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The crack initiation and propagation often occur in structures subjected to fatigue loads
and their privileged sites it is the geometric discontinuity in particular the notches. The
geometric configuration of the notches always leads to disturbances of stress fields in the
vicinity of the notch end as a consequence of the effects on the crack initiation site and
on the crack rate. The present study is interested to the evolution of crack speed
propagation in the notched specimens subjected to bending. The specimens chosen are
made of PMMA material containing two opposite notches U or V that presented two
different parameters, a radius for U- notch and angle for V-notch. The variations taken
into account for the sharp notches (V-notch) going from the small angle to the large angle,
which are 30< 45< 90< and 140< and for blunt notches (U-notch) the radius takes the
different values 0.5, 1, 1.5, and 2 mm. The fracture brittle behavior adapted to this
material led to predict the Fatigue crack growth using a modified form of Paris’s law
with the equivalent stress intensity factor (AKeq) relying on extended finite element
method (XFEM) in order to follow the interaction between the notch and the crack on
one side and study the evolution of crack growth rate to another side. The variations,
which brought to these parameters entailed an influence on the crack propagation speed,
which was born at the end of notch of component as well as the variations of equivalent
notch intensity stress factors (AKeq). The variations made to the parameters of notches
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have a huge influence on the crack propagation rate.

1. INTRODUCTION

The process of fatigue crack growth (FCG) near geometric
discontinuities is complicated and may be due to several
factors such as loading conditions, material composition and
geometry of the defects. Many geometric shapes designed by
design necessity in mechanical parts are considered geometric
discontinuity such as grooves, holes, shoulders. Notches are
among the geometric discontinuities, which can produce local
stress concentration or strain concentration phenomenon
locally, therefore, it is important to simulate the propagation
of fatigue cracks and make predict of life cycles before the
destructive fracture occurs.

The propagation mechanism of notched structural
components subjected to cyclic load consists of two phases:
fatigue crack initiation and propagation. The privileged place
of initiation is the geometrical modification in particular the
notch is generally considered the site, which can acquire the
initiation of cracks and tend to its propagation. In theory, the
use of linear elastic fracture mechanics concepts has been
proved with considerable success in interpreting fatigue crack
growth data. Many propagation rate laws have been proposed,

including polynomial [1], exponential [2], power functions [3].

One of the most widely accepted in the Paris-Erdogan [4]
fatigue crack growth law is:

da
— = CAK™

=N (1)
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where, a is crack length, N is the number of cycles, AK equal
(Kmax-Kmin) and C and m are material constants, Kyax is
maximum stress intensity factor, Ky, is minimum stress
intensity factor.

Several factors can affect the crack propagation behavior in
the stressed region such as the crack length (for the short crack
propagation regime), the grain size, the stress ratio (R) and the
environment, e.g., air humidity [5]. In the notches, other
parameters can intervene in cracks propagation, these
parameters are related to the geometric configuration of notch,
which is the length, the radius and the opening angle. The
relationship between initiation, propagation, the size and shape
of holes and notches must be correctly understood for correct
understanding of the notch effect phenomenon. Crack
initiation is localized at high stress concentration sites that
generally appear at the notch bottom. A popular belief is that
unavoidable defects caused by the manufacturing process act
as direct triggers for fatigue crack propagation and that the
fatigue crack initiation period can be neglected.

In recent years, extensive studies have been focused to
investigate the behavior of fatigue crack propagation in
specimens containing a notch. Dong et al. has been worked in
estimate total fatigue lives for crack initiation and propagation
of notched plates [6]. They proposed an approach with two
phases. The proposed approach is applied to predict fatigue
live of various notched specimens. The used approach is based
on the strain life curve, considering the stress gradient and
microstructure effects, for the most severe conditions where


https://crossmark.crossref.org/dialog/?doi=10.18280/acsm.460307&domain=pdf

the notch radius is in the order of 10 pm, approximate 15%
fatigue life is spent in the initiation phase. Gadallah et al. [7]
investigated the effect of thickness and stress level on fatigue
crack growth FCG behavior for mild steel in notched
specimens. Their results showed that thickness has a
remarkable effect on the crack growth rate at the free surface
when the applied stress level is below and close to the general
yield where the thinner specimens gave faster crack growth
rates. The crack-tip driving force A] has a noticeable
contribution to controlling the behavior of crack growth.

