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This paper develops a Bayesian analysis in the context of progressive first failure
censoring from the two-parameter Kumaraswamy distribution. The Bayesian and E-
Bayesian estimations based on progressive first failure censoring are derived for the
unknown parameters and some survival time parameters (reliability and hazard
functions). The estimates are obtained based on Al-Bayyati loss, general entropy loss
and LINEX loss functions. The properties of E-Bayesian estimation are given. The
Bayesian and E-Bayesian estimations are compared via a Monte Carlo simulation study.

Finally, a numerical example is established to clear the theoretical procedures.

1. INTRODUCTION

Nowadays, due to highly competitive market reliability of
products is of great interest. Hence life-testing and reliability
experiments are carried out before and during the products are
put on the market. In these life-tests, it is not always possible
to observe the failure times of all units subjected to the test due
to time limits and other restrictions, so censored sample
schemes are of great importance. The progressive type-Il right
censoring scheme is one of the most common censoring
schemes where the experimenters have experiences with
situations where the removal of units prior to failure is
preplanned. This scheme allows us to tackle analyzing
Kumaraswamy (KW) progressive data in medical studies,
reliability and survival where some of the experimental units
are removed during the experiment. For some applications on
XLPE-insulated cable  models under  combined
thermalelectrical stresses [1]. Recently, a considerable body of
literature has been devoted to the inference problems based on
progressive censored samples, as demonstrated in Refs. [2-8].
If the life distribution of the product tested is not known,
different methods were introduced to deal with testing product
data [9, 10] derived empirical Bayes estimators of reliability
performances using progressive type-I1 censoring from Lomax
model. In the last two decades, several authors have used the
different losses for Bayesian parameter estimation of some
distributions. Further details are explained in Ref. [11-13].

Among various censoring schemes, the progressively first-
failure censoring scheme arose as one of the most popular
censoring schemes during the last decade. Suppose that n
independent groups with k items within each group are put on
a life test. The sampling process of these censored samples is
described as follows. After the time of the first failure, R,
groups and the group is observed are randomly removed from

the test as soon as the first failure X F1R2-Fm) has oecurred,

1mmnk

R, groups and the group in which the second failure is
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observed are randomly removed from the test as soon as the
second failure occurred X FvR2zFm) and finally when the m-

2m:n,k
th failure xF1F2-Rm) s ohserved, the remaining groups Ry,

are removed from the test. Then x&vFz-fm) o ..

1m:mnk

X,(,ﬁ;ffl','(""?m) are called progressively first-failure censored

order statistics with the progressive censored scheme, where
n=m+Y% R;

Embracing the assumption that the lifetimes of the above
units have the Kumaraswamy distribution [14] with
probability density function (pdf) and cumulative distribution
function (cdf) respectively:

f(xX) =apfx*1(1—x%)~F1, 0<x<1,
1)
F(x) =1-(1—-x%5, 0<x<1,
where, « >0 and B >0 are positive shape parameters.
Therefore, the reliability and hazard functions at an arbitrary
time t for the KW distribution are given by:

a B t(l—l
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R(t) =(1—x%Fand H(t) = 0<t<l1.

This model was originally conceived to model hydrological
phenomena and has been effectively used for this and also for
other purposes. For a detailed discussion on the importance
and structural properties of KW distribution, one may refer to
[15-20]. Recently, a considerable body of literature has been
devoted to the inference problems based on KW distribution
[21-23].

The main aim of this paper is to consider the E-Bayesian
estimation (E-BE) problem based on progressive first failure
censored KW data. A number of authors [24-26] have

considered E-BE problems for some distributions using
different types of censoring data.
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The rest of this paper is organized as follows: Section 2,
contains some model details of the different loss functions
used in our paper. In Section 3, the Bayesian estimators (BES)
for the parameter, the reliability and hazard functions of the
KW distribution based on progressive first failure censored
order statistics are developed. In Section 4, the E-BEs of the
parameters, the reliability and hazard functions are derived,
and the properties of E-BE are also discussed. The sample-
based estimators using Bayesian approach under Al-Bayyati
loss, general entropy loss and LINEX loss functions are
developed. Intensive Monte Carlo simulation study is
performed to clear and compare among all estimation methods
in Section 5. Finally, we conclude the paper in Section 6.

