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 There are many approaches by which the heat exchanger can be modeled depending on 

how much information is available to start with. Grey-box model represents one of these 

approaches which is considered in the present study to modeling the unsteady operation 

heat exchanger. The available measurements of an unidentified heat exchanger integrated 

with a process involving oil circulation were statistically analyzed to extract the 

information that could aid in its identification. The proposed heat exchanger system 

included a hot oil stream coming from the thermal unit process and cooled by a cold-water 

circuit. The objective of this study is to develop a grey box model for the unspecified heat 

exchanger with a suitable nonlinear state-space structure and solved numerically using 

MATLAB-19 software and engineering equation solver (EES). Suitable parameters 

included oil and water inventories, heat addition, and conductance divisor factor are chosen 

to fully identify the heat exchanger from measured temperatures and flow rates. The 

parameters used to identify the oil process included the oil mass inventory within the 

process and the quantity of heat added. While for the heat exchanger; oil, water, and solid 

thermal masses were determined along with a conductance divisor to close its model. The 

results revealed that, comparing the model output with the measured data was satisfactory. 

The effect of 10% increment in the oil process heat as external excitation on a heat 

exchanger can only be controlled by water and oil flow rates and any fluctuation in inlet 

water temperature is insignificant and considered as a noise disturbance. An increment of 

19% in the oil flowrate with unchanged water flowrate resulted in an increase in oil outlet 

temperature by about 4%. applying a noise of about ±10% on inlet water temperature to 

the system resulted in insignificant effects on the oil temperatures, and therefore it could 

be considered as uniform temperature. An effective control system to manage the heat 

exchanger and therefore the process can be designed according to the predictions of 

changing the water and oil flow rate responses.  

 

Keywords: 
heat exchanger, state space, unsteady 

performance, grey box, identification 

 

 
 

1. INTRODUCTION 

 

Past decades have exhibited many oil-to-water heat 

exchanger steady performance studies to meet design loads [1-

6]. Nevertheless, heat exchangers' good transient performance 

under serious working conditions has become mandatory in 

many circumstances, specifically for industries that require 

demanding conditions [7-9]. Satisfactory control of an 

industrial process requires a thorough knowledge of heat 

exchange transient responses in the whole system [10]. 

However, this is a complicated task because the transient 

responses will greatly fluctuate following the operational 

conditions [11, 12], and other system components' status [13]. 

Modeling of heat exchangers might improve the knowledge 

in this aspect. These models vary in their complexity, accuracy, 

and objectives [14]. Some documented models resorted to 

solving numerically the conservation differential equations 

[15-17]. These models require prior knowledge of the heat 

exchanger specification, arrangement, and configuration [18], 

in addition, they need extensive computational resources 

rendering them unsuitable for control purposes. Korzen and 

Taler [19] developed their model incorporating axial 

conduction effects which is simpler but still needs the finite 

volume method to solve the governing equations. They 

calculated the heat exchanger transient response to a sudden 

increase in water flow rate with a sudden decrease in air flow 

rate. An exhaustive work of Taler [20] collected theories for a 

range of heat exchanger types along with methods of solution 

in both steady and unsteady states. An emphasis was given to 

calculating wall temperature indicating its importance in the 

design and operational phases. 

Apart from the aforementioned efforts, lumped parameters 

dynamic models are appealing since they require less 

computation [21] and they are easy to apply, an in-depth 

analysis could be found in ref. [22]. There are even attempts 

to find analytical solutions [23], nevertheless; they would be 

restricted. A more realistic approach was presented by Yao et 

al. [24] in which a linearized model was developed for an air 

to water heat exchanger used in HVAC systems. In addition, 

linearized models are excellent solutions when it comes to a 

dynamic model of systems containing multiple heat 

exchangers that coexist with other components [25]. 

The objective of this work is to lay out a grey box model for 

the unspecified heat exchanger with a suitable nonlinear state-
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space structure. Suitable parameters are to be chosen to fully 

identify the heat exchanger from measured temperatures and 

flow rates. It is expected that such a model will aid in the 

design and selection of a proper controller. The proposed 

model results are validated against available experimental data.  

 

 

2. MATERIALS AND METHODS 

 

2.1 Heat exchanger system 

 

The heat exchanger process system was hypothetically 

separated into two parts, namely, the heat exchanger part and 

an abstract oil process part comprised of all other than the heat 

exchanger subprocesses. The proposed heat exchanger system 

included a hot oil stream coming from a thermal unit process 

which is cooled by a cold-water circuit. This system is 

equipped with the measuring devices and other required 

accessories as illustrated in Figure 1. The operating conditions 

of the heat exchanger is illustrated in the Table 1. 