The mechanism of fatigue crack propagation was analyzed
by molecular dynamics (MD) with the Paris law model by
Cheng et al. [8]. They analyzed the effect of microstructural
defects on the propagation of fatigue cracks. They used a
carbon steel plate atomic model at the microscopic scale,
applied to a representative volume element-RVE. research was
conducted by Kravchenko et al. [9] used a two-parameter
model on the local state of stress at the crack tip to study the
effect of local stress state at the crack tip on the fatigue crack
propagation rate (FCPR) on PMMA material. It was shown
that in the case of high cycle fatigue, the crack propagation
rate cannot be adequately characterized by the apparent
change in the stress intensity field at the crack tip alone, a
second parameter must be added to the K-stress, which
represents the non-singular stress near the crack tip. It has been
noted that variable shapes and sizes of laboratory samples may
produce essentially different local states of stress at the crack
fronts when the stress intensity alone can no longer accurately
represent the crack driving force [10, 11].

In the study of Castro et al. [12] who wanted to consider the
parameter effective stress intensity factor AKeff as a driving
force in the FCG, assuming that Elber's effective stress
intensity factor as the fatigue crack driving force so it can be
used to explain all load sequence effects fatigue crack growth
(FCG). With the application of two approaches: Critical
Distances and total Strain Energy Density, Brancoa et al. [13]
was studied the Fatigue crack behavior of notched 34CrNiMo6
high-strength steel bars with transverse blind holes and lateral
U-shaped notches subjected to proportional bending-torsion
loading. From the maximum value of the first principal stress,
they could determine Crack initiation sites, crack surface
angles and surface crack paths at the geometric discontinuities.
Fageehi and Alshoaibi [14] analyzed the fatigue crack
propagation under mixed-mode loading for two different
loading angles of 30° and 60°. The predicted values of AKeq
showed consistency with the results achieved with similar
models of predicting the equivalent stress intensity factor and
the outcomes of the direction of crack growth obtained was
followed the same trend of the literature.

To describe the phenomenon of fatigue and the propagation,
an interest is focused on the constant of the Paris law cited in
the works of Balfon et al. [15] who they proposed an empirical
relation linking the two constant m and C of Paris for three
types of aluminum alloys 2024-T3, 2618A-T651 and 7175-
T7351. A double-U specimen of a new generation nickel base
super alloy was used to obtain experimental crack shapes
within the transitory region and the number of load cycles
between them. This specimen was developed to reproduce the
geometry of a turbine disc at the region of its connection with
the blades, since this is a high stress concentration zone prone
to fatigue failures. Central hole-notched specimens were
analyzed using a fracture mechanics approach the obtained
curves (da/dN-K) indicate that Ultra-Quartz has the lowest
fatigue crack growth rate while Asterite has the worst
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resistance to crack growth, but still has a crack propagation
rate of about two orders of magnitude below the PMMA [16].
In fact, the addition of filler particles significantly increases
the fatigue crack growth resistance of these materials relative
to the PMMA matrix. A study of the propagation of fatigue
cracks in center-notched sheets of polymethylmethacrylate
under cyclic tension conditions made by Radon et al. [17], in
order to study effects of the mean stress intensity factor, Ky,eqn,
and the range of stress intensity factor, AK on crack
propagation phenomena where they concluded that the
existing inconsistencies between the stress intensity factor AK
and its mean value, can be avoided by describing the crack
growth rate in terms of a parameter (K2, — K2;,,). The work
of Bilir [18] is interested in the propagation of cracks of SAE
1010 steel of sheet specimens containing elliptical holes. It is
concluded from this study that there is a linear correlation
between the parameters of pars ’law m and log C.

Many propagation rate laws have been proposed, and the
phenomenon of crack propagation has been studied in many
studies. But this study provides useful information about the
role of notch geometry on the speed of crack propagation and
the equivalent notch stress intensity factor for polymethyl
methacrylate materials. That’s why we were interested in
studying the effects generated by the presence of notches in a
structure on fatigue crack propagation rate and also to
determine the influence of the notch stress intensity factor on
crack propagation. The existing varieties of notch geometries
play an important role in localizing crack initiation and its
propagation rate. We can cite that sharp notch develop higher
speeds compared to blunt notches, and which will have an
impact on the life of the mechanical components.

This study is essentially based on a numerical analysis and
validated with the theoretical law using the equivalent notch
stress-intensity-factor concept from fracture mechanics theory.

This paper is organized as follows. Section 1 is an
introduction to some previous studies. Section 2 describes the
theoretical background and is divided into three subsections:
2.1 classical crack propagation laws in fatigue. 2.2 notch stress
intensity factors expression and 2.3 fatigue crack propagation
modeling. Section 3 describes mechanical properties and
specimens’ geometry. Section 4 provides the numerical
analysis and results were in the subsection 4.1 we present the
results of effect of V-notch on fatigue crack propagation and
the results of effect of U-notch on fatigue crack propagation in
4.2. Subsection 4.3 shows the results of the equivalent notch
stress intensity factors as a function of crack propagation
length for acute notches (V-notch) and blunt notches (U-
notch). Section 5 summarizes the results that show the effect
of geometric parameters on crack propagation and the
equivalent notch stress intensity factor as well as the effect of
notched shape and opening angle on speed of crack
propagation velocity.

2. THEORETICAL BACKGROUND
2.1 Classical crack propagation laws in fatigue

The law proposed by Paris does not describe the entire curve;
however, other empirical or analytical laws have been
proposed to describe the entire propagation curve [19-21].
Forman [19], to take into account the asymptotic increase in
cracking rate when K;. — K4, proposed an improvement of



the Paris relation to describe do mains II and III of the
propagation curve:

da _ CAK™
dN (1 - R)(KIC - Kmax)

2

where, C and m are a constant depending on the material, for
steels m is of the order of 4. This relation does not take into
account the existence of a cracking threshold but involves the
influence of the load ratio R on the cracking rate.

To account for the threshold effect in region I, Klesnil and
Lucas [20] proposed a modification of the relation in the form:

da

dN )

= C(AKm - AKtTirLIreshold)

Frost then proposed a relation which accounts for the entire
propagation curve, established for ferritic-pearlitic steels [21]:

d_a _ (AK — AKthreshold)4 "
dN (R-rzn)(Klzc - Kr%lax)

Q)

K;. designating the critical value of the stress intensity
factor, Kinresholq 1S the value of K at the propagation threshold
for a given load ratio R, Rm is the tensile strength of the
material, B and n are constant characteristic of the material.

A formulation of crack propagation relating the rate of strain
energy release (AG) to the speed of propagation described by
Woo and Chow [22]. This implies that the range, (G, — Gy )
has a definite effect on the mean stress (or R) defined as the
ratio K;,,4, and Ky,,;p because of its dependence on the applied
of load.

da A aG)™ )
dN ~ "G, — Gy

where, A; and m, are material constants.
2.2 Notch stress intensity factors expression

The stress distribution at notches can be described by the
loading mode related notch stress intensity factor - NSIF K,
as the governing field parameters. In fatigue the notch is
associated with a crack propagation which is initiated at the tip
notch for V -notch but for U-notch for certain radius, the crack
is initiated from an offset point compared to the tip notch.

For evaluating the notch stress intensity factor in the case of
a crack emanating from a notch, the length considered as a
discontinuity in the specimen becomes an effective length
(leff =1, + l) (Figure 1) which includes the length of the
notch added to the length of the crack develop after
propagation for elastic stress intensity factor is proposed in
References [23-25]. The expression is below:

1+ lo=leg
Crack

/

lo . [

Notch

Figure 1. Notch with crack at its end
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AK = Boy, /n(zeff) (6)
where, fis geometrical coefficient, o;;;, maximal stress at the
notch tip.

In this test, the specimen is subjected to a mixed mode I and
II due to a deviation of crack by a low angle in which mode I
appears a predominant mode with higher values compared to
mode-II, the stress intensity factor used is the equivalent notch
stress intensity factor described by Irwin et al. [26, 27].

MK,y = |AK? +AK?

In mode I the analytical expression of AK; is by the
following relation:

AKI = ,Baxx ’T[(leff)

And the relation which gives the stress intensity factor in
mode II, AK;; will therefore be:

AKII = ﬁo-xy ﬂ(leff)

2.3 Fatigue crack propagation modeling

Q)

®)

(€))

When we analyzed the crack propagation by Eq. (1) applied
to polymeric materials, which includes PMMA, polycarbonate
and nylon 66, no satisfaction was obtained in terms of results
as indicated by Arad et al. [28]. Sutton [29] used the
formulation proposed by Arad et al. [28, 30], where they
applied some modifications for propagating fatigue cracks in
polymers in terms of strain energy release rate AG, such as:

da

N (10)

A;AG™s3

The basic reason for the success of (10) is due to its inherent
capability of the strain energy release rate AG taking into
account the effect of mean stress intensity as:

AG = 2K Kpean /E'

E' = E (Plane stress),E’ = )

= (Plane strain)
where, E is the modulus of elasticity and v is poisson’s
coefficient.

The prediction of the fatigue cracks propagation using the
equivalent NSIF (AK,,) is an approach described by Tanaka
[31] under cyclic loading of mixed mode I/Il where, he
proposed a power law in the modified form of Paris’s law.
Based on Tanaka's idea, we opted for Eq. (11) as the model
used in determining the fatigue life prediction and quantifying
the propagation velocity in PMMA.

From the Eq. (11) used as analytical, the term of equivalent
notch stress intensity factor (8) was substituted in Eq. (12).

da _ 4, [72“‘*"1,(’"‘*“"]1"3 (12)
dN E

The analytical relation of fatigue crack propagation which
will be able to use becomes:



da

- = A3l (2KmeantKeq) /E™ (13)
with:
Beq = j (B feur)) + (B /n(leff))zl (14)

3. MECHANICAL PROPERTIES AND SPECIMENS
GEOMETRY
The  material  chosen  for  this study s

polymethylmethacrylate (PMMA) because it is a relatively
homogeneous isotropic medium which exhibits brittle fracture
and almost linear elastic behavior and these mechanical
properties are shown in the Table 1.

The interested finite element model is a plate containing two
opposite notches, which can either a V notch or a U notch, the
V notches have as variable the opening angle (30°, 45°, 90°
and 140°) while the U-notches is considered the radius as a
variable (0.5,1,1.5 and 2mm). The finite element model is
subjected at its end by a cyclic loading of amplitude 50 N, the
second end is embedded; this leads to a simple bending stress.
The system considered is animated by bending fatigue,
producing disturbances of the stress and strain fields at the

notch tip. The simulation is carried out in Cast3m calculation
code with a mesh in element with four nodes Q4 (Figure 2c).

At the level of the groove where the notches are located,
mesh refining is carried out in order to bring precision to the
results. The dimensions of the specimen are shown in Figure
2a and 2b.

The method adopted in this work is based on the extended
finite element method (XFEM). The latter is known by its
capacity to follow the propagation of crack without recourse
to structural remising by addition of the enrichment of nodes
which receive the crack, it provides to the equation of
displacements of the terms allows it to increase the number of
degrees of freedom (DOF). The enriched approximation for a
single interface I'd can be written as:

u(x) = yfEM 4 o Enr

N M
= Z ACI Z N; () p(x)a; (15)
i=1 j=1

in which the shape functions of enriched part are chosen
similar to the FE shape functions Ni(x). u; is the standard
nodal displacement, @; is the nodal DOF corresponding to the
enrichment function, w(x) is the enrichment function, and
N(x) is the standard shape function. V" is the set of all nodal
points of domain, and M is the set of nodes of elements
located on the discontinuity 7.

Table 1. Mechanical properties of PMMA

Ultimate Tensile Ultimate flexural Ultimate Compression Elastic Poisson's Density Fracture
Strength strength Strength Modulus E Ratio v (kg/m3) toughness
[MPa] [Mpa] [MPa] [MPa] [MPa m"3]
70.5 110 117 3000 0.4 1190 1.96

1.25mm
U-Notch
Radius equal Imm

ymm

64mm

Figure 2a. Double-U specimen (dimensions in mm)
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V-Notch / 1 | 5mm

Angle 2a =90°

9mm

4
G4mm

Figure 2b. Double-V specimen (dimensions in mm)
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Figure 2c¢. Finite element model with V-Notch
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4. NUMERICAL ANALYSIS AND RESULTS

It is well known that the fatigue damage of components
subjected to normally elastic stress fluctuations occurs at
regions of stress raisers where the localized stress exceeds the
yield stress of the material. After a certain number of load
fluctuations, the accumulated damage causes the initiation and
subsequent propagation of a crack, or cracks, in damaged
regions. This process can and in many cases does cause the
fracture of components. The more severe the stress
concentration, the shorter the time to initiate a fatigue crack.
Some parts or structures present defect plans in the gross state
of manufacture or cracks initiated in services from defects or
stress concentration zone. The determination of the service life
of such elements requires the knowledge of the crack
propagation speed according to the loading conditions.

The propagation of a fatigue crack appears when the
variation AK during a loading cycle is greater than the
propagation threshold AKg. This propagation is limited by the
sudden rupture of the part when the notch stress intensity
factor (NSIF) reaches a greater value than K., between these
two extremes, there is a domain of propagation expressed by a
linear relation between the logarithm of the propagation speed
and the logarithm of the stress intensity factor variation. This
domain which is represented by Paris’s law indicated by the
relation (1), some authors have contributed to modifications of
this law to take into account the two regions of (da/dN-AK)
curve, and the application of these modified formulas to the
different materials have made it possible to bring about an



approval with the results obtained by the experimental by a
similarity better than that of Paris’s relation. However, Sutton
[29] found that the relation (10) is more adequate for PMMA
materials and polymers. From this, we numerically analyzed
the specimen behavior by this relation and looking for the
geometry effect of the notches on speed propagation.

The constants used in Eq. (10) for PMMA material are
shown in Table 2.

Table 2. Material constants

4,
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4.1 Effect of V-notch on fatigue crack propagation

1
g
o

[
4
©
T

V-NOTCH WITH ANGLE 30* .

Log (da/dN) [mmicycl
o
o

|
hed
[N}
T

-34

¥— Prop-Law Ar
—— Prop—Law XFEM
64 66 6.8 7.0
LogK [MPa.m1/2]

58 6.0 6.2 7.2
x1072

-2.2

V-NOTCH WITH ANGLE 90*

Log(da/dN)[mm/cycle]
RO
o o
T T
3
-4
Il 1

]
@
o
T
1

!
o
o

-34 L -

55 7.0 75
LogKeq [MPa.m1/2]

8.0

-24 L V-NOTCH WITH ANGLE 140* 4

(da/dN )[mm/cycle]
44

-26 | 4

Log

-34 L L "
6.2 6.4 6.6

70 72 74 76

LogK [MPa.m1/2]

6.8 7.8

x1072

Figure 3. Fatigue crack growth rate versus AKeq data of
PMMA for V-notch
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Figure 4. Fatigue crack growth rate versus AKeq data of
PMMA for U-notch

During bending loading of the specimen, disturbances of the
stress and strain fields near the end of the notch with
significant amplification at the bottom of the notch.

The cyclic loading leads to localized crack initiation in the
place, where the principal stress oy, reaches the maximum
value. This principal stress criterion is used in our simulation
to define the initiation point of crack, which generally starts
from the notch tip, where there is a high stress concentration.
The appearance of the crack at the notch produces an
interaction between the crack and the notch. In the Figures 3
shows logarithmic curves between (da/dN) values and the
stress intensity factor for each notch opening angle, a
comparison of the results obtained with those of the analytical
expression. By increasing the opening angle, the propagation
speed decreases while the variation of the stress intensity
factor increases.



We estimate from the curves that for the angle 140°, the
propagation is slow at the start (2.2mm / cycle) of the first
propagation compared to the low angles (angle 30°, 2.6mm /
cycle). With the comparison the results obtained using the
XFEM method are close to the analytical values.

4.2 Effect of U- Notch on fatigue crack propagation

For blunt notches, Figures 4 shows the evolution of (da/dN)
as a function of stress intensity factors. The geometry of the
notches which have a radius different from zero reduces the
amplitude of the stresses which reign near the bottom of the
notch and the zone in the vicinity of the bottom of the notch
becomes less stressed, this will have an influence on the rate
of propagation of the crack. The location of the crack initiation
in the geometry of the blunt notch is initiated at the point which
is offset from the notch bottom on the contour of the notch
crescent this is shown by several authors [32-34]. The different
radii 0.5, 1, 1.5 and 2mm are chosen in such a way to create
the space of difference in the crack propagation rate and on the
fracture parameter AKeq between the radii.

The finding that can be discerned with blunt notches is that
the speed of crack propagation is slow compared to acute
notches type V, the variation in radius causes variation in the
crack propagation.

As the radius increases, the speed of crack propagation and
equivalent notch stress intensity factor values increase. Low
propagation rates are associated with higher stress intensity
factor values. In terms of results obtained analytically
converge toward the results XFEM.

4.3 Effect of equivalent notch stress intensity factor on
fatigue crack propagation
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Figure 5. Comparison of equivalent notch stress intensity
factors-(AKeq), between analytical and xfem-method for V-
notch
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Figure 6. Comparison of equivalent notch stress intensity
factors-(AKeq) between analytical and xfem-method for U-
notch

Figures 5 and 6 show a representation of the evolution of
the equivalent notch stress intensity factors as a function of
crack propagation length for acute notches (V-notch) and blunt
notches (U-notch). The growth of the crack that appears at the
notch end leads to an increase in the equivalent notch stress
intensity factor (ENSIF) at the same time, the high opening
angles also lead to the growth of the values of equivalent notch
stress intensity (AKeq). The curve of notch V140° indicates
greater values compared to small opening angles (Figure 5). In
Figures 6, a polynomial interpolation is applied for the blunt
notches to have curve smoothing. The results obtained show
that the small radii and the extension of the crack length will
increase the equivalent notch stress intensity factors (AKeq).
The confrontation between the numerical and the analytical
results shows an acceptable agreement.

5. CONCLUSION

The present work conducted a study on the role of notch
geometries on the crack propagation speed and on the brittle
fracture parameter for the polymethyl methacrylate material.
Two types of notches commonly used in research and which
have differences in their geometry and in their geometric
parameters. The presence of notches in the mechanical parts
will cause disturbances in the stress field generated by the
concentration of the stresses in particular in the zone
surrounding the end and which consequently affects the
initiation and the speed of propagation of cracks. We
considered the blunt and sharp notches, their geometrical



parameters taken into account are the variation of radius for
“U- notch” and the angle for “V- notch”.

Through this study, we analyzed the fatigue crack
propagation rate of specimens containing notches by the
modified law described by SUTTON [29] of PMMA material
using the extended finite element method.

The change of notch type (U or V) allowed to modify the
evolution of the crack propagation. The presence of notches in
a structure generates stress field disturbances therefore
fluctuations will affect the estimation of equivalent notch
stress intensity factors (AKeq). The variations that are adopted
in the geometric parameters influence the speed of crack
propagation and the equivalent notch stress intensity factor.

In the case where the equivalent notch opening angle is
large, the crack propagation becomes slow and the notch stress
intensity factor tends toward higher intensities.

The initiation of cracks appears at the notch tip where the
stress concentration is high, described by the criterion of the
maximum principal stress.

In the U-shaped notches, the high radii cause a variation in
the crack propagation.

Increasing radius results in increasing propagation velocity
and stress intensity factor values. The propagation speed of the
U-notch is slow compared to sharp notches (type V).

The results found show that the variance in the fracture
toughness of the materials is mainly due to the changes found
in the grain structure of the materials [35]. The results obtained
during the experiments have shown that, the fracture behavior
of the coated and heat-treated aluminum a material is changed
significantly.

In the next step, it is important to expand the study on notch
geometry on the speed of crack propagation, for example
notches with sharp and blunt notch with some (U, V), also the
effect of crack depth in controlling speed of crack propagation
for polymethyl methacrylate materials.
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