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 We have presented in this analytical research the revisiting of approach for 

mathematical modeling the Glacier dynamics in terms of viscous-plastic theory of 2-

dimensional movements within (x, y)-plane in cartesian coordinates. The stationary 

creeping approximation for the plane-parallel flow of slowly moving glacial ice on 

absolutely flat surface without any inclination has been considered. Even in such simple 

formulation, equations of motion that governs by the dynamics of viscous-plastic flow 

of glacial ice is hard to be solved analytically. We have succeeded in obtaining 

analytical expression for the components of velocity in Ox-direction of motion for 

slowly moving glacial ice (Ox-axis coincides to the initial main direction of slowly 

moving glacial ice). Restrictions on the form of flow stem from the continuity equation 

as well as from the special condition for non-Newtonian (viscous-plastic) flow have 

been used insofar. 
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1. INTRODUCTION 

 

The glacier is a massive, slowly moving mass of compacted 

snow and ice. Mainly, the action of gravity governs the 

dynamics of mass of ice flowing e.g. down the slope side: 

glaciers are being moved from a one millimeter to hundreds 

meters (during a day). There are two kinds of motion: 1) a slow 

sliding motion and an avalanche like flow; 2) the internal 

movement of glacial ice is a flow similar to plastic flow and 

viscous flow [1-3]. Glaciers are known to be moving by 

essentially two mechanisms: Basal slip and viscous-plastic 

flow. In basal slip, the entire glacier slides over the bed of rock. 

A glacier’s flow can be also considered as plastic flow, in 

which it flows as a viscous fluid [4-6]. 

Illuminating the basic mechanisms, which govern by the 

dynamics of glaciers, plays a significant role at predicting of 

tracing of the prescribed trajectory for the entire glacier, 

moving under the action of non-Newtonian hydrodynamical 

forces, gradient of pressure and gravity; this is extremely non-

linear problem even in the case of glacier’s slow spatial 

movement in 2D case (in two dimensions) on absolutely flat 

surface without any inclination. It is worth to note that only a 

few cases of analytical or semi-analytical solution are known 

in the field of glacier dynamics [7]; the problem of stability of 

motion of glacier dynamics or dynamical response to external 

influence as well as dynamical behavior have been studied in 

the past under various versions and there is a rich and extended 

international bibliography [8], especially in recent researches 

[9-11]. In the current research, we will restrict ourselves in 

presenting a new analytical technique for revisiting of Glacier 

dynamics for 2D plane-parallel stationary approximation, by 

providing the analytical solution for the case of creeping flow 

[12]. As for the complete introduction to the problem under 

consideration, we recommend seminal article [7], where a 

significant historical retrospection has been made as well as all 

difficulties regarding stability of motion are considered (we 

mean the appropriate remarks regarding the stability of the 

solutions and how we are able to study it in the suggested 

particular problem).  

According to Klimov et al. [1] (branch 2.2.2), system of 

basic equations that governs by the dynamics of viscous-

plastic flow of glacial ice should be presented in 2D case in the 

Cartesian coordinates as below (axis Ox coincides to the initial 

main direction of slowly moving glacial ice flow on absolutely 

flat surface without any inclination, z = const; internal 

dynamics of ice flow is assumed to be corresponding to the 

simple case of plane-parallel flow, without local intermixing 

of glacial ice layers, under appropriate boundary conditions): 
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where (according to the results of work [1]), ρ is the density of 

glacial ice; vx is the component of ice velocity in the Ox-

direction; vy the component of ice velocity in the Oy-direction; 

p is the internal pressure (inside the flow of glacial ice); sxx, sxy 

are the appropriate components of stress tensor; μ is the 

coefficient of glacial ice dynamic viscosity (which is supposed 

to be locally constant); τs is a critical maximal level of stress 

in the shared layer of glacial ice when it begin to move as 

viscous flow. 

 

 

2. MATHEMATICALLY EXACT SOLUTION FOR 

THE CASE OF CREEPING FLOW 

 

Let us consider the case of creeping, plane-parallel flow of 

glacial ice in (1). Such essential simplification reduces the left 

part of (1) to be approximately equals to zero due to negligible 

terms (in the left part) for slowly moving glacial ice with 

respect to the right part of momentum Eq. (1) (including terms, 

associated with viscous forces). So, we obtain from (1)-(2): 
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Taking into account that p (x, y) = const according to the 

hydrostatic pressure formula at z = const for the plane-parallel 

flow of glacial ice, the cross-differentiating of the 1-st and 2-

nd equation of (3) in regard to the coordinates x, y yields (we 

should differentiate 1-st equation of (3) in regard to y, the 2-

nd in regard to x, then sum them to each other, p = const). 
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Eq. (4) means that sxy is the harmonic function [12]; 

equations of such a type are known to have fundamental 

solutions as presented below ({x, y} ≠ 0). 
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Taking into account (5), we obtain from Eq. (3) 
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where, f(y) is the arbitrary function, depending on y, which 

should be determined from the second of Eq. (3) and Eqns. (5)-

(6) as below  
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so, we can conclude from (7) that f(y) = C = const. 

 

 

3. FINAL PRESENTATION OF EXACT SOLUTION 

FOR CREEPING ICE FLOW 

 

Let us present the exact solution for the components of 

velocity field in case of creeping, plane-parallel flow of glacial 

ice. We can obtain from (3) as below: 
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where we can assume just for simplicity τs  0; so, we should 

obtain the expression for component vx as shown below (we 

imagine also the plot of component vx at Figure 1): 
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Taking also into consideration the continuity equation in (3) 

and Eq. (8), we could obtain the expression for component vy: 
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We should additionally take into account the appropriate 

equation in Eq. (3) for the component of stress tensor sxy which 

stems in unchanged form from Eq. (1) (where by restricting in 

choosing of the functions g (y), h (x) we should satisfy both 

the parts of such the equation; here and below we will assume 

τs  0 as mentioned above, glacial ice moves as viscous flow 

of non-Newtonian fluid): 
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As we can see, Eq. (10) above could obviously be solved by 

numerical methods only or by appropriate approximation 

technique e.g. by the series of Taylor expansions [12] (for the 

appropriate boundary conditions). 
 

 
 

Figure 1. A schematic plot of the function vx = vx (x,y) 

Figure 1 let us conclude that such the schematical 

presenting of analytical solutions seems to be the only way to 

get some kind of information about the intrinsic properties and 

behavior of the particular dynamical system, depending on the 

chosen initial or boundary conditions (on Figure 1 meanings 

of function vx = vx (x,y) is on vertical axis, meanings of {x,y} 

are scaled for each coordinate with respect to the appropriate 

horizontal axis). 

 

 

4. DISCUSSIONS 

 

Let us discuss our novel approach and results in obtaining a 

new class of exact solutions for the components of velocity 

field in case of creeping, plane-parallel flow of glacial ice. 

First, we should discuss the basic approach, suggested by 

Klimov et al. [1] (the main reason that our partial solving 

procedure is based on their constitutive modeling approach to 

a visco-plastic fluid). According to aforementioned ansatz, 

nonstationary flow of a viscoelastic medium between two 

parallel plates was considered in ref. [1] for the case of a 

varying pressure gradient. The problem was reduced to the 

Stephan problem, with the condition on the boundary 

separating the flow domain from the quasi-rigid domain. Four 

multiparameter families of exact solutions were found by 

Klimov et al. [1]. The first family describes the flow 

decelerations up to a full stop. The second family determines 

the development of the flow from the state of rest as the 

pressure gradient increases. The third family describes the 

development of the flow for the case where (1) the pressure 

gradient is constant and exceeds the threshold value related to 

the yield stress, (2) the upper boundary plate does not move, 

and (3) the lower boundary plate moves with a constant 

acceleration. Finally, the fourth family determines the flow 

retardation, when the pressure gradient is constant and is less 

than the threshold value. 

The solution, obtained in the current research, corresponds 

to the simple case of absence of pressure gradient (the constant 

internal pressure inside the flow of glacial ice, according to the 

hydrostatic pressure formula at z = const for the plane-parallel 

flow of glacial ice) for glacier’s slow or creeping spatial 

movement in two dimensions on absolutely flat surface 

without any inclination. It allows us to reduce the general 

formulation of the problem in a form (1)-(2) to the simplest 

form (3) which then can be successfully integrated by means 

of analytical methods via cross-differentiating of the 1-st and 

2-nd equation of (3) in regard to the coordinates {x, y}, taking 

into account continuity equation as well. As a result, we obtain 

the Laplace Eq. (4) (in regard to component of stress tensor sxy) 

and, thus, we come to conclusion that component of stress 

tensor sxy should be presented by the harmonic function in a 

form (5), depending on spatial coordinates {x, y}. Using (5), 

we obtain further the appropriate expressions (6)-(7) from the 

equations of motion (3) for the component of stress tensor sxx, 

which should satisfy all the aforementioned equations. So, we 

can obtain the proper analytical formulae (8)-(9) from (2) for 

the components of velocity field {vx, vy} (choosing those that 

satisfy continuity equation) with arbitrary functions g (y), h (x). 

Such arbitrary functions g (y), h (x) should satisfy both the 

parts of Eq. (10) (which also stems from presentation of the 

problem (2)) under the appropriate boundary conditions, 

whereas aforementioned Eq. (10) could obviously be solved 

by numerical methods only or by appropriate approximation 

technique e.g. by the series of Taylor expansions. We present 
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the schematical plot (Figure 1) imaging the solution for 

component of velocity field vx (for the case of special choice 

of the boundary conditions). 

Finalizing discussion, we should especially note that, as we 

can see from discussion above, system of equations (which 

governs by the dynamics of viscous-plastic flow of glacial ice) 

is hard to solve analytically even in case of slowly moving 

glacial ice flow on absolutely flat surface without any 

inclination. To the best of our knowledge, analytical solutions 

for the general case do not exist. So, any new theoretical 

method or approach for even the particular solving of the 

aforementioned system of equations would be useful on the 

level of practical applications. We guess that description with 

respect of the gained analytical results (presented here) is 

enough for specialists in hydrodynamics to gain a new insight 

regarding possible glacial ice’s flat movements without any 

inclination.  

The last but not least, let us consider further and below the 

2D case of creeping, nonstationary flow of glacial ice which 

stems from (1)-(2) (as for the basic equations for 3D gravity-

driven flow of glacial ice, see Appendix). 

Such essential simplification reduces convective terms in 

the left part of (1) to be approximately equals to zero due to 

presence there the negligible terms (for slowly moving glacial 

ice) with respect to the right part of momentum Eq. (1) (mainly, 

to the terms, associated with viscous forces). So, we obtain 

from (1)-(2): 
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where, we also have assumed τs  0 just for simplicity in the 

shared layer (so, glacial ice permanently moves as viscous 

flow of non-Newtonian fluid). 

We should note that 1st and 2nd equations of system (11) 

are known to have appropriate solutions as 1-dimensional heat 

equation [12] with respect to the chosen coordinate y (first 

equation) or x (second equation), which nevertheless should 

be ajusted to each other by additionally using of the 3rd, 

continuity equation. E.g., such the ajusting can be made by 

using the proper invariant below: 
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But since at this stage algorithm for further obtaining of 

exact solution has no chance to be presented in analytical or 

semi-analytical way, we should apply additional 

simplifications to equations of system (11): 

1) Stationary flow: in this case, by excluding pressure from 

two first equations via cross-differentiating with respect 

to coordinates {x, y}, we should obtain 
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2) Assuming that p (x, y) = const according to the 

hydrostatic pressure formula at z = const for the plane-

parallel flow of glacial ice: 
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Thus, we have pointed out two additional classes of exact 

solutions (12)-(13) of Eqns. (1)-(2) in their approximation (11) 

for creeping flow of glacial ice, which differ from solutions 

(10) for stationary approximation creeping flow of glacial ice 

with constant pressure field along the path of the plane-parallel 

flow of glacial ice. Videlicet, 1st class is also associated with 

stationary flow (but variable pressure field), the 2nd stems 

from assumption of constant pressure field along the path of 

the plane-parallel flow, but we have considered nonstationary 

case of glacial ice in this case. 

 

 

5. CONCLUSION  

 

As for the purpose of current research reported in this paper, 

we can formulate it as follows: the main aim is to find a kind 

of exact solution to the system of Eq. (3) under consideration. 
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Namely, each exact solution can clarify the structure, intrinsic 

code and topology of the variety of possible solutions (from 

mathematical point of view). 

As we can see from derivation presented above in Sections 

2-3, system of Eq. (1) that governs by the dynamics of viscous-

plastic flow of glacial ice is unlikely to be solved analytically 

in general case.  

Indeed, we have explored here the conditions for analytical 

solving the reduced version (3) of the aforementioned system 

(1) of equations for 2D plane-parallel stationary 

approximation of creeping flow of slowly moving glacial ice 

on absolutely flat surface without any inclination. Even in this 

simple case, we woud need the semi-analytical approximation 

for pointing out the appropriate expressions for functions g(y), 

h (x) in (8)-(10) (according to the boundary conditions).    

Let us list below the obvious assumptions (or 

simplifications) which have been used at the formulation or 

the solution of the problem: 

-the assumption of 2D stationary creeping approximation 

for the flow of glacial ice was used (it means that the inertial 

forces are preferably ignored in basic momentum equation (1)); 

-simple case of plane-parallel flow of slowly moving glacial 

ice on absolutely flat surface without any inclination, without 

local intermixing of glacial ice layers has been considered (it 

means pressure p (x, y) = const locally along the path of one 

layer of glacial ice); 

-the coefficient of glacial ice dynamic viscosity μ is 

supposed to be locally constant; 

- distances between various points inside the flows of glacial 

ice are supposed not to be elongated significantly (continuity 

equation was used); 

-the critical maximal level of stress τs  0 (is approximately 

zero) in the shared layer (so, glacial ice permanently moves as 

viscous flow of non-Newtonian fluid); 

-we consider only the Cauchy problem in the whole space 

(besides, flows of glacial ice is considered to be at rest at 

infinity). 

The last but not least, it is worth to note regarding we can 

see from the aforementioned list of simplifications that the real 

conditions for spatial dynamics of glacial ice (e.g., dynamics 

of arctic Glaciers) are definitely very far from the ideal 

formulation of what can be solved analytically based on the 

equations of motion for the glacier’s dynamics. As for 

developing the main idea, the suggested approach can be used 

in the future researches for analysis of the surging glaciers [7], 

not only in simple case of 2D stationary creeping 

approximation plane-parallel flow (сcompared with reference 

[7], the linear boundary value problem of the stress tensor field 

S = {sxx, sxy} in the glacier is considered in the current research). 

Indeed, predicting of regimes of chaotically forced oscillations 

inside the huge mass of Glaciers is very useful for problems of 

providing safety at mountain area. 

Also, remarkable works [13-21] should be cited, which 

concern the problem under consideration. 
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NOMENCLATURE 

v velocity of ice flow, m.s-1 

p internal pressure, Pa 

s component of stress tensor, Pa 

Greek symbols 

ρ the density of glacial ice, kg. m-3 

µ dynamic viscosity, kg. m-1.s-1 

τ critical level of stress, Pa 

Subscripts 

x, y, z components of ice flow velocity in the 

Ox, Oy, Oz-directions 

xx, yy, zz components of stress tensor 

s critical maximal level of stress in the 

shared layer of glacial ice 

APPENDIX 

Let us consider the generalization of Eqns. (1)-(2) for 3D 

gravity-driven flow of glacial ice (in absolute Cartesian 

coordinate system): 
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