2. LOSS FUNCTION

For most statisticians, the error loss functions play
important role used for obtaining the BEs and corresponding
risk functions. In this paper, we consider BEs under three
different losses: the Al-Bayyati loss (AL), the general entropy
loss and the asymmetric LINEX loss functions. Al-Bayyati
[27] introduced the AL function, and many other authors [28,
29] have used AL function different estimation problems. This
loss function is of the form:

Ls(B,B) = BU(F - B)" g ER.

By using the posterior (8|x), we have the following risk
function:

R*(B) =f0 BI(B - B)’ m(BIx) dB.

Under the AL function, the BE of the parameter is given by
solving the following equation dR*()/8f = 0. This in turn
implies that the BE of # is given by:

- E(ptt
G0} 3
E(Bx)
Calabria and Pulcini [30] proposed the general entropy loss
(GEL) function, which is one of the most popular asymmetric
loss functions. The BE for the parameter $ based on the GEL
function may be defined as:

-1/2

Bor = [E(B74IX)] 7,

provided that E(B~*|x) exists and is finite. For 1 = —2, the
GEL function is referred to as the precautionary loss function
which is an asymmetric loss function. For 2 = —1, the GEL
function is square error loss (SEL) function, while the
weighted SEL function obtained by setting 4 =1 and therefore,
almost symmetric. For A > 0, a positive error has a more
serious effect than a negative error and for 2 < 0, a negative
error has a more serious effect than a positive error.

Finally, Varian [31] introduced the most popular
asymmetric loss function which is the LINEX loss function.
The LINEX loss function has been used widely in the
literatures [32, 33]. The LINEX loss function for f can be
expressed from the assumption that the minimal loss occurs at

B =B as:

(4)
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L(9) x exp[cI]—cI —1, c+0, 9=F-5,

where, £ is an estimate of 4. The sign of the shape parameter
¢ represents the direction and its magnitude represents the
degree of symmetry. For c close to zero, the LINEX loss
function is approximately the almost symmetric (SEL
function). The posterior expectation E(L(9)) of the LINEX

function with respect to the posterior density of j is given by:

E(L(9)) o< exp[ch]Eg(expl—cB]) — ¢ (B — Eg ()
-1

Q)

Under the LINEX loss function, the BE f3,; of £ which
minimizes (5) is given by:

~ 1
B = = n[Eg(exp[—cpD)] ©)

provided that Egz(exp[—cf]) exists and is finite. For more

details on choosing the value of the constant ¢ see the Refs.
[30-34].

3. BAYES ESTIMATION

Here, we consider the estimation problem when the
observed failure data are progressive first failure censored.
The different BEs of the model parameter 5, R(t) and H(t)
are provided. If the failure times of the n X k items originally
in the test are from a continuous population, whose pdf and cdf
are given in (1), with the censoring scheme (CS) R =
(R, Ry, ...,Ry) , the likelihood function of a« and g is
accordingly given by:

L(a, BIX) o« a™p™ (1_[ fi_xq)

X exp [ﬁk Z(Ri + 1 In(1 - x{z)l,

(7)

where, X = (X1, X5, ., Xp) aNd 0 < x; < xy < -+ < xpy < 00,
Here, we use gamma distribution as informative prior. Under
the assumption that the shape parameter o is known and to
develop the estimate of 8, we consider prior of f has gamma
distribution (denoted as G (n,y)), because gamma distribution
is very flexible, with the following density:

yn

) B texp[—yp],

n(B) = n,y > 0. (8)

