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This paper considers the issue of selecting the optimal position where a Relay could be
fixed to enable the communication between a Source and a Destination. Our analysis is
focused on the case when Relay works on Demodulate-and-Forward (DMF) mode, due
its simple nature in implementation. DMF Relay only demodulates the received signals
from the Source without checking the integrity of the signals and it may happen that it
forwards the erroneous signals toward the Destination. Since moving the Relay in
different positions between the Source and the Destination brings different
performances, we are interested to find the position at which the benefit of using the
Relay is maximized. To help us find this optimal position analytically and numerically,
we have introduced a criterion which relies on the trade-off between the demodulation
errors on the channel S-R and the ability of the Relay to succeed on the transmission
path R-D, where the theoretical analysis of the criterion matches perfectly with the
simulation analysis. Moreover, in a scenario of having more than one Relay, this
criterion helps us to choose the best instantaneous Relay for cooperation. The
comparison of our proposed criterion with a referent criterion from the literature, has

shown that our criterion outperforms the referent criterion.

1. INTRODUCTION

Cooperative communications [1], where the
communication between a Source and a Destination is assisted
by a Relay, has been treated extensively in recent years. Most
of the published articles consider the Relay to work either in
Decode-and-Forward (DCF) mode [2] (where beside energy
consuming concern, some complex algorithms need to be
implemented on Relay), or either in Amplify-and-Forward
(AF) mode [3] (where beside the amplification of the signal, it
is amplified also the noise), but our analysis is focused on the
case when Relay works in Demodulate-and-Forward (DMF)
mode [4], which would be of great interest in contexts where
energy efficiency at the Relay node is of great importance,
such as in the Internet of Things. Possible applications of
relaying in IoT can be found at low-power wireless access
network (LPWAN) technologies such as SigFox, LoRa and
NB-IoT [5]. Note that, Relay in DMF mode only demodulates
(does not decode) the signal received from the Source, and
then re-modulates and forwards it to the Destination. Due to
the demodulation errors that may occur during the
demodulation process on the Relay (without detecting the
errors), it may happen that the Relay forwards some incorrect
symbols toward the Destination. Therefore, the optimal
position of the Relay needs to count for the trade-off between
the demodulation errors on the channel S-R, and its ability to
succeed on the remaining distance R-D.

In the context of cooperation, Relay could be a fixed node,
i.e. in Wireless Local Area Networks (WLAN), a moving node,
i.e. in Vehicular Ad-hoc Networks (VANET), or a combined
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node, i.e. in technologies such as 3GPP Long Term Evolution
(LTE) or IEEE 802.16 standards [6]. In our study, we will
focus on the case of fixed Relay node. One perspective of
study for fixed Relay location is maximizing the coverage
region of communication [7]. In this scenario of fixed position
of the Relay, it is very important to select the optimal position
of the Relay such that the benefit of cooperation is maximized.
Obviously, the criterions and algorithms introduced for this
purpose depend on the relaying mode it is used. While for DCF
mode an analysis based on a Genetic Algorithm (GA) is
provided by Mohammed and Khalaf [8] and an optimization
technique analysis for AF mode is provided by Li et al. [9].
Similar criterions for Relay selection have been also discussed
in Ref. [10] where there are proposed two retransmission
schemes in which the Relay is chosen by comparing its SNR
on the link S-R with a simulated threshold, and in Ref. [11]
where the Relay working on DMF mode is chosen by
comparing its SNR with another threshold. In contrast, in our
work we will focus on Relay selection based on the absolute
values of LLRs and the probabilities of demodulation errors
per coded bit.

Among the main contributions of this paper can be
considered the theoretical expressions of symbol
demodulation errors and the log-likelihood ratios for the direct
link (S-D) and for the relaying link (S-R-D), when Relay
works on DMF mode, which has been treated less in literature
compared to the other relaying modes. The introduction of the
criterion for determining the optimal position of the Relay, by
combining two other previously used metrics, is another
contribution which open doors for other better criterions in the
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future.

The paper is organized as follows: in Section 2 there is given
the system model which is analyzed on the paper. In Section 3
there is discussed via theoretical approach a proposed criterion
that helps us to determine the optimal position of the Relay. In
Section 4 there are shown numerical results, comparing the
theoretical analysis with the simulation analysis, checking
numerically how does the proposed criterion works, and how
this criterion compares to a referent criterion from literature.
Finally, Section 5 draws the conclusions.

2. SYSTEM MODEL

Let us consider a simple cooperative network composed of
one Source (S), one Relay (R) and one Destination (D), as
shown in Figure 1.

LR) ,
dsg A drp
Figure 1. S-R-D network

The channels S-R and R-D are assumed to be block-fading
channels impaired by Gaussian noise of variance N,. For
simplicity, all transmitting nodes are assumed to use the same
energy per symbol, E, the same channel code and the same
modulation scheme. Let dy, denote the distance between
nodes X and Y. The path-loss factor between nodes X and Y
is I(dyy) = dxy, where a is the path-loss exponent. As a
result, the channel X-Y in time-slot t is modeled as [12]:

Yxv,e = VEsl(dxy) Rxy 1 Ox; + Wiy ¢ (1
where, \/stxt is the vector of modulated symbols with
average energy Eg; Wxy . ~CN(0,Ny) is the vector of white
complex noise; hyy,~CN(0,1) is the vector of Rayleigh

fading coefficients with parameter o;, = V2/2; and where ©
represents the element-wise multiplication of the two vectors.
Note that since Relay working on DMF mode performs only
hard demodulation (without checking the integrity of the
received signal), then for the channel R-D the transmitted
symbols are only the estimated versions of the original
symbols transmitted by the Source, X;.

3. DETERMINING THE OPTIMAL FIXED POSITION
OF THE RELAY

For the issue of determining the optimal fixed position of
the Relay, in the following subsections we will provide
theoretical and numerical analysis for the entire link S-R-D.

3.1 Exact symbol error demodulation rate for the link S-
R-D

The transmitted signals on both channels, S-R and R-D, are
usually impaired by various physical phenomena, like path-
loss, shadowing, fading, interference, etc., thus resulting in
demodulation errors at the receiver side at both, the Relay and
the Destination. Therefore, the rate of symbol demodulation
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errors for the whole channel S-R-D needs to count for both
hops, S-R and R-D. Denoting with 7y, the probability of
symbol error after demodulation on the channel X-Y, then the
probability of symbol error after demodulation on the two-hop
link S-R-D is given [2]:
Tsrp = (1 — Tsg) " Trp + (1 — Trp) * Tsr (2)
Probability that a symbol is demodulated in error on the
channel X-Y with fading coefficients hyy, and when BPSK
modulation is used, is given with [11]:
Ty (1) = Q(V2r) 3)
where, Q(+) is the Q function, and I' is the instantaneous SNR

and it is given with ' = % gy |.
0

Channel coefficients |hyy| follow Rayleigh distribution,
while |hyy|? follow chi-square distribution with two degrees

of freedom. Then, the probability density function f(I') is
given with [12]:

~

~

“4)

e_

==

fa) =

where, I is the average receive SNR on the channel X-Y and
it is given as:

No

Es- l(dxy)

T =
Ny

[|hxy|2] = (%)

since the variance is E[|hyy|?] = 1.

Now, averaging over all possible instantaneous SNRs, I, we
obtain the average symbol error rate after BPSK demodulation
on the Rayleigh fading channel X-Y as [13]:

r

(6)

@ 1
Txyy = | Txy) - fH)dlh==|1-
=] @ p@yar=311- [

By using the Eqns. (2) and (6), for any given setup, we
expect intuitively that the curve of tggp to be with even
symmetry toward the Relay location dgg/dsp = 0.5, which
corresponds with the middle of distance S-D. But, one open
question that we want to answer is which is the optimal
position of the Relay if we use channel coding. Therefore,
since the channel decoding requires the evaluation of Log-
Likelihood ratio (LLR) of the received symbols over the link
S-R-D, then in the following subsection we will address the
theoretical approach of the LLR evaluation.

3.2 Exact Log-Likelihood Ratio of the S-R-D received
symbols

At the Destination, we can observe the symbol realizations
on the channel R-D, yzp, and also we assume that the
Destination knows the statistics of the channel S-R (i.e. the
probability of symbol error after demodulation, 75z ). Both
these two quantities help us to evaluate the likelihood
functions at the Destination, which for our case of DMF Relay
needs to be marginalized over the cases when Relay may
forward the correctly demodulated symbols from the Source,
or it may forward the erroneously demodulated symbols from



the Source [14]:

PWsrp | X = %) =pWrp I_x =xg) - (1 — 7sg) 7)
+p(Vrp | X =) " Tsg

where, symbol x; € {0,1} and the X, represents the

complementary symbol of xg, and p(ygp | x) is given as:

2
1 |yrp—VEsl(drp)hrpX]|
No

prp | X) = n—NOe

®)

Then, the Destination demodulator calculates the Log-
Likelihood Ratio (LLR) for each received symbol as:

[x =x
A=LLR(x) = logw 9)
prp | x = x1)
where, x, is associated to the case when x; = "0" and x; is

associated to the case when x, ="1". Substituting the
combination of Eqns. (1), (7) and (8) into (9), the symbol LLR
can be evaluated as:

Agpp = lOg{e_YO'RD — Tsr [YO,RD - Yl,RD]}

i (10)
- log{e V1m0 4 7p [YO,RD - Yl,RD]}
where,
2
o | (x — x0)hrpy/Es  1(drp) + Wgp| (11)
0RD = N,
2
Y. _ |(x - xl)hRD\/ Es-1(dgp) + WRD| (12)
1LRD =
- NO

Since the matter of interest is the average value of LLR,
denoted by Aggp, it's value can be evaluated by averaging the
Eq. (10) over the various realizations of random variables x,
hgp and wgp , given with respective probability density
functions (pdf) as below:

1 1

fx(xs) = Ed(xs +1)+ Eg(xs -1 (13)

_n?
fono (s 00) = — € 2%; h € (—o0,0) (14)

h

1 b

w) = e 20w: w € (—oo, 00 (15)
fwrpo W) T ( )
which yields the following form for Aggp:

KSRD = E[Aspp] = fff Asrp (x, hgp ,Wgp) * (16)

fx(xs)thD (h; Uh)waD (w) dx dhgp dwpgp

Note that for the direct link, S-D, the Asp can be evaluated
in analogy with the Eq. (16), with the Agp taking a simpler
form:

1
Asp = N_O{Kx —x1) *hgp + wep|® = [(x — x¢) -

hsp + wgp |}

(17
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3.3 Criterion for determining the optimal position of the
Relay

It is known that the sign of an LLR value denotes the
detected bit result and its absolute value denotes the degree of
confidence [15]. Therefore, a higher absolute value of LLR
represents a higher confidence that the decoding decision
would be correct. The average of absolute value of LLR can
be evaluated as:

Nc
—q 0l

[Agrp| = = (18)

Nc

where, |A;| represents the average absolute value of LLR of
the i-th coded bit, and n. represents the number of coded bits.
Note that the measure |KSR D| is evaluated before the
Destination performs channel decoding, and hence it
represents a measure of the confidence on the coded bits.

So, we have two metrics that we use to measure the quality
of the link S-R-D, 4z, and |KSRD | But, as we will see later,
we cannot rely solely on neither metric, as the optimal position
of the Relay according to the lowest value of 75z, does not
corresponds to the optimal position of the Relay according to
the highest value of |KSRD | Therefore, we propose a trade-off
metric or criterion that take into account both measures, Tszp
and |K5RD|. Researching into this direction, we have observed

that the ratio between the two, |K5RD| and tggp, which we call
as ratio of confidence p., tells us the best compromise between
the two measures and hence the optimal position of the Relay.
Defining this ratio as a metric, then the criterion for choosing
the optimal position of the Relay would be the one which
produces the highest value of the ratio p,, as:

A
. |Asrp|
dsr/dsp TSRD

max p.
dsr/dsp

(19)
We consider that as high as the ratio p. is, we have higher
confidence that the errors could be corrected in the decoder.

4. NUMERICAL RESULTS

In this section we want to check numerically whether our
theoretical approaches match with the numerical results, and
whether the optimal position of the Relay predicted with our
proposed criterion matches with the numerical results
regarding the optimal position of the Relay after decoding at
the Destination. Moreover, in the end, we will also check how
our criterion stands compared to other proposed criterions
from literature. In the following we consider Convolutional
Coding with code rate R, = 1/3 and BPSK modulation. A
numerical extension for 16-QAM complex modulation will be
provided as well. The information Packet Data Unit (PDU) is
1000 bits long. The average energy per modulated symbol is
E; = 1, and the path-loss exponent is @ = 2.4. The transmit
Ep /N, is the same on the channels S-D and R-D.

4.1 Theoretical accuracy versus numerical simulations

In Figure 2 there is shown the probability of symbol
demodulation error, Tgp as a function of receive Ej /N, on the
channel S-D, where we see that the theoretical approach
matches perfectly with the numerical results using Monte



Carlo simulation, while in Figure 3 there is shown the absolute
value of LLR on the channel S-D, |A5RD , where we see that

the theoretical approach matches perfectly with the numerical
results using simulation.
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Figure 2. Probability of symbol demodulation error on the
channel S-D
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Figure 3. Average absolute value of LLR on the channel S-D

On the case when a Relay is used to assist the
communication between the Source and the Destination, then
it is important to find on which location there is achieved the
lowest rate of symbol demodulation errors for the whole path
S-R-D. Note that the Relay works in DMF mode, which means
that depending on the channel S-R, sometimes the Relay may
demodulate erroneously the received symbols from the Source
and thus forward the wrong symbols toward the Destination.
In Figure 4 there are shown the probability of demodulation
errors on the channel S-R and for the entire link S-R-D, for
various position of the Relay. As expected, we see that as
Relay moves closer to the Source, it experiences lower rate of
demodulation errors Tg; and this rate increases as Relay
moves further toward the Destination. But, we see that the
overall rate of symbol demodulation errors for the entire link
S-R-D achieves the lowest value when Relay is located in the
middle of distance S-D, dgz/dsp = 0.50. As it may be seen,
putting the Relay at this distance, balances the demodulation
errors on both hops, S-R and R-D, which implies tgz=Tpp.
Moreover, repeating the experiment for two different values of
E, /Ny, we see that the theoretical analysis matches perfectly
with the numerical analysis.
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In Figure 5 there is shown the average absolute value of
LLR for the entire link S-R-D, as a function of various position
of the Relay. We see that the highest value of |KSRD| it is
achieved when the Relay appears close to the Source, which
corresponds to the highest degree of confidence, and we see
that the value of |K5RD| decreases as the Relay moves toward
the Destination. This is something we may justify with the fact
that when closer to the Source, Relay experiences very few
errors, and when closer to the Destination, Relay demodulates
most of the received symbols in errors, and therefore even
though the distance R-D is short, the Destination cannot
recover the forwarded errors encountered on the channel S-R.
Moreover, we see that the theoretical analysis approach
developed in Section 3.2, matches perfectly with the
simulation results.
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Figure 5. Average absolute value of LLR on the channel S-
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4.2 Prediction of the optimal fixed position of the Relay

As we may see from Figure 4 and Figure 5, the Relay
location at which tggp achieves its best value, does not match
with the relay location where |KSRD| achieves its best value.
That is why we propose this new criterion p., which brings the
best of two metrics. In Figure 6 it is shown the value of
proposed criterion p. as a function of various position of the
Relay dgsg/dsp and for two different points of E, /Ny. We can



observe that the highest value of p., and hence the optimal
position of the Relay, it is achieved when the Relay is located
around the distance dsg/dgp = 0.35, which corresponds to
the 1/3 of the distance S-D.

Now, let us take a look what results do we get after the
Destination decodes the received PDU. In Figure 7 there is
shown the probability that a single PDU transmitted from the
Relay is received with error after decoding at the Destination,
Ttgp, for various position of the Relay, where we see that the
optimal position of the Relay appears around the location
dsr/dsp = 0.35, where there is experienced the lowest
probability of error. This result is very closely matched with
the prediction via our proposed criterion as shown in Figure 6.

160 [

Simulation E,/N,=0|
Theory EDINU:U
Simulation, En’No=5 -
Theory, Ebe°=5

0 1 1 1 1 1 1 Il 1 il
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
dsg/dsp

Figure 6. Average value of criterion p. on the channel S-R-
D, various dgsg/dgp

1 T T T T T T

—)(—EbeU=U

08 — % —E N 5]

07F b

PDU error probability. 7zp

02 1 1 1 i 1 1 L 1 1
04 05

dsp/dsp

Figure 7. PDU error probability on the channel R-D, pp,
various dgg /dsp

4.3 Extension to a higher order modulation

In order to check that our analysis holds not only for the
BPSK modulation but that it could be extended to higher order
modulations, in the following we will provide numerical
results for 16-QAM modulation.

In Figure 8, there is shown the probability of bit error on the
channel S-R-D, after symbol demodulation at the Destination,
for various position of the Relay, dgp/dsp. Note that when we
use rectangular constellation based on Gray coding, in M-
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QAM modulation, we may assume that the bit error
probability @spp is k-times smaller than the symbol error
probability Tggp [16], where k = log, (M) is the number of
bits per M-QAM symbol. As expected, the lowest rate of
demodulation errors appears in the middle of the distance S-D,
dsr/dsp = 0.50. In order to avoid any confusion, please note
that at the shown results using M-QAM modulation, E}, /N,
denotes the ratio per information bit and not the ratio for coded
bit!

According to the Eq. (18), the value of |K5RD| for various
location of the Relay and for E, /N, € {0, 2,4} is shown in
Figure 9, where we may see that we experience the same

behaviour as with the BPSK modulation: the value of |KSRD|

is higher when the Relay is located close to the Source and it
decreases as the Relay moves further toward the Destination.
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Figure 8. Bit error probability after symbol demodulation on
the channel S-R-D, various dsg/dsp
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Figure 9. Average absolute value of the LLR per coded bit at
the Destination, various dgsp/dsp

The metric (19) for the existing setup of 16-QAM
modulation, is shown in Figure 10, where we see that the best
(highest) value according to our criterion shown in Figure 10,
corresponds very closely with the lowest probability of PDU
error as seen in Figure 11.

The optimal position appears to be around the location
dsr/dsp = 0.35, where we apparently have the best trade-off



between the demodulation errors on the channel S-R and the
delivery success on the remaining channel R-D.
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Figure 11. PDU error probability on the channel R-D, myp,
various dSR/dSD

Note that the above results using M-QAM modulation are
achieved using Monte Carlo simulations, while the theoretical
approach can be extended in analogy with the analysis
developed in Section 3. Anyway, the numerical analysis and
simulation shown for these two different modulation schemes,
are sufficiently to conclude that the optimal fixed position of
the DMF Relay appears around the location 1/3 of the
distance S-D. Our concluded result for the optimal Relay
position seems to correspond also with literature [17], but the
study [17] do not provide any theoretical analysis or criterion
on why it appears in this particular location.

4.4 Selection of the best instantaneous relay: comparison
with a referent criterion

Let us consider a scenario where we have multiple Relays
and we have to choose only one of them. Since for this
problem various criterions have been proposed in literature,
we want to choose one of these criterions and to compare it

852

with our proposed criterion. On [18] there is proposed a
criterion based on the average absolute value of Log

Likelihood Ratio (LLR), |K|, where the best Relay it is chosen
the one which has the highest |K| among the candidate Relays,

and then this value it is compared with the value |K| of the
channel S-D. Since when Relay is located close to the Source
it has most of the time |K5R| > |K5D |, then we assume that the
condition for activating a Relay in Ref. [18] is fulfilled most
of the time. Moreover, Aexan and EI Mahdy [18] consider a
random distribution of Relays, but in our case we want to
perform the comparison of our criterion with the referent
criterion on the link S-R targeting the Relays distributed
around the optimal location obtained in previous subsection.
Comparison of the two criterions is shown in Figure 12,
where it is shown the probability of PDU error, gy, as a
function of receive Ej, /N, per information bit on the channel
S-D, 16-QAM modulation, for the following cases: when we
have only 1 Relay appearing at that particular location, when
we have 2 Relays (only one is chosen) at that location, and
when we have 3 Relays (only one is chosen) at that location.
As we may see from the comparison, on each case, we see that
the performance achieved with our criterion p, is better than

with the referent criterion |K|

10 T T T T T T T T T

ays, criterion p,

s, criterion A
s, criterion p,

ays, criterion A

RD

Probability
17
/7
As®
17
/7
L&
<—o—+

Receive E /N on the channel S-D

Figure 12. Comparison of 7y, achieved with both criterions

5. CONCLUSIONS

In this paper we have addressed the issue of determining the
optimal position of the Relay and the single Relay selection
among a set of candidate Relays to be chosen for relaying the
information between a Source and a Destination. Considering
the Relay on DMF mode due to its simple nature in
implementation and high potential to be used for IoT-based
technologies, we have proposed a criterion for Relay selection
which is based on two important measures, the absolute value
of LLR and the probability of demodulation errors. Our
analysis shows that our criterion predicts very closely the
optimal position of the Relay, where the theoretical results
matches perfectly with the simulation results. Comparison of
our proposed criterion with a referent criterion from literature
shows that our criterion performs better in terms of selecting
the best Relay to cooperate.
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NOMENCLATURE

gaussian noise variance

E average energy per constellation symbol

a path-loss exponent

) path-loss factor

t time-slot

Yxvie vector of the received symbols on time slot
t, on the channel X-Y

hyy ¢ vector of the Rayleigh coefficients on time
slot ¢, on the channel X-Y

Wxy t vector of the white Gaussian noise over the
channel X-Y, at time slot ¢

X, vector of transmitted symbols on time-slot ¢

X, vector of demodulated symbols on time-slot
t

CN(") complex normal distribution

O, scale parameter at Rayleigh distribution

Txy probability of symbol error after
demodulation on the channel X-Y

r instantaneous signal-to-noise (SNR) ratio

T average receive SNR

Q@) Q function

JAQ) probability density function

Pxy | X) likelihood function of received channel
realization yy, when symbol x is
transmitted

Axy instantaneous  log-likelihood ratio per
symbol, realized on the channel X-Y

Axy average log-likelihood ratio per symbol,
realized on the channel X-Y

ng number of coded bits on the received
sequence

Pe ratio of confidence

R, channel code rate

E, /N, ratio of receive energy to noise per bit on the
channel S-D

Dxy bit error probability after demodulation on

the channel X-Y





