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In this article, an analysis of magnetohydrodynamic fluid flow in addition to heat transfer 

involving a nanofluid flowing through a stretched cylinder has been performed in the 

being there of Newtonian heating. In the heating and cooling processing sectors, 

Newtonian heating is particularly essential. Utilizing similarity transformations, in the 

absence of appropriate boundary conditions, ordinary differential equations are a 

collection of equations that are used to solve problems (ODE) corresponds to the 

governing partial differential equations (PDE), The Runge-Kutta-Gill technique and the 

shooting strategy are then used to numerically solve the problems. Water has been used 

as the foundation fluid for a variety of nanoparticles, including Copper (Cu), Silver (Ag), 

Alumina (Al2O3), and Titanium Oxide (TiO2). The present results used for the surface 

Shear stress and the local Nusselt number are in very good agreement with those 

previously published. Advanced skin friction coefficients and heat transfer rates were 

found to be increased with M and Re valued higher. In addition, copper (for a small 

amount of magnetic parameter) and alumina (for a large amount of magnetic parameter) 

the optimum cooling materials for this problem have also been found. 
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1. INTRODUCTION

It is highly known that Choi [1] was the primary to use the 

word the phrase "nanofluid," which refers to a fluid in which 

nanoscale particles are suspended in a low-thermal-

conductivity base fluid such as water, ethylene glycol, or oils 

etc. [2]. The notion of nanofluid has been advocated in recent 

years as a way to improve upon the existing presentation of 

heat transport rates in liquids. Nanomaterials are materials 

with dimensions on the nanoscale scale have only one of its 

kind physical and chemical characteristics [3]. Since they are 

tiny sufficient to perform like liquid molecules, they can flow 

freely through micro-channels without blocking them [4]. This 

fact has piqued the interest of numerous scholars, including [5-

16] They investigated the heat transfer properties of nanofluids

and observed that when nano particles are present, the fluid's

effective thermal conductivity rises dramatically, improving

heat transfer characteristics. This is a fantastic compilation of

papers on the subject. Be able to be establish in the references

[17-22], with in the volume written by Das et al. [4].

The boundary conditions that are generally utilised for 

modelling the border line sheet stream and warmth transfer of 

stretching/shrinking surfaces are moreover a given exterior 

warmth or a specified exterior warmth flux. Though, boundary 

layer heat transfer is affected by surface temperature in border 

line layer flood as well as heat transfer issues. The graph below 

shows an example of surface heat transmission and 

temperature have a linear connection. This condition occurs, 

for example, in conjugate heat transport issues (see [23]), and 

when convective fluid on the surface is heated Newtonian; the 

latter condition was examined in detail in by Merkin [24]. As 

a result of conjugate convection, the convective fluid is 

provided with heat via a boundary a heat-conducting surface 

having a limited capacity. While a result, the rate of heat 

transport from side to side the exterior is proportional to the 

temperature in the area differential because to the surrounding 

conditions. Many essential technical equipment use this 

Newtonian heating set of connections, such as warmth 

exchangers, wherever the transference throughout a tube with 

a solid wall is substantially impacted by the flow of fluid 

passing across it convects. With a convective boundary 

condition, there are issues about heat transmission for 

boundary layer flow, on the other hand, have lately been 

explored by Aziz [25], Makinde and Aziz [26], Ishak [27], and 

Magyari [28] for the Blasius flow. With radiation impacts, a 

similar analysis was performed on the Blasius and Sakiadis 

rivers by Bataller [29]. Yao et al. [30] Recently, researchers 

investigated the heat transfer of a viscous fluid flow through a 

permeable stretching/shrinking sheet with a convective 

boundary condition. Magyari and Weidman [31] together 

Based on a defined exterior temperature as well as arranged 

exterior heat flux, the heat transfer properties of a semi-infinite 

flat plate owing to a uniform shear flow were studied. It's 

worth noting that a consistent shear flow is propelled greater 
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than the protect by a viscous on the outside flow through 

rotating velocity, whereas a classical Blasius flow is propelled 

in excess of the shield by an inviscid on the outside pour with 

irrotational velocity.  

In physics, chemistry, and engineering, the investigation of 

magnetic field effects is essential. Electrically conducting 

fluids and electromagnetic fields are often used together to 

MHD generators, pumps, bearings, and border line layer 

control systems are all being developed. Regarding these 

applications, various investigators' work has been reviewed. 

The hydromagnetic behaviour of border line layers the length 

of surfaces that do not change or surfaces that move in the 

attendance of an oblique magnetic field is one of the most 

primary and indispensable questions in this regulation. MHD 

border line layers have been seen in a variety of scientific 

systems that make use of fluid metal and plasma flood in 

excess of magnetic fields [32]. Newly, In the presence of a 

magnetic field, scientists have looked into the effects of 

Electrically conducting fluids are fluids that are 

incompressible, viscous, and flow over a surface or stretched 

plate, metals that are liquid, water combined with a touch of 

acid, and other compounds. Pavlov [33] was one of the most 

important forerunners in the field of education. In the presence 

of a transverse magnetic field, the moving flow of a flat plate 

or sheet became such an attractive issue after Pavlov's research 

that it spawned a considerable body of literature. A two-

dimensional MHD stagnation point's migration towards a 

stretched component has been studied as a function of 

changing outside temperature by Ishak et al. [34]. when the 

stretching velocity is greater than the free of charge stream 

velocity, they discovered that the surface heat transfer rate 

increases with the magnetic parameter, i.e. 1   and the 

opposite is observed when 1  . Study of the effects of when 

the stretching velocity is higher than the velocity of the free-

flowing stream by Hamad et al. [35]. Cu and Ag nanoparticles, 

they find, offer under this case, the optimum cooling 

performance. Their impact, on the other hand, is minor. Devi 

and Thiyagarajan [36] Researchers in a changing transverse 

magnetic field, with heat transfer across a variable temperature 

surface, the incompressible, viscous, and electrically 

conducting flow of a continuous nonlinear hydromagnetic 

flow fluid extends by means of a power-law velocity. 

Kumaran et al. [37] the changeover of the movement of MHD 

boundary layers past a stretched sheet was studied. Their 

findings show that when the magnetic field parameter 

increases, the wall temperature profile falls dramatically. 

Furthermore, when the magnetic component of the flow 

characteristics increases, the skin friction of the sheet 

decreases. Prasad et al. [38] Variable viscosity has an 

influence on Heat transmission and viscoelastic fluid flow in 

MHD across a stretched sheet. According to their analysis, 

when the magnetic parameter of the flow characteristics 

increases, the sheet's skin friction decreases. Hot rolling, wire 

drawing, glass–fiber and paper production, plastic film 

drawing, metal and polymer extrusion, metal spinning, and 

liquid films in the condensation process are only a few 

examples of technological applications, etc. [39]. Ashorynejad 

et al. [40] a stretched cylinder was used to investigate magnetic 

fields and their effects on nanofluid flow and heat transfer. 

Copper (Cu), Silver (Ag), Alumina (Al2O3), and Titanium 

oxide (TiO2) were explored, with water as the base fluid. 

Mutuku and Makinde [41] the effects of MHD on a nanofluid 

heat and mass transfer flow across an unstable flat surface 

were explored. Khanet et al. [42] over a stretched sheet, 

researchers investigated the effects of MHD and Newtonian 

heating on the Powell-Eyring fluid. It was discovered that 

increasing the conjugate parameter of Newtonian heating 

improves the rate of heat transfer. Gangadher et al. [43] the 

effect of in a permeable stretching shrinking sheet, Newtonian 

heating is applied to a micropolar nanofluid was investigated. 

Copper (Cu), Alumina (Al2O3), and Titanium oxide (TiO2) 

were studied in water-based nanofluids. 

The current study was prompted by the aforementioned 

findings, which revealed that the majority of the issues are 

related to nanofluids heated by Newtonian heating on a sheet, 

stretched surface, or flat plate. However, the research of 

Newtonian heating by a magneto hydrodynamic nanofluid 

flow across a stretched cylinder has not yet been addressed, to 

the author's knowledge. The Keller Box technique is used to 

solve the converted ordinary differential equations 

numerically. The findings of select rare situations are 

computed and compared to the current results, yielding a 

remarkable agreement. 

2. MATHEMATICAL FORMULATION

In an electrically conducting fluid that is incompressible 

(with electrical conductivity) at rest, consider laminar 

nanofluid flow as shown in Figure 1, Z-axis is calculated the 

length of the tube's axis, while R-axis is measured in radial 

direction. The cylinder's surface is supposed to be subject to a 

Newtonian heating boundary condition. The ambient solution 

high temperature is given by T
. As well as the uniform 

magnetic field has a radial intensity 
0B and so as to if because 

the magnetic Reynolds number is small, the magnetic field has 

minimal effect. 

Figure 1. The coordinate system and the physical model 

It is excluded the effects of Hall effect, viscous dissipation, 

and Ohmic heating, since they are also believed to be minor. 

The field consists of a watery fluid containing a number of 

nanoparticles: Cu, Al2O3, Ag and TiO2. As far as thermal 

equilibrium is concerned, the base fluid and the nanoparticles 

are in agreement. Table 1 lists the thermo physical parameters 

of the nanofluid [9]. Considering these assumptions, the 

nanofluid model below was developed by Tiwari and Das [6], 

the governing equations are (see [44-46]). 
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Subject to the boundary conditions 

wu u= ,
ww w= ,

s

T
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r


= −


at r a=

0w→ , T T→ as r →  

(5) 

On the r, we have u and w, which are velocity components 

and z – axes, in that order, and 2ww cz= , where c a positive 

constant is and T is the fluid temperature. The effective density 

nf , the effective dynamic viscosity nf , 
sh the heat transfer 

parameter for Newtonian heating, the heat capacitance 

( )
nf

Cp , the thermal conductivity of the nanofluid nfk and 

nf the conductivity of the fluid are given as [47]: 
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where,   is the solid volume fraction. 

Following Wang [44] we take the similarity transformations: 

2( / )r a = , ( )( ) /u ca f  = − ,

2 ( )w cf z= , 

( ) ( ) /T T T   = −

(7) 

where prime signifies a distinction in terms of  . 

The ordinary differential equations are as follows when 

Eqns. (2) and (4) are plugged into Eq. (7): 
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The boundary conditions (5), in addition to the border line 

conditions (4), become 

(1) 0f = , 
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(10) 

( ) 0f   → , ( ) 0  → (11) 

Here 2Re / 2 fca v=  is the Reynolds number, 

2 2

0 / (4 )nf fM B a =  is the magnetic parameter, 2 / 2sh a r = is 

the Newtonian heating parameter, Pr ( ) / ( )f p f f fC k  =  is 

the Prandtl number and the constants A1, A2, and A3 are given 

by: 
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Eq. (3) may now be used to calculate the pressure in the 

manner. 
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Two key physical variables are the skin friction coefficient 

and the Nusselt number Nu. 
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where,
w and 

wq are respectively, skin friction and heat 

transfer from the cylinder's surface, and they are given by 
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3. SOLUTION OF THE PROBLEM

The present situation's governing equations are converted 

keen on a collection of connected using similarity 

transformations to crack nonlinear differential equations. The 

Runge-Kutta-Gill technique and the gunshot approach are 

used to numerically integrate the Eqns. (8)-(9) as well as the 

boundary conditions (10)-(11). In comparison to other Runge-

Kutta equations, the Runge-Kutta-Gill technique compensates 

for cumulative round-off error while utilising less storage. 

(Kumar and Unny [48]). The following is a succinct 

description of this procedure: 
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The boundary conditions are changed in the following way: 
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To complete the Integration of the equations in a step-by-

step manner (9) – (10), The techniques developed by Gill 

include employed (Ralston and Wilf [49]). To begin the 

integration, all of the values of must be provided 

1 2 3 4 5 6, , , , ,y y y y y y  at 0 =  as of which vantage point, 

although forward integration has been performed, it is clear the 

values are derived from the boundary conditions are not equal 

of 
3 4 7, ,y y y  are not known. As a result, we must offer such 

values of 
3 4 7, ,y y y  as well as the other function's known 

values at 0 =  as long as the boundary criteria are met as 

following step-by-step integrations, to a predetermined 

accuracy. Because of the significance of 
3 4 7, ,y y y  Because 

the numbers provided are only approximate estimates, certain 

adjustments must be done to ensure that the boundary criteria 

are met to  →  are contented. These adjustments to the 

values of 
3 4 7, ,y y y  are taken care of by a self-iterative 

treatment that may be referred to as a remedial operation for 

convenience. 

 

 

4. RESULTS AND DISCUSSION  

 

The Runge-Kutta-Gill technique and the shot approach 

were used to (7) and (8) are nonlinear ordinary differential 

equations that need to be solved numerically, using boundary 

conditions (10) – (11). With water as the basic fluid, we used 

four different types of nanoparticles: Copper (Cu), Silver (Ag), 

Alumina (Al2O3), and Titanium oxide (TiO2). The 

thermophysical characteristics of the base fluid water and 

nanoparticles Cu, Ag, Al2O3, and TiO2 were shown in Table 1. 

The fundamental fluid is (water), the Prandtl number is 

maintained at the same level at 7. It's worth noting that the 

results of this research are reduced compared to the properties 

of a viscous or ordinary fluid when  =0.  

Figure 2 depicts the temperature curve for many 

nanoparticals. The temperature profile may be seen for nano 

particles rises progressively from the stretched sheet's surface. 

Ag-water nanofluid fluid temperatures are lower than Cu-

water, Al2O3-water, and TiO2-water nanofluid fluid 

temperatures. Because the thermal conductivity of Silver (Ag) 

is higher than that of Copper (Cu), Alumina (Al2O3), and 

Titanium oxide, the physics underpinning this conclusion is 

correct (TiO2). In the instance of Cu nanoparticles and water 

base fluid (Pr =7), Figures 3 and 4 demonstrate how the 

volume percentage of nanoparticles affects the velocity and 

temperature profiles of nanofluids, respectively when  = 0, 

0.1 and 0.2 with Mn = 0.2,   = 0.1, Re = 1. The nanofluid 

velocity decelerates as the volume percentage of 

nanoparticales increases, while the temperature rises. This 

aggression with physical action is depicted in these figures. 

The thermal conductivity layer grows as the volume of 

nanoparticles grows. Figure 5, 6 and 7 illustrate the effect of 

transverse magnatic field parameter Mn on nanofluid velocity 

( )f  , pressure distribution ( ) / ( )nf nfP P c −  and 

temperature distribution ( )   respectively.  

 

 
 

Figure 2. Temperature profiles ( )   for various nanoparticle 

kinds 

 

 
 

Figure 3. Velocity profiles ( )f   under dissimilar principles 

of nanoparticle volume fraction   

 

Table 1. Water and nanoparticles' thermophysical characteristics [9] 

 

 
3( / )kg m  ( / )pc j kg K  ( / )k W m K  5 110 ( )K −  

Pure water 

Copper (Cu) 

Silver (Ag) 

Alumina (Al2O3) 

Titanium oxide (TiO3) 

997.1 

8.933 

10.500 

3.970 

4.250 

4.179 

385 

235 

765 

686.2 

0.613 

401 

429 

40 

8.9538 
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1.67 
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0.9 
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Figure 4. Temperature profiles ( )   for various nanoparticle 

volume fraction values   

Figure 5 show that as the magnetic field parameter Mn is 

increased, the nanofluid velocity decreases in the case of Cu-

water when Mn= 0, 0.5, 1, 1.5 and 2, with Re = 1,  = 0.1, 

Pr = 7 and   = 0.1. The transverse magnatic field, as shown, 

obviously resists the transport event. This is owing to the fact 

that changes in Mn cause changes in the Lorentz force as a 

result of the magnatic field, and Transport events are made 

more difficult by the Lorentz force. The velocity vanishes at a 

significant distance from the cylinder's surface in all situations. 

Figure 6 further shows that when the parameter Mn rises, the 

pressure increases. Thus, the location in which P P→  

placed further from the surface of the cylinder. This 

conclusion is in agreement with those of Ashorynejad et al. 

[40]. The temperature of the nanofluid discovered inside the 

cylinder rises, eventually reaching a great distance from the 

cylinder's surface (Figure 7). As a result of the increased 

magnatic field strength, the thickness of as seen in table [7], 

the thermal boundary layer expands, reducing the Nusselt 

number. The effect of Newtonian heating parameter  on 

temperature profile in the case of Cu-water when the conjugate 

parameter for Newtonian heating   = 0 (in the absence of 

Newtonian heating), 0.01, 0.02, 0.03, 0.04 and 0.05 with Re = 

1,  = 0.1, Mn = 0.2, Pr = 7 is shown in Figure 8. It is clear 

that the temperature distribution increases with an increase in 

the Newtonian heating parameter  . As  → , The wall 

temperature scenario was defined by the Newtonian heating 

condition. It's also worth noting that the temperature of 

nanofluids goes to zero as  = 0. The conjugate heat transfer 

coefficient is exactly proportional to the Newtonian heating 

parameter. When the Newtonian heating parameter is 

increased and the temperature rises, the conjugate heat transfer 

coefficient increases. 

Figure 5. Distinct values of the magnetic field parameter M 

result in different velocity patterns ( )f   

Figure 6. Pressure distribution / nf nfP P c − under

different values of magnetic field parameter Mn 

Figure 7. Temperature profiles ( )   for various magnetic 

field parameter values Mn  

Figure 8. Temperature profiles ( )   for various Newtonian 

heating parameter values   

Figure 9 and 10 displace the behavior of the skin fraction 

coefficient and Nusselt number for various values of 

nanopartical volume fraction   and Reynolds number Re 

when Mn = 0.2, Pr = 7, and  = 0.1. It's worth noting that the 

Reynolds number Re shows how important the inertia impact 

is in comparison to the viscous effect. As a result, raising Re 

raises the size of the skin fraction coefficient and the Nusselt 

number. The same behavior was observed with an increase in 

nanopartical volume fraction. The present results are 

juxtaposed with Ishak et al. [50] and Wang [44], Briefly, Ishak 

et al. [50] The effect of magnetic field strength on flow across 

a stretched cylinder and heat transfer treatment was 

investigated. Wang [44] the fluid flow caused by a stretched 

cylinder was explored. The stretched cylinder in this issue has 

a constant temperature and linear velocity.  
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Figure 9. Skin friction coefficient 
( )

2.5

1
(1)

1
f −

−
 under 

different values of Re & 

Figure 10. Local Nusselt number (1)
nf

f

k

k
 −  under different 

values of Re & 

Table 2. Comparison of the skin friction coefficient (1)f 

for several values of M when Re=10 for clear fluids 

M Present out comes Ishak et al. [50] Wang [44] 
0 

0.01 

0.05 

0.1 

0.5 

1 

2 

5 

-3.344457

-3.346147

-3.352894

-3.361297

-3.427427

-3.507691

-3.661549

-4.082633

-3.3444

-3.3461

-3.3528

-3.3612

-3.4274

-3.5076

-3.6615

-4.0825

-3.34445

Tables 2-5 reported the comparison of skin friction 

coefficient ( )1f   and the Nusselt number ( )1  with

published results. The present solutions are compared with the 

Ishak et al. [50] and Wang [44] and found good convergence 

with their solutions. Tables 6 and 7 show how different 

nanofluids affect the Nusselt number and skin friction 

coefficient. When different types of nanofluid are utilised, the 

skin friction coefficient and Nusselt number change, as shown 

in the tables. This means that the sort of nanofluids used in 

cooling and heating operations will be crucial. For all values 

of the magnetic parameter Mn, it is also discovered that, 

picking alumina as the nanoparticle results in the highest skin 

friction coefficient, whilst choosing silver results in the lowest. 

For small values of Mn, when copper is used as the 

nanoparticle, the Nusselt number is maximised, however when 

alumina is used, the Nusselt number is maximised for large 

values of Mn. It can also be noticed that choosing titanium 

oxide results in the least amount of Nusselt number [51-53]. 

Table 3. Comparison of the Nusselt number (1)−  for several values of M and Pr when Re=10, →  for clear fluids 

M Pr=0.7 (air) Pr=7 (water) 
Present out comes Ishak et al. [50] Wang [44] Present out comes Ishak et al. [50] Wang [44] 

0 

0.01 

0.05 

0.1 

0.5 

1 

2 

5 

1.568110 

1.567671 

1.565924 

1.563760 

1.547066 

1.527400 

1.491038 

1.398393 

1.5687 

1.5683 

1.5665 

1.5644 

1.5478 

1.5284 

1.4924 

1.4012 

1.568 

6.157997 

6.157610 

6.156065 

6.154142 

6.139030 

6.120726 

6.085700 

5.989989 

6.1592 

6.1588 

6.1573 

6.1554 

6.1402 

6.1219 

6.0864 

5.9855 

6.160 

Table 4. Comparison of the skin friction coefficient (1)f   for several values of M, Re for clear fluids

M Re=1 Re=5 
Present out comes Ishak et al. [50] Wang [44] Present out comes Ishak et al. [50] Wang [44] 

0 

0.01 

0.05 

0.1 

0.5 

-1.178005

-1.183890

-1.206846

-1.234424

-1.426925

-1.1780

-1.1839

-1.2068

-1.2344

-1.4269

-1.17776

-2.417437

-2.419887

-2.429641

-2.441734

-2.535233

-2.4174

-2.4199

-2.4296

-2.4417

-2.5352

-2.41745

Table 5. Comparison of the Nusselt number (1)− for several values of M and Re when Pr = 7,  →  for clear fluids

M Re=1 Re=100 
Present out comes Ishak et al. [50] Wang [44] Present out comes Ishak et al. [50] Wang [44] 

0 

0.01 

0.05 

0.1 

0.5 

2.058751 

2.057302 

2.051665 

2.044918 

1.998065 

2.0587 

2.0572 

2.0516 

2.0449 

1.9978 

2.059 

19.118511 

19.118397 

19.117944 

19.117377 

19.112851 

19.1587 

19.1586 

19.1581 

19.1576 

19.1530 

19.12 

1.0 1.5 2.0 2.5 3.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Mn = 0.2, Pr = 7,  = 0.1 

- 
f '

' (
1)

/(
1-


)2.
5

Re

  = 0.0

  = 0.05

  = 0.1

  = 0.2

Cu - water

1.0 1.5 2.0 2.5 3.0

0.32

0.33

0.34

0.35

0.36

0.37

0.38

0.39

0.40

0.41

0.42

0.43

0.44 Cu - water

 Mn = 0.2, Pr = 7,  = 0.1 

- (
k nf

 / 
k f ) 

 
' (

1)
 

Re

  = 0.0

  = 0.05

  = 0.1

  = 0.2
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Table 6. Effects of the magnetic parameter for different types of nanofluids on skin friction coefficient when Pr =7,

0.1, 0.1 = = , Re=1 

 

M 
Nanoparticles 

Cu Ag Al2O3 TiO2 
0 

1 

5 

10 

-1.762717 

-2.174508 

-3.270312 

-4.223613 

-1.828320 

-2.226299 

-3.303665 

-4.249074 

-1.533377 

-2.000561 

-3.162176 

-4.141877 

-1.547375 

-2.010824 

-3.168382 

-4.146534 

 

Table 7. Effects of the magnetic parameter for different types of nanofluids on Nusset number when Pr =7, 0.1, 0.1 = = , 

Re=1 

 

M 
Nanoparticles 

Cu Ag Al2O3 TiO2 
0 

1 

5 

10 

0.091021 

0.090342 

0.088558 

0.087257 

0.090823 

0.090144 

0.088365 

0.087076 

0.091348 

0.090625 

0.088751 

0.087400 

0.091548 

0.090864 

0.089058 

0.087726 

 

 

5. CONCLUSIONS 

 

This research looked at the continuous electrically 

conductive nanofluid flowing in two dimensions over a 

stretched cylindrical pipe due to Newtonian heating. The basic 

equations regulating flow and heat transmission were 

simplified to ordinary differential equations are a collection of 

equations that are used to solve problems by employing the 

stable temperature and velocity transformation. The Runge-

Kutta-Gill method and the shot approach are used to solve 

these equations numerically. On heat and flow transmission 

parameters, the impacts of nanoparticle volume fraction, 

nanofluid type, magnetic field intensity, Reynolds number, 

and Newtonian heating were investigated. The following are 

some of the findings of this investigation: 

a) The transverse magnetic field suppresses the velocity 

field, causing the skin fraction coefficient to increase. 

b) The magnetic field outcome is to be speed up the 

nanofluid heat field, which in turn causes the decrement 

of the Nusselt number. 

c) The Newtonian heating causes the increment in both 

temperature and nanofluid heat transfer rate. 

d) Choosing silver for high amount of Newtonian heating 

leads to high heating performance founded. 

e) Copper (for a high quantity of magnetic parameter) and 

alumina provide the best cooling performance for this 

situation (for a high amount of magnetic parameter). 
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