The Jeffreys prior (n = 0,y = 0) isaspecial case of G(n,y),
where the Jeffreys prior can be used if prior information about
p is scanty. The parameters y and  can be chosen such that
the experimenter’s prior beliefs of location and precision of
the true value of g are fulfilled, through E(B) = n/y and
Var(B) = n/y?. By combining (7) and (8), the posterior
density of 8 is obtained to be:

n(B|x) = n(B)L(a, BIX)
= ¢ (n,y) P exp[-B(y
- lpm,k)]'

©)



where,

rm+n) ]

¢(m.v) ZW’

m (10)
Yk = kZ(RL- +1)In(1 - x9).
i=1

Under the AL function, the BEs of 8 can be shown by using
Eqg. (3) to be,

B = ¢(n+q+1.y)=m+n+q
Al o+ q,v) Y — Ymx

(11)

Similarly, in making use of (2) and (9), the BEs for the
reliability function R(t) and H(t) based on AL function are
given respectively by:

g o (Y~ ¥me—aIn( -t i
AT\ —Ymx—(@+1D) InQ-tv))

q. - m+n+q\[at®?
AL y_lpm,k 1-—te ' J

The BE of g, under the GEL function is obtained using (4)
and the posterior density (9) as:

1
5 <¢>(?7 -4 1/))_Z

(12)

o oM, v) 13
_ (F(m +n- ,1))‘1“ 1 ()
B F(m+77) y_wm,k.

Under the GEL function, the BEs for the reliability and
hazard functions are given respectively by:

_ A In(1 — @)\ ™A
fox = (”W) '
mk (14)
q. - at® 1 ( rm+mn) )1/’1
E (= Ymp) A=t \F(m+1n—2)

It can be observed from the above equation that the BE s,
of the parameter $ under the SEL function is a special case
(A= -1). Using Eg. (6), the BE of g under the LINEX
function is given by:

F; __1 (Gy+o)
T o(,v)
_m+n

Cc
= In(1+——),
c ( V_wm,k>

where, ¢ # 0. Similarly, the BEs for the reliability and hazard
functions are given respectively by:

_ 1 [~ (=o)t
i=0

i In(1- t“)>_(m+")
Yy — l/)m,k ’

(15)

(16)

and

. m+n cat® !
Ay ="""Tm(1 . (17)

O =)A= %)

4. E-BAYESIAN ESTIMATION

The prior parameters n and y should be selected to
guarantee that () is a decreasing function of $, as presented
in Ref. [24]. The derivative of (B) with respect to S is:

dn(g) _ y"
dp T

B"2(n —yB — Dexp[-yB]. (18)

It is well known thatn > 0,y > 0 and 8 > 0, it follows
0<n<1,y>0duetodn(B)/dpB < 0and therefore ©(B)
is a decreasing function of . Assuming that n and y are
independent with bivariate density function n(n,y) =
1, (m)1,(y). Then, the E-BE of S (expectation of the BE of )
can be written as:

Be-p = f f Bs(m,y) m(n, y)dydn, (19)
D

where, D be the set of all the possible values of y and 7,
Bs(n,y) is the BE of g under AL, GEL and LINEX loss
functions E-BE based on three different distributions of the
hyper-parameters n and y is obtained in this subsection, to
investigate the influence of different prior distributions on the
E-BE of g. The following prior density functions, suggested
by Okasha and Wang [26], of n and y may be used:

i (n,y) = mﬂa_l(l -mP, (20)
2 —
m,(0,7) = %n“(l -l (2
2
mO) = pEy N @

where, 0 <1 < 1,1 <y < e and B(a, b) is the beta function.
For the prior density functions (20-22) and using Eqgns. (11)
and (19), the corresponding E-BEs of S based on AL function
are respectively:

3 1 fl fm+n+gq
B (e —1)B(a,b) 0oJ1 V— wm,k
xn* (1 —n)P~'dy dn

[{u1

1 a €~ Ymk (23)
_7(6_1)(m+q+a+b)ln 1_¢m1k),
~ 2 a
e = e (M ) (24)
x{1—6+(e l,bmk)ln(i i:k>},
- a
BAL3 2_q (m +q+ o+ b) (25)



€ — ¢m,k>}
Xie—1+ In| ————)¢.
{ wm,k <1 _ l;bm,k
Similarly, by using Eqgns. (13), (19), (20)-(22), the E-BEs of
B based on GEL function can be expressed respectively as:

6w €~ Pmu
Boe, = (e — 1)B(a,b) In (1 - wm,k)’ )
3. = 2G6()
6E2 = (¢ — DB(a. b)
(e — 1B(a,b) 27)

i)

_—_— 2G(1) €= Yk
Bors = e ¥ DB(@ b) {1 In <1 — zpm,k)}’ (28)
'm+n-24)

rm+n)

1pm,k
e—1

where,

G =J;

It is obvious that the exact form of the integration in (29)
will not be tractable and then its direct computation will not be
an easy task. Therefore, numerical integration methods can be
implemented to compute the E-BEs of S based on GEL
function.

1

pi-1(1 — )bt ( )_W dr. (29)

Lemma 4.1. For A<m+n and 0<n <1, we have
GA) > 0.

Proof. Since 1 and (r(mm_/l)

-1/1 ]
e ) are continuous on [0,1],

according to the extended case of mean value theorem for
definite integrals, there is at least one number n, between 0
and 1 such that:

[ om0

-1/1

_(Tm+n,—2) o N

= (“rontany ) Mfo" a9
_(Tm+n,—-2) -

() @0

Thus, the proof is completed.
In the same manner, using Egns. (15) and (19), the E-BEs
of §# based on LINEX loss function are respectively:

B ! jljem+”1<1+ < )

= n

Lh (e—l)B(a,b) 0o J1 4 V_lpm,k
x 0?11 —n)b~1dy dn

_ 1 a cte—Ynmpk
_c(e—1)(m+a+b){cm(1+c—¢m'k>
—(1—1pmk)1n<1+ < )
' 1_1pm,k
+(e—1pm,k)><1n<1+6 ; )}
—¥mk

(1)
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_— 1
Pu, = c(e —1)2

(m+ ¢ ){c(l—e)
a+b

+(1—2ePmp

- lrbrzn,k) In (1 + 1_;¢k>

+c(c+ 2¢ '

= 2Ymi) ln(
+ (e

_ lpm’k)z In (1 + T fpm,k>}'

(m + aL-I-b) {ce—1)

(32)
cte—Ypmy
1+c— 1l’m,k)

s 1
ﬂLIg - C(EZ _ 1)

C
—In{1+-——
( 1_¢m,k>

=)
€ — lpm,k

€ — l/)m,k

+ 1 In (1 V.
- (C - lpm,k)Z

1 cte—Ymi
n 1+C_¢m,k ’

4.1 Property of E-BE of g

+€? In (1 +
(33)

where, P = 1 — 1.

Here, we shall discuss property of the E-BE relations
between the EAL].(j = 1,2,3), as well as the relations between

EGE].(; = 1,2,3) and also relations among EL,j(j =1,2,3).

Theorem 4.2. Let e > 1 and let EAL].,EGE]. and EL,].,j =
1,2,3 be given by (23 — 28,31 — 33). Then
1. EAL3 < EALl < ﬁAin
2. EGE3 < EGEl < ﬁ(;EZ,
3. ELI3 < Eul < Euz-
Proof. See Appendix A.

Theorem 4.3. Let € > 1 and let ﬁALj,ﬁGEj and ﬁuj,j =
1,2,3 be given by (23 — 28,31 — 33). Then
1 wl_i)lem Bar, = wl_i)rflw Bar, = wl_i)leoo Bavy»
2, Ber, = S Bz, = o, o,
3. wl_i)rflm Bui, = IlJl—i’er Bu, = lpