausen equation in
the vicinity of a regular special point at infinity

All of the special points of the Clausen equation x=0, x=1
and x=oo the regular ones. The case X=1 can be traced back to
the previous case by converting x-1=t. Now we move to build
the solution in the vicinity of a special point x=co and study
their properties.

Theorem 2.4. A generalized uniform Clausen Eq. (14) in
the vicinity of a regular special point x=00 has three linear-
independent private solutions y;(x)(j=1, 2, 3) and the general
solution is represented as a sum

ic,y (x)=
e () p e )
! n=0 n'[ (a1 )][ (al as)] X" 26
c (D Ca) o sl p), OO

n=0 n'[ (az_al)][ (0‘2 a3) x"
Z::(_) ([ a3)n[ (a3+ﬂ1)][ (a3+ﬂ2)]

a3—a1)] [ (a3 az)] x"

Proof. To construct a fundamental system of solutions
yi(x)(j=1, 2, 3), we use the Frobenius-Latysheva method. For
this purpose, we rewrite the characteristic function from (21)
in the following form:

L] = X oy (1) + 2%, 27)

where, do(2)=f1(2), ¢1(1)=fo(4).
Now in (27):

5 (0) (P =1+ )0 (P =1+ ,),
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T pp-1+B)p-1+5,)

@A) =, (A)=2A-D(A-2)+B+a, +a, +a)A(A-1) +
+Q+a +a, +a;+aa, + a0, Fa0n)p—ao,0, =
=(A-a)(A-a,)(A-a,) =0

(28)

is the defining equation, the Clausen Eq. (14) with respect to a
special point x=co.

The solution is found as a generalized power series in
descending degrees of an independent variable x:

y(x) = x"icnx’” ,Co % 0. (29)

Unknown constants C, (n=0, 1, ..
recurrence sequence System:

.) are defined from the next

Cy4,(1)=0,(C, #0)
C1¢o (/1 _1) + Co¢1 (/I) =0,

Coth(2-2)+ i (A-1)+ Cogh (1) =0, 30
Csy (A =3)+Cy (1 -2) + Ci4h, (1 -1) + Cyy(4) = O,
From the first equation of the system (30):
Cog(4) =Co(A—a)(A -, )(A—x5) =0 (31)

when, Co#0, we find three roots: A1=a1, d2=a2, A3=as defining
Eq. (28) with respect to a special point x=co. By inserting the
found roots into the system (30), one successively defines the
unknown constant C,(j = 1,2,3) generalized power series
(29):

e

g g

o )n [_ (al + ﬁl )]n [_ (al + ﬂz )]n
_az)] '[‘(“1_“3)] X
)[ (a2+ﬂ1)][ (0{2 132)]

& e -alF-ale %Y

—x% S (_1)3n (_ 4] )n [_ (a:a + ﬂl)]n [_ (Ol3 +5, )]n

ys(X)_ ; n!'[_ (a3 _al)]n [_ (0‘3 -, )]nxn ,
where to use the notation a-(a—1) - (@ — 2)...(a —n+

D=0ED" (=a)n.

The sum of three decisions y;(x)(j=1, 2, 3)represents the
general solution (26) of the homogeneous Clausen Eq. (4).
What needed to be proved. These solutions (32) constitute a
fundamental system of solutions Clausen’s Eq. (14) in the
vicinity of a regular special point x=co.

Theorem 2.5. The partial solution of the heterogeneous
Clausen Eq. (18) in the vicinity of a special point x=w is
represented as:



)[ (p+ﬁl)]n[ (P+ﬁ2)]n
o, )| [-(p—a)], x

where the species designation is used a(a — 1)..
D =ED"(-a)n.

Proof. To prove the theorem we will use the information of
the previous theorem 2.3. The solution is sought as a
generalized power series (29). Only, in this case, unknown
constants C, (n=0, 1, ...) are defined from another system of
recurrence sequences:

Xp—l )
nDnI ,0 al][

(33)

n'

(a—n+

Coty(A) =, (c, 20)
Ciéy(1-1)+Cydi (1) = o,

34
Cohy(A~2)+ Ch(2-1)+ Coth (2) = a1, G4
Cyy(1-3)+C,4(1-2)+C0,(1-1)+Cyp (1) =,

here, we define

1
C, = (35)

(p—al)(p—az)(p—as)

as a coefficient ! is using the defining Eq. (28) from is (34).
Since all subsequent coefficients oy (I=1, 2, ...) are zero, the
coefficients of the partial solution (33) Ci (=1, 2, ...) of the
heterogeneous Eq. (18) are defined as homogeneous, only
expressed in (35):

V()= X s PBNp+p -]
(p-a)p-a,)p-as)  (p-l-a)(p-1-a,)(p-1-a;)x
plo=U(p+ B -Dp+B -2(p+ B, -D(p+5,-2)

(o-1- alxp 2-a)p-1-a)p-2-a)p-1-ap—2-apx I

o O Ao Do+ D), _
x}

= (p al)] [=(p-a)l,[-(p - )], X"

where, p-p—1D-(—-2)...(p—n+1)=(C-D"
(—p)y . Partial decision received (2.21) nonhomogeneous
Clausen equation is further denoted by:

(36)

X’ F[ -p l-p=p, 1-p-p,
(p_a1)(p_az)(p_a3)3 : pP=a, pP-ay P

—a,

[:31 182 J: X? )
Q. Gy, O (p—a)p—ay)(p—as)
B 1 pe 1 pp (37)
‘3 Fz( o L ﬂl’ L 2 X].
P—0C, POy, P =0

On the basis of proven theorems three and four, it is possible
to formulate a general theorem on the representation of a
general solution of the heterogeneous Clausen Eq. (18).

Theorem 2.6. The general solution of the heterogeneous
Clausen Eq. (18) in the vicinity of the regular special point
x=co is represented as the sum of the general solution y (x) (26)
of the corresponding homogeneous Eq. (2) and the partial
solution Y(x) (36) of the inhomogeneous Eq. (18), that is, has
the form:
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y(x):g(x)+Y(x):C1sz;’( );I([ E"l) S (aﬁr:‘i;)l] [a(j)‘i;"ﬁz)]n
< (’l)an(’az)n[’(az +:B1)] [ (‘h*ﬁz)]
+CZX Z n![_(az_aH)] [ (az_aa)] x"

+

N 38)
o ) ay  pL a2 (
Y n.[ (s L (s e
+xP 12 )[ (p+ﬂ1 )][ (p+ﬁ2_l)]n
n'[ p- al)][ (p-a,)l [-lo-a)], - x"
where the notation is used.
ala-1)a-2).(a-n+1)=(-1)" (- a),,
@Yool -n+)= (V)

plp-p-2).(p-n+1)=(-1)"(- p),.

Let us consider the differentiability property of Clausen
functions.

Theorem 2.7. The generalized hypergeometric Clausen
function (3) has m-a derivative order

d"F _ay(eg+D).(g + m-Day (@, +)..(@ + M—Daty..(ag + m-1)

ax™ ﬁ1(ﬂ1+1)'--(ﬂ1+m71)ﬂ2(ﬂ2 +1)(ﬁz +m71)
SF{% +m, X]: (@) () (@)
B+m,

(BIn(B2)m
(al +m, J
2 F X |
Bi+m,
From here, for different values, you can get derivatives of

the 1st, the 2nd, etc. of other orders. So you get m=1 the first-
order derivative:

a, +m,
B +m
a, +m,
B+m

oz +m

(40)

a;+m

dF _aa,a, [a1+1 a, +1, a3+J.‘X} @1

dx BB, ° AB+L B, +1

In the same way, derivatives of the second and the third
solutions can be found:

= A a+1-p,, a,+1-p, a;+1-5;
Y, (x) = x 3F2[ 2 f Bl p, XJ, (42)
and
— P a+1=-6, a,+1-4,, a;+1-p,
Ya(X) = x SF{IJ’1+lﬁ2, 2- 5, x]. (43)

To determine their derivatives, we shall use the general
formula [11]:

o+1, o
p+l Fq+1 g X
o+l-m, Pq

For p=3, =2, m- private derivative solutions (42) and (43)
are presented as:



d"y, _ d" XALF o +1-4, a,+1-4, 0‘3+1_,B1X _

dx™  dx” S 2-p,  B+l-p N

(2-p,—m)-xAm. (45)

E 2-B, o +1=-, a,+1-p, a;+1-p;

“lo-p-m g +1-4, X)

dmy, _ﬂ N = a+1=-0, a,+1-4,, a3+1*ﬁzx _

dx™  dx™ TAB LB, 2-5, -

— (- mm)x (46)
2- ﬁz a1+17ﬂ2v aerl*ﬂzv a3+17ﬂzx

B Bi+l-p 2-p,-m .

3. SPECIFIC FEATURES OF THE CLAUSEN TYPE
SOLUTION

Problem Statement. The construction of solutions (0, 0)
near a regular homogeneous system consisting of two
differential equations in the third-order partial derivatives at
the type is investigated:

j+k:m4(l
2 —a

j+k=0

j+k= m(l
jk T

j+k=0

ik .Xh).xj .yk . pj,k :O,
(47)

B-y") Xy p, =0,

where, poo (X, Y)=Z(X, ¥)(j=0, k=0)the common is not known
for the two equations of the system (1); through the different
order p;xof the partial derivatives of the unknown function Z(x,
y). The order depends on the value w. If =1 we get the second
order systems.

X (1o =g X" ) oo + XY (Kig =ty X" ) Py + X (hp =ty X") - Pyo +
(rm—oz01 x“) p01+(r0,0_a0,0'xh)'po,0:01

~Boz ") Pop + )Yt = B ) Pug+ X(tio — Bro -
( =B Y") Pos+(too = Bog - ¥") Poo =0,

yh)' Pio+ (48)

where, poo (X, Y)=Z(x, y) common unknown, fjx, ajk, tik, Six (i,
k=0, 2)unknown constants; coefficients (3) - polynomials of
two variables.

The case h=1 is the most explored. Ya.Horn proved that all
34 known hypergeometric functions, in particular four
hypergeometric functions of two variables. P.Appell F1-Fsare
solutions to individual cases of such systems. If you get
systems h=2 whose solutions are orthogonal polynomials of
two variables. Thus the solutions of the system [12] in type (48)
are more than forty special functions of two variables. The
establishment of this relation is important in the approximate
calculation on the values of the hypergeometric function at the
two variables. Some work in this direction began to be carried
out in the works of the American scientist O. I. Marichev.

When =2 we get third-order systems. The most interesting
ones are systems like Clausen. The research on these systems
is not well developed. In this work we will study two systems
like Clausen. From them, the construction of a simple Clausen-
type system solution as a product of two Clausen functions
allows to reveal a number of different properties of Clausen
functions of two variables.
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3.1 A simple Clausen-type system with Clausen function
solutions

This paper examined two types of Clausen-type system:
simple and basic Clausen systems
Theorem 3.1. Clausen type system

XL X)Pao + [L+ B+ B, — B+, + @, + g )X]|xp,, +
+ [ﬂlﬂz - (l+ o+ o, oyt o, oo+ azas)x]pio — 0,05 Py = 0,
V2= y)po + 14 i+ B, - B+ e+ oy + ey lypy, +
+[6.8 W+ oy + e + oty + e, + ety + sy Ipoy — ety oo = 0

(49)

has nine linearly independent private solutions as a product of
various Clausen functions, and one of them is a Clausen type
al,a , az,a' , 013,0/3
Z,(x y)=F,

function.
BB PP, X'yj:

(@) (@) (@) (@)1 (@) (@), x™ g
BuB)aB)n(By), M nl

(50)

-3

m,n=0

Proof. The system (49) consists of two joint ordinary
differential equations. They are united by a common unknown
equation poo (X, Y)=Z(x, y). Applying the Frobenius-Latysheva
method as in the common case where the solution of the
system is sought as a generalized power series of two variables:

Z(x,y)=x"y" ¥ .CpoX"y",Cpy #0 (51)

m,n=0

p, 6, Cun (mn=0, 1, 2, ...)-unknown constants) by inserting
Z(x,y)=x"y” into the system (47) define the system of
characteristic functions of Frobenius.

The series (51) shall be determined from the system of
defining equations with respect to the feature (0, 0):

f3(p,0)= plo-1+ B Np -1+ B,)=0,

(52)
t3(p,0)=0lo-1+ 8 Jo-1+ 8 )=0,
in the form of pairs:
(pl’o—l): (0’0)'(101 =00, :1_ﬂ1)!(p1 =0,0, :1_ﬂ2)v
(P =1-$.0,=0)(p, =1- B0, =1- S o, =1-Buos =1-5,)  (53)

(0y =1 5,0, =0} (o, =1~ f.0, =1~ )0y =1~ P, =1 . )

These pairs determined the series (51) and the unknown
coefficients Cmn(m, n=0, 1, 2, ..) are derived from the
recurrence sequence system.

> Chprmpn (o +u—m,o+v—1)=0,(j=124,v=0,12,.).

m,n=0

(54

This gives nine linearly independent private solutions:



Zl(xv Y)Zng(alyazyagyﬂlyﬂzyX)‘ng(a;,a;,a;,ﬂ;yﬂ;,Y):

E o, a,a,, a3,agxy ~
A pob, | 59)
i (@) (@)n (@) (@) (@) (@3)s X" y"
m,n=0 (ﬂl)m(ﬁl)n(ﬂz)m(ﬂz)n ml n!’
_ a0y O 1-p; a;+l_ﬁi* 0!‘2 +1_ﬂiv ll;+l—ﬂ£
Z,(x Y)_F[ﬁl, 5 xjy F{Z—ﬁ;, 5 1g vl (56)
a, ay a) )., (@ +1=B o +1-f, o +1-B,
Z;(xy)=F Shp| T : ,
) [ﬁl, 5, X]y [ﬂzﬁ-l—ﬁz, 2 g, v] (57)
1 o, +1-p, a,+1-p, a;+1-p4 a;, a;’ a;
Z,(x,y)=x B‘AF[Z—ﬁl, B, +1- B, X]AF[A, 2 y} (58)
2, (6 y)= x| AT A =B a1
Y z_ﬁll ﬂ2+1_ﬂ1
= a,+1-4, a +1-p4, a +1-f (59)
! 2-4, B +1-p '
Z,(xy)=x"% .F a+1=-p, oy +1-pB, a3+1_ﬂ1x .
o Z_ﬁl' ﬁz"’l_ﬁly
. a +1-B., o +1- B, @ 415, (60)
B+1-B., 2-5, ’
i [ tl=fB 4 +l-B at+l-f, a, o, a
Z,(xy)=x A'F(ﬁﬁl—ﬂz, 2 p x}F[ﬂ]" s y], (61)
2,(x,y)= x| BT P I f a1
o ﬂ1+1_ﬁzr Z_ﬂz
I R (6
2-p, B, +1-p; ’
Z(x y)=x1‘”2-F[a1+lﬂ2' a0 +1-fy ay+1-5, x].
o ﬂ1+1_ﬂzv z_ﬂz
L a +1-4, a +1-p, "‘Q”‘ﬂ;y (63)
B+1-B,, 2-p, '

Theorem 3.2. The general solution of the Clausen system
(49) is represented as a sum

Z(xy)=C,-Z,(x.y)

i=1

(64)

where, C;(i = 1,9)-arbitrary permanent, Z; (x, y) (i = 1,9)-
nine linearly independent private decisions (50), (56)-(63).
Simple heterogeneous system partial solution

Theorem 3.3. The simple heterogeneous system of the
Clausen type

Ano 0.0 (P o)=a (J 12)

Ao oo(p+1a)+Am ) (p.o)=ayy,

Am 0 (po+D)+AL ) (po)=all,
(p+2 o)+ A f ) (p+lo)+A,f,]

Y (p.o)=ail,
Ai.l 0,0 (,0+1,O'+1)+A‘0 [51 (p+1!o_)+Ab‘lfl‘u“(pvo'*'l)*'pb‘oflfln
ALt (po+2)+ AT (p,o+1)+ AT (o) =af

912

X2(A=X)Z, +[1+ B, + B, — B+, +a, + ) XXZ, +
+[BB, -+ a, +a, +a, +aa, + a,a, + ao,)X|Z, -
—alazasz = fl(x, y),

y(l-y [1+ﬂ' +B -B+a +a +a )x]xZ +

[ﬁﬂ
—aaa = f,(x,y),

(65)

1+al+a2+a3+ala2+a a3+a1a3 X]Z

with the right part

f,(x,y)=x"y° !
e olo-1+8Jo-1+5)

- 1
plp=1+ B Np -1+ 8,)

(66)

fz(xv Y): X"y

has a specific solution of type.

K,o(xy)=x"y”
< (P‘al)m(p_az)m(P_as) (O- al) (‘7 0‘2) (O- aa) men.

! (67)
i (Pnlp=1+ ), (p -1+ 5,),(0), (0 -1+ ) (o -1+ ),

Evidence. By analogy with the ordinary case (paragraph 2),
we first construct a system of characteristic functions of
Frobenius of the given system (62) and by substituting in place

Z(X, y)=x"y’:

Ll[x”y] x”ty {
Lz[x”y”]zxpy {

3(p,0)+ 15 (p, G)X}}
(68)

0,0 (/01 O_)"' foyl(p,O')y}
where,

fio(p,0) = plo—2Np—2)+ W+ B+ B )plp —1)+ BiBop
fo(f))(p, o‘): o‘(o‘—l)(o‘— 2)+ (1+ ﬂ; +/3’Z )O'(O'—l)+ ﬁ]ﬁzo‘

fl,‘?(p,a):—(p—al)(p—as)(p_as)} (69)
fo(,ll)(P: o)= —(0 —0!; XO‘ - a; Xa—a; )

of these,

fo(,lo) (,0 )
fo%) (P: o ) =

forms a system of defining equations with respect to the
feature (0,0). (70) has nine pairs of roots (53). They are
indicators of decisions (56)-(63) and define the overall
solution (3.17) of the homogeneous system (49).

A heterogeneous system solution is sought as a generalized
power series of two variables (51). Only unlike a
homogeneous system solution, in this case, unknown
constants Amn (M, n=0, 1, 2, ...) are defined from the next
recurrence sequence system:

plp-1+ B Np-1+ B,)=0
0'(0—1+,81X0'—1+ﬂ2):

(70)

j (71

(J)

(p,a):au ’

i)
2



Aoo- define from the first equation of the recurrence sequence
system (71) taking into account that in (64) at j=1, 2:

o = 1
00 — ' )
olo -1+ 4, fo -1+ 4, )
1
s
(,0 1+ﬂ1>(p 1"’:32)
X ye

So

1 1
olo-1+ g )o-1+5,) plo-1+B)p-1+5,)

Ao = (73)

Then, the coefficients at the values A10, Ao1, A20, A1, Ao2, ...
are sequentially determined a0, 001, 02,0, 01,1, @02, ... 10 Z€rO
from the system (71). The partial solution obtained is
represented as

Ko (%Y)=

L o) (p-a)(p-a)

p(p-LA)(p-1+ ) 0 (oL f)-(o-14 ]

o-a){o-a ) {o-a)

(p+1):(p+5)-(p+5,)

) (p- 0‘3( )(

(p-a)-(p-a

2

(0'+1)~(0'+ﬂ) ((7+/)’ )

[o-

) (74)

(p+1)-(p+B)-(p+5,) (0 +1): (0'+ﬁ

. . (p-a), (p-a), '(p‘as)m'(0‘0‘1)”'(‘7_0‘2)”'(6—“;)” n

_XP.

)
Mo+

j

n

On the basis of theorem 3.2 and 3.3, it is possible to
formulate a general solution theorem for a heterogeneous
simple Clausen system (65).

Theorem 3.4. The general solution of a heterogeneous

9

Z(x,y)=Z(xy)+ K, (x, y)=YCZ/(x y)+

i=1

Solp)y (p-14B) Ap-1+), (o), (o145 (o-1+5))

X"y,

simple system of Clausen type (65) with right part (66) is
represented as the sum of the general solution Z(x,y) of the
relevant homogeneous system (49) and the private solution of
the heterogeneous system (65), that is, it has the form:

(75)

+x°7y° i ,D al (p_az)m(p—%)m(o-—a;)H(O'—O!;)n(U—a;)n myn
o014 8), (014 8,),(0) o -1+ £ ) [0 -1+ 5.,

mnO

where, C; (i=1, 2, 3)-arbitrary permanent, (74) nine linearly
independent private decisions (50)-(59). In the future, the
newly constructed partial solution of a heterogeneous simple
Clausen-type system (65) is denoted by:

a3,

(04 a' :
K, .| v XY |
" {ﬂl,ﬂln J
Theorem 3.5. Derivatives of generalized hypergeometric

Clausen functions of two functions have:
The first-order derivatives for an independent variable x

0 ay, a, a, o

—| sk X|sFl ‘ ’

e o bl

:a1a2a33':2[a1+1, a,+1, 063+J.‘XJ3F2 O!]I, 0!%, a;y _ (77)
B, A+l B+l B, B,

(o, +2), (), (o, +1), o) (o, +1), ), x™ y"
(8,+1),(8),(8, +1),(5,), mt ot

0y, Qly,

Bor By

(76)

[27%

B

a5

©
_ 0G0,

Py P

Next, you can define the derivatives of two functions
relative to an independent variable y. Then

913

x"y".

6 aly aza ag
~ 3F2
6{ [ﬂp B

JF a, a, o
XlghF| . Wil=
B. B,
ozlozZ(Jz3 [al, a,,

a +1, a +1, a;+ ~
BB B B j f4l B+ Y=
a 0! a S al (al'+l)n(a2)m(a2+1)n(a3)m(a3+1)n Xm yn

A VAR /R KN s m—y

C BB i

In the same way, derivatives of two higher order Clausen
functions (77) can be found near the feature (0,0). The above
general formula (86) can also be applied to find a derivative
solution of a simple Clausen system (56)-(63). Here is another
new property of the formula (86).

Indeed, if o+1-nis a negative integer or zero, the ratio (2.27)
can be written in a more convenient way, in one of the
following three forms [11]:

a3

(78)

d" | . E a, B (ap)nign! E a,+n-o, n+1
axr | e pqx o), (n—oy " py+n-o, ne1-of  (79)

] (80)

d" | o, «
_ X +n 1.erl Fq p
dx Pq

» o+n, o
|- T



dn
dx"

[24
Xo——l E P X —
|: p q+1[ o pq ]:|

For example, if in formula (56) o=1-fiand 0 + 1 —n =
1-8,+1—n=2-p, —n <0, tom- the derivative of the

(O' - n)n Xa_l_"-p le[ i

o-n,

x} (81)

Pq

product:
ﬂ 14 a+1=-6, a,+1-06, a;+1-p
dym{y 3F{ 2-f.  B+1-P )| @2

a;

d"Z,(x,y) _d"
dy™ dy™
1- 4,
F, a +1- 4
Z_ﬂu

—(1— -
—(1 ﬂl)mx 4Fz[ Z*ﬂly

g
3'2 ﬂll "
3.2 Solving and studying the features of constructing
solutions of the main Clausen system

F[al' a,,
3k

B B
a, +1-p,,
Bi+l-4,

B +1
a,,

P

a3

Theorem 3.6. Hypergeometric system Clausen

Xz(l—X)pw + XYPy +[7+5+1_(3+ﬂ1 +5 +ﬂ3)X]szo +0ypy, +
+[7’5_(l+ﬂ1 +ﬂz +ﬂ3 +ﬂ1ﬁ2 +ﬂ1ﬂ3 +ﬂ2ﬂ3)x]pm _ﬂlﬂZﬁS Poo =0,
yz(l_ y)poa + XYPy, +[}’+5‘ +1_(3+ﬂ; +ﬁ2 ‘*’ﬁg )Y]ypoz +6Xpy; +
5 Qe B 4B+ B+ BB+ BB+ BB~ B BiP =0

(85)

near regular feature (0,0) has nine linearly independent private
solutions of type

Z(x,y)=x"y" 3 A X"Y",

m,n=0

(86)

where, p, o and Ann (M, n—unknown permanent), if the
conditions of

P(m,n+1)Q(m,n) _ P(m,n)Q(m+1,n)
R(m,n+1)S(m,n) R(m,n)S(m+1,n)

coefficients Amn (M, n=0, 1, 2, ...) of series (86) and integration
conditions [4]:
A, =1-a,b,, =1#0,

A, =A—(a,, +a.b, )b, +b,.a, )=
2 1 (21 12 12)( 12 21 21) (88)

#0.

T y X _1_ 1
- {X(l—X) y(l—y)} T Ey)

One particular solution is a generalized hypergeometric
series of two variables.

o, +1-

(87

can be defined using formula (80), at c=1-41, p=3, q=2:

dm 1-p4n-1 1-B, a,+1-p, ]
— y 1 F. y =
dy { ! 2[2_ﬂ1 ﬂ1+1_ﬁz

a, +1- 4, y}

The derivative m- of the private decision Z, (x, y) is then
presented as:

a,+1-B, a;+1-p5

1-g+m, o, +1-4, (83)

Z*ﬂp ﬂ1+17ﬂ2

:(l_ﬂl)mx_ﬂlal:z[ %+

e

By

1-g,+m, o +1-4,
)

)
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y)-

(84)

a,+1-B,, a;+1-p,

o}

- Fl[ﬁl,ﬂ;, BosBar Fs Bl y]:
7, 0,0

¥ (8)n8:), 080 (8, (8, (85), x™ y"
()in ()06,

mt nt’

Proof. For the classification of special curves, a simple rule
applies [10]:

Rule 3.1. If the coefficients r;¢#0, to3#0, at the
characteristic (0.0) for the system (3.26) is special regular.
Only in this case, the system of defining equations relative to
the feature (0.0) has up to nine different root pairs (p;, o;)(t =
1,9).Then by the Frobenius- Latysheva method [10], the
system (54) has up to nine linearly independent regular
solutions close to the feature (0.0) in the form of generalized
power series of two variables:

Z(x,y)=x"y" > A X"Y",

m,n=0

(89)

m,n=0

(90)

where, p, o and Ann (M, N=0, 1, 2, ...)— unknown coefficients.

It should be noted that the nine linearly independent private
solutions of the Clausen system have only if the conditions of
the common area (87) and integrability (88) are met. Due to
the difficulty of constructing different solutions, it is usually
limited to constructing one solution in the form of Clausen
functions (89). However, we built all nine linearly independent
private solutions.

The Frobenius- Latysheva method [10] is used to construct
a private solution (89). To this end, we make up a system of
characteristic Frobenius functions of the form (68), from
which the system of determining equations with respect to the
feature (0.0) is defined as:

o (o,0)=p(p—1+8)p -1+ p+3 —y)=0, o
fo(,g)(pya):O'(U—1+5I)(G—1+y)(g+§_y):O. ( )



It has nine pairs of roots:

(p1 =0,O’1=O),(p2 =1_5r‘71:0)1(p1:0
0,=1-8),(p,=1-6,0,=1-6),(p,=0,0,=1-7),
(p3=1-7,0,=0).(p; =1-y),

(P =1-8.0,=5-(py “1-4),

“1-y0, 92)

:5'7}/,02

which are indicators of the series (86). These different pairs (ot
o) (t=1, 2, ..., 9) correspond to nine linear-independent private
solutions of the type (86). Let’s show now that one of the
private solutions is a row (89). The coefficients Ann (M, =0,
1, 2, ...) of the series (86) are determined by the use of
recurrence sequence systems:

Indeed, the system of determining Eq. (91) of the Clausen
source system (85) defines nine pairs of roots (92). The first
partial solution corresponds to the indicator (p1=0, 01=0), that
is, by setting the values (p1=0) and (¢1=0) in the system (93)
one successively defines the unknown coefficients of the
series (86):

ALU — ﬁlﬂZﬂS YAQ1 — ﬂlﬂz.ﬂa 7A1‘1 :w
7o ) 7y +1)58
94)
p, =B (8, +1)5,(8, +1Bs(8, +1)
o Wy +1)5(5 +1)5° "

that is, the series (90) is represented as (89). Similarly, the

s A £ (ot p—m,o+v— n) other eight linear-independent private solutions are
7_*6m(vjn_i”"zyv 012.) (93) constructed:
13 S :Bl ﬂz) (ﬂa) (1_5 +ﬂj:)n(l_5. +;B2I)n(l_§' +ﬂal)n
Zo)=y 2, ©2-3)0-5 +7),.,
Xm yn
m ot
‘y)=x wz 1-6+4)0=5+5,)0-6+5.), (808 (8), x y"
(2-6)y@=5+7)na(6), m
Z4(X y)_ 17(>‘y17<>"_
i 1-6+4),0-0+5,),0-5+5,),0-5 +4,).0-5 +5,),0-5 +4,),
m,n=0 (2—5)m(2—5—5l+}/)m+n(2—§l)n
X" y"
m o’
o (BB, (8,06 +5,),0-5"+p,),0-6"+5), x y°
ZS(ny)_y mzn::() (5)m(2_7/)m(1_7+5v)n ml nl
l;/ 7+ﬁ1 ( 7/+ﬂ2)m(1_}/+ﬂ3)m( 1)n( Z)n(ﬁfi)n Xm yn
2o 38 27, -7 +0) ), w09
Z,(xy)= xl”yH :
. i (1_7+181)m(1_)/+ﬁz)m(1_7+ﬂ3)m (1_7+ﬂi)n(1_7+ﬂ2l)n(1_7+ﬂ3l)n
m,n=0 (2_7)m(2_7)n(1+5_7/)m(2_5)n (2_5I)m(1+5l_7/)n
Xm yn
‘m ot
g 3 028+ 8),0-5+5),
Za(xy)= Z 2=0).(6-7+1),
(1-5+5,), (6 y+ 1)n(5 7B =y +B) X"y
s—y-5), m n’
5y -8 - (1_5I+'B1I)n'(1_§l+ﬂé)n
ZQ(X, Y): X2y m;O (2_5')'1 .(5' _}/+1)m '
-5 4p) 6 -y + B -1+ B -y By xm g
(6 -7r-0), m nt
For them, the assertion is true. where,  Z,(x,y)(t =1,9) linear-independent  private

Theorem 3.7. The general solution of the Clausen system
(85) is represented as a sum:

Z(X’ y)= tzgl:CiZi (xy),

(96)
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decisions in series (86) and depend on arbitrary constants
c.(t=19).

It should be noted that, to date, the construction of private
solutions of the heterogeneous Clausen system has not been
studied.

Theorem 3.8. An inhomogeneous system of the Clausen
hypergeometric type



X2(L= X)Pao + XYPoy + [y + 8 +1=(3+ B, + B, + B, X IXPao + FYPyy +

+ [y =t B+ By + By + BBo + BoBs + BSIXIPi0 — BuobBsPos = Ti(XY),
Y2(1— y)Pos + XYPLo +[y+5' +1—(3+ﬁ; +B.+p, )y]yp02 +8Xp, +
5@+ B+ B+ B+ BB+ BB+ BB~ BB P = T(x,Y),

7

with the right side
X?y°
o(loc-1+ 5')(0'—l+ No=5+7) '
X?y°
plp-1+8)(p-1+y)(p-5 +7)

fl(X, y) =

(98)

fZ (X, y) =

has a specific solution of type.

K, (xy)=xy" -

) z (P=B)n(P=B)nP= B (0 =B1)a (0 =F2)s (0 =)y v
0 (P)n (P =14 8)y (P =14 1) (P =6 +1)0(0) (0 =1+ ), (0 =1+ B,) (6= +7),

99)

Evidence. On the basis of the characteristic Frobenius
system of the homogeneous Clausen system, we construct a
system of characteristic Frobenius equations of an

" y]

x?y?

K BubBi BoiBor Bsi b
7y, 5,0

inhomogeneous system of the hypergeometric type Clausen
(97), taking into account the right part (98):

LDy 1=y {183 o)+ (8 o) = O
e (100)
LI y1= 0y 118 (p.0) + 12 (p.o)y}= p(p—l+¢)’)(;—]).l+ ST
where,
fdo (0,0) = p(p=1+8)p-1+7)(p -5 +7),
fo%)(p,a):0‘(0'—1+5')(0'—1+}/)(0'—5+;/), (101)

f.0 (0.0) = (P = B) (P~ )P~ Bs),
far (0.0) = (o= )0 = B,)(0 = ).

The system fo(g)(p, o) = 0defines a system of determining
Eq. (91), allowing alsop-1=p; and o-1=03.

An inhomogeneous equation solution is also sought as a
series (86), the coefficients Amn (M,n=0,1,2,...) are consistently
defined as in the case of a simple Clausen-type system from a
recurrence sequence system (71).

The newly obtained partial solution (99) of the
heterogeneous Clausen equation shall be denoted by:

plp-1+0)(p-1+7)(p -5 +7)o(c-1+5 No -1+ ) o —-5+7)

(o=B)p—=B,)p-p)
(P+Dp+8)p+7)Np=-5 +y+(c+1)
(o= B o= B,)o - B)

(c+D)(c+8)o+y)oc-8+y+1)

(p= PP = B.)p = B:)o = Bi) o = Br)(o - )

(102)

! (P+D(p+8)p+)Np-6 +y+D(c+D(c+D(c+5)No+y)No—-5+y+1)

o

=x"y

Xy+..}=

(p_ﬂl)m(p_ﬂz)m(p_ﬁ3)m(O__ﬂl‘)n(o__ﬁzl)n(a_ﬁa‘)n

Y O (p-18) (P15 D) (p =6 + 1) (0), (0 —1+ B), (0 —1+ B)) (G -5 +7),

m,n=0 n

‘me
Let’s focus on the individual properties of Clausen
functions.
Differentiatibility property

Theorem 3.9. The generalized hypergeometric Clausen
function of two variables (32) have:

The first-order derivatives for independent variables x and y
Bor P

oF :MF B+LB,+1L5,+1 B,
y+1

ox 123 S+1, 5,

X y} (103)

OF _BBB, [BiBoBsi B+l B+l B+
oy F( 3, 5 +1,  y+1 ﬂx’ yj‘ (104)
The higher-order derivatives
*F _BBLLBP, F
OX 1)65
>y (105)

ﬂ1+1'ﬁ2+1’ﬁ3+1; ﬂl +l’ ﬂ2+1' ﬂ3+ X, y
S+1, S+1, y+2 )
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aZF ﬂl(ﬂl +1) 2(52 +1)ﬁ3(ﬂ3+1)
o2 7y +1)5(5 +1)

= Bi+2.B,+2,,+2 p,
S+2, 5,

. ) 106
5 B (106)

y+2

‘ y],
y

O"F _ A6 +1)- (8 +m-1)8, (5, +1)..(8, +m-1)5, (B, +1)..(f; +m-1)
x" 7y +2).(y +m-1)5(5 +1)..(6 +m-1)

‘F[ﬂﬁmyﬂfrmyﬂﬁm? B B ﬂgxyy}

+m, S, y+m
oF _ BB +1).(8 +n-1)8 (5 +1).(8 +n-1)8. (8, +1).(, +n-1)

oF A5 +1)p (8, +1)8 (5 +1)
7y +1)s (5' +1)

y°
F ﬁl’ﬂziﬂ(i; ﬂl‘+2! ﬂé+21 ﬁ3+2
S, S+2, y+2

(107)

(108)

" rr+0.0 +n-1)5 (6 +1).6 +n-1)
,F[ﬂi.ﬁ;ﬂaz Bian, fren, ﬁ;+nxvy]’

S+n, y+n

(109)




o F BB DB m-1)- (8 +1).(8 +n-1) .

oy y(y+1).+men-1)5(5 +1).(6 +m-1)5".[5 +n-1)

.Fﬂ1+m,ﬂ2+m,ﬁ3+m; Bi+n,  B,+n, /33'+nx (110)
S+m, S5 +n, y+m+n M

All formulas (103)-(109) can be derived from the general
formula (110).

Numerical computation of the Clausen function. A small
summary of the difficulties of numerical estimation of the
Gaussian function is given in the monograph L. Slater [7].
Difficulties arise from the increasing number of variables and
parameters. The Clausen function ,F,(e,,a,,a:; 8,8, X)-

depends on one variable and five parameters, and the Clausen

function F(ﬁpﬂi, Pobor PBonBal, y]_ depends on nine
Vs 5,0

parameters and two variables xand . Therefore, there is not

much information about the approximate calculation of special

functions of two variables. Here we will limit ourselves to

adding up the Zaalchutz theorem [12].
Definition 3.1. If the parameters are:

ata,t..ta, =-1+p +..+p,, (111)
The series is called the Zaalchutz species. Zaalchutz’s
theorem

(c-a),(c-b),

©),(c-a-b),’

allows you to calculate the sum of any finite series.
sF2Zaalschutz species under conditions c+d=a+b-n+1.

Example 3.1. Apply the formula (112) to calculate the sum
of a series

,Flab-ncd1]= (112)

,Flab-n;c,d:1},F,[-6,-1-3-4,-51]=
_(2)-(-3) _23-4(-3)-(-2)-(-1) _1

(-4,-0) 4)(-3(-2}345 10

(113)

atx=1 the series sF» can be summed by the theorems of Dixon,
Watson, Whipple, Dugall and others [8].
Example 3.2. If some of the parameters 5, u g (j=123)

are negative, then the Clausen function becomes polynomial.

Thus: 1) g =-1,8, =-10r2) B, =-1,8,=-10r 3) g, =1, 3, = -1

The Clausen series becomes a polynomial of two variables
type:

= -1, 182153’ -1, ﬁzrﬁs
0, 5, ¥

N BB, Xy.
Yy +1)os

X, yJ:l—%x—ﬁzﬂ,ay+

3 S
7 7 (114)

In addition to the above three cases, other combinations are
possible.

The polynomial depends on six parameters and two
variables to be taken into account in the numerical evaluation
of the Clausen function in (114).
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4. CONCLUSIONS

Thus, the possibilities of constructing solutions to the
inhomogeneous the third-order equation and systems of
differential equations in the third-order partial derivatives, in
particular Clausen-type systems, have been studied in this
paper.

Recently, due to the active study of multidimensional
degenerate equations, the properties of generalized
hypergeometric functions have often been used as solutions to
the Clausen equation. For example, the solution of differential
equations with one line of degeneracy uses the properties in
the solution of Clausen’s equation [6]. Therefore, it is
important to study properties in the solution of the Clausen
equation in the vicinity of the singular points x=0 and x=co.
The features of constructing a general and a private solution of
the heterogeneous Clausen equation by the method of
undefined coefficients are shown in part two.

The third part extends these ideas to a simple Clausen
system near a regular feature (0, 0). The solutions to such
systems are series in the form of a product of two
hypergeometric series, each of which depends on one variable.
Horn found that such rows also belong to second-order
hypergeometric rows, - along with 34 hypergeometric rows
from the Horn list [12]. A number of properties of a product of
functions of the Clausen type constructed near the feature (0,
0).

The solution properties of the degenerate hypergeometric
Clausen system, derived from the Clausen core system by
means of the boundary transition, are used to construct the
solution to the multidimensional degenerate equation of the
third order with three independent variables of the form Lu =
xm ey —they™ou, —tR e x™ ey, =0,mnk =
const > 0 inthe field 2 = {(x,y,t):x > 0,y > 0,t > 0} [6].

The features of the construction of a common solution to the
main heterogeneous Clausen system are discussed in the third
part of this paper. It should be noted that the work has studied
cases where the right-hand side of the Clausen equation
f(x)=x"- is a power function, the right-hand side of systems like
Clausen’s product fj (X, y)=x"-y°, (j=1, 2) of power functions f;
(X)=x* and f; (y)=y”, (=1, 2). In the first part, it was noted that
the right-hand parts of the Clausen equation are generalized
power rows of increasing (9) and descending degrees of the
species (29). The right-hand parts of Clausen-type systems can
be represented as (86) a generalized power series of two
degree-increasing variables. Depending on this submission,
we have received four new functions. Two of them (24) and
(36) are partial solutions of the heterogeneous Clausen Eq. (18)
near regular points x=0 and x=c. Two functions (35) and (86)
in the form of private solutions of simple and basic
heterogeneous Clausen systems (33) and (97) respectively.

In conclusion, we would like to point out that the basis of
the study of heterogeneous equations and systems like Clausen
is laid down near regular features, at the above right-hand parts.
However, this is only the beginning of the great research that
lies ahead. For example, if the equation and the Clausen
system have irregular features, then the right side is
represented as a product of power and exponential functions,
then research becomes much more complicated. In addition,
related functions with Clausen functions of one and two
variables should be established.
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