 

  
 

Figure 1. Schematic of heat exchanger integrated with a 

process 

 

Table 1. Operating conditions of the heat exchanger 

 
Property Specification 

Oil specific heat 2 kJ/kg K 

Water specific heat 4.17 kJ /kg K 

Process oil mass inventory 4 kg 

Solid specific heat 0.502 kJ/kg K 

Oil mass flow rate 0.027 kg/s 

Water mass flow rate 0.042 kg/s 

Process bulk oil temperature 30℃ 

Heat exchanger solid temperature 21℃ 

Exchanger bulk oil temperature 25℃ 

Exchanger bulk water temperature 18℃ 

Water inlet temperature 16.5℃ 

Process heat addition 0.5 kW 

 

2.2 Heat exchanger state-space model  

 

There are three common approaches to modeling the heat 

exchanger depending on how much information is available to 

start with, namely, White, Black and Grey box models. White 

box models require detailed knowledge regarding heat 

exchanger specifications which may not always be available. 

On the other hand, black-box models offer simplicity and need 

only input-output data but at the expense of flexibility. Grey-

box models exploit most of the above two models since they 

can be developed based on structures of white-box models like 

the state-space structure without prior knowledge of detailed 

specification. A single state variable Grey-box model was 

suggested for the oil part. The oil mass inventory is the oil 

confined in the process volume and results in some latency 

effects [24]: 

 

𝑚𝑜𝑖𝑙𝐶𝑝𝑜

𝑑𝑥1

𝑑𝑡
= 𝑄 + 𝑚𝑜̇ 𝐶𝑝𝑜𝑇𝑖 − 𝑚𝑜̇ 𝐶𝑝𝑜𝑥1 (1) 

 

or as a state-space model with two inputs. 

 

𝐴 = [−
𝑚𝑜̇

𝑚𝑜𝑖𝑙
] , 𝐵 = [

𝑚𝑜̇

𝑚𝑜𝑖𝑙

1

𝑚𝑜𝑖𝑙𝐶𝑝𝑜
] (2) 

 

Figure 2 shows the output of this model with Ti taken from 

best fit to the measured oil inlet temperature. This left the 

model with two unknowns, i.e., oil mass inventory and 

external heat input, to be adjusted for the closest fit with outlet 

temperature. However, the theory couldn’t fit the 

measurement flawlessly, possible causes are either random 

noise or unaccounted for states.  

 

 
 

Figure 2. Process oil input-output relationship 

 

Figure 3 presents the error autocorrelation in which all 

correlations but at zero lag, are within the confidence bounds 

indicating probable random noise [26]. Thus, a need for a 

better and maybe higher-order model is recommended 

following the outcome of cross-correlation which indicates a 

possible correlation between the error and the input. 

There are many methods by which the heat exchanger can 

be modeled depending on how much information is available 

to start with. In the current case, there are only measured 

temperatures at outlets and inlets without any specification for 

the process or the heat exchanger. Suitable parameters 

including oil and water inventories, heat addition, and 

conductance divisor factor (f) are chosen to fully identify the 

heat exchanger from measured temperatures and flow rates. 

Many published works are available on such cases ranging 

from artificial neural network (ANN) [27] to system 

identification [28] and other fitting methods [29]. The state-

space method was selected in the current work with some 

unknown parameters left to be determined from measured data. 

578



 

 
 

Figure 3. Error auto and cross correlations 

 

The heat exchanger could be divided into 3 separate 

subsystems, water, oil, and solid material of the wall, assuming 

negligible axial conduction. Each one has its state, hence: 

 

𝐶𝑤

𝑑𝑇𝑤

𝑑𝑥
= �̇�𝑤𝐶𝑝𝑤𝑇𝑤𝑖 − �̇�𝑤𝐶𝑝𝑤𝑇𝑤𝑒 − 𝑓𝑈𝐴(𝑇𝑤

− 𝑇𝑠) 

(3) 

 

𝐶𝑠

𝑑𝑇𝑠

𝑑𝑥
= 𝑓𝑈𝐴(𝑇𝑤 − 𝑇𝑠) + (1 − 𝑓)𝑈𝐴(𝑇𝑜 − 𝑇𝑠) (4) 

 

𝐶𝑜

𝑑𝑇𝑜

𝑑𝑥
= �̇�𝑜𝐶𝑝𝑜𝑇𝑜𝑖 − �̇�𝑜𝐶𝑝𝑜𝑇𝑜𝑒 − (1 − 𝑓)𝑈𝐴(𝑇𝑜

− 𝑇𝑠) 

(5) 

 

where, Tw, To, and Ts are the bulk temperatures of the water, 

oil, and solid masses within the heat exchanger respectively. 

Cw, Co, and Cs are the corresponding heat capacitances, 

implicitly encompass water and oil inventory masses and solid 

material mass within the heat exchanger. With no other 

information available, a linear profile is assumed for 

temperature variation throughout the heat exchanger. These 

equations were used to find the equilibrium values and then 

rearranged into a linearized space state model as follows: 

 

[

�̇�1

�̇�2

�̇�3

�̇�4

]

= [

−𝑎11 0 0 𝑎11

0 𝑎22 𝑎23 0

0
𝑎41

𝑎32

0

𝑎33

𝑎43

𝑎34

𝑎44

] [

𝑥1

𝑥2

𝑥3

𝑥4

]

+

[
 
 
 
 
 
 
 0

1

𝑚𝑜𝐶𝑝𝑜
   0      2

(−𝑥1
𝑒 + 𝑥4

𝑒)

𝑚𝑜

2
�̇�𝑤

𝑒𝐶𝑝𝑤

𝐶𝑤
0 2

𝐶𝑝𝑤

𝐶𝑤
(−𝑥2

𝑒 + 𝑇𝑤𝑖
𝑒 )    0

  0
  0

   

0         0                          0  

  0      0      2
𝐶𝑝𝑜

𝐶𝑜
(𝑥1

𝑒 − 𝑥4
𝑒)

]
 
 
 
 
 
 
 

[

𝑇𝑤𝑖

𝑄
�̇�𝑤

�̇�𝑜

] 

(6) 

where: 

x1: bulk oil temperature perturbation within the process. 

x2: bulk water temperature perturbation within the heat 

exchanger. 

x3: bulk solid temperature perturbation within the heat 

exchanger. 

x4: bulk oil temperature perturbation within the heat 

exchanger. 
 

a11 = 2
�̇�𝑜

𝑚𝑜𝑖𝑙
 

 

a22 = −
1

𝐶𝑤
(2�̇�𝑤𝐶𝑝𝑤 + 𝑓𝑈𝐴) 

 

a23 = 
𝑓𝑈𝐴

𝐶𝑤
 

 

a32 = 
𝑓𝑈𝐴

𝐶𝑠
 

 

a33 = −
𝑈𝐴

𝐶𝑠
 

 

a34 = 
(1−𝑓)𝑈𝐴

𝐶𝑠
 

 

a41 = 
2�̇�𝑜𝐶𝑝𝑜

𝐶𝑜
 

 

a43 = 
(1−𝑓)𝑈𝐴

𝐶𝑜
 

 

a44 = −
1

𝐶𝑜
(2�̇�𝑜𝐶𝑝𝑜 + (1 − 𝑓)𝑈𝐴) 

 

The superscript "e" denotes equilibrium conditions. From 

the steady measurements of the heat exchanger, UA was 

estimated to be around 0.2 kW/K. This UA should be divided 

between oil and water sides, by which (1-f) UA goes to the oil 

side and f UA to the water side. The value of conductance 

divisor factor (f) is between 0 and 1 and adjusted according to 

experimental data. 

The fluctuation in the process heat is to be alleviated by 

controlling oil and water flow rates. The figure of merit here 

is the bulk oil temperature (x1) since it is an indication of the 

temperature in the process itself.  

Although, Twi is being handled with the input matrix, but it 

is more like a disturbance than a controlled input. The cooling 

water supply is a very large reservoir and assumed of constant 

temperature, however; measurements show some fluctuations. 

A sample of more than 140 water inlet temperature 

observations were taken. The mean of the sample inlet water 

temperature was 16.5℃ with a sample standard deviation of 

1.93℃. 

The justification of selecting the above-mentioned inputs 

and states is discussed in regard to field measurements. Water 

flow rate changes throughout plant operation from 100 to 

about 250 L/h. Since the heat exchanger is integrated with the 

process utilizing the oil, this should reflect on the return oil 

temperature which is the inlet to the heat exchanger. This 

relation is governed, however; by other than heat exchanger 

plant systems which may have more influencing factors. Two 

immanent effects are initial rate at which oil temperature 

decreased and the final steady temperature.  

The solution methodology of the heat exchanger model 

considered in the present research work is based on choosing 

a suitable structure in the grey-box model. The structure 
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should incorporate all inputs, outputs, and operational 

parameters into an appropriate mathematical formulation. In 

this work, the non-linear state-space structure was 

implemented followed by an optimization process using 

MATLAB identification toolbox capabilities for non-linear 

grey box models to estimate all unknown parameters. This 

process closes the model rendering it ready for performance 

prediction. The complete model is then coded in a MATLAB 

program for the calculation of the output variable against a 

varying range of inputs. 

 

 

3. RESULTS AND DISCUSSION  

 

The Model unknown parameters were adjusted for the 

minimum discrepancy between model output and 

experimental data as illustrated in Figure 4 which show the 

comparison between theoretical and experimental oil 

temperatures. Although the trend is almost similar, there are 

some deviations of about 6% between theoretical and 

experimental data.  

Figure 5 shows the effect of 10% increment in the process 

heat on inlet and outlet oil temperatures. From system control 

point of view, the external excitation is the heat added to oil 

when it passes through the process. Water inlet temperature is 

uncontrollable and any fluctuation that may occur is 

considered as a noise disturbance.  

To compensate for these changes, either water or oil or both 

streams mass flow rate should be readjusted to keep the 

process stable. For a step increase in heat delivered to the oil, 

the system responded with nearly steady rise in oil temperature 

as depicted in Figure 5.  

An attempt to counteract this effect by increasing the water 

flow rate is illustrated in Figure 6 which shows the effect of 

increment in the water flow rate on oil inlet and outlet 

temperatures. As a consequence, exit oil temperature is 

brought near its initial value. The exit oil should be brought 

below the initial value to convey excess heat without elevating 

the process temperature. An increase of 75% in water flow rate 

could not fulfill this requirement because of the heat exchanger 

capacity limitations.  

 

 
 

Figure 4. Comparison between theoretical and experimental 

oil temperatures 

 
 

Figure 5. Effect of increment in the process heat on oil 

temperature 

 

 
 

Figure 6. Effect of increment in water flow rate on oil 

temperature 

 

Figure 7 shows the effect of increment in oil flow rate on oil 

inlet and outlet temperatures. Increasing the oil flow rate is not 

very successful since it accompanied by an increase in oil 

outlet temperature which in turn has a negative impact on 

process oil temperature.  

It can be observed in this figure that, a 19% increment in the 

oil flowrate with unchanged water flowrate has resulted in an 

increase in oil outlet temperature by about 4%. The impact of 

inlet water temperature noise on the heat exchanger inlet and 

outlet oil temperatures is shown in Figure 8. It can be 

concluded that applying a noise of about ±10% on inlet water 

temperature to the system resulted in a little response in oil 

temperature. It has almost insignificant effects on the oil 

temperatures, and hence; the noise in temperature could be 

neglected and consider it as uniform to save computation 

resources.  
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Figure 7. Effect of increment in oil flow rate on oil 

temperature 

 

 
 

Figure 8. Impact of inlet water temperature noise on oil 

temperatures 

 

 

4. CONCLUSIONS 

 

The suggested grey box model represents a reasonable 

approach in identifying a heat exchanger integrated with the 

oil process and could be used to implement an appropriate 

controller for managing process temperature. In summary, 

some points could be drawn from the results: 

1. Increasing the cooling water flow rate can restore process 

temperature to its initial state but not the inlet temperature 

as expected.  

2. The noise in inlet water temperature observations is of little 

significance and can be neglected. 

3. Increasing oil flow rate alone to overcome elevated process 

temperature is not effective and should be accompanied 

with an adjustment to water flow rate. 

4. Increasing the water flow rate alone to control the process 

is successful but on the expense of pumping power.  

5. Thus, a control of both water and oil flow rates are 

mandatory for efficient temperature management. 
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NOMENCLATURE 

A state matrix 

B input matrix 

C heat capacity, kW. K-1 

Cp specific heat, kJ. kg-1. K-1 

f conductance divisor factor (0 – 1) 

moil oil mass inventory within the process 

�̇� mass flow rate, kg. s -1 

Q external heat input, W 

UA overall heat transfer coefficient kW. K-1 

T temperature, K 

Subscripts 

e exit 

i inlet 

o oil

s solid material 

w water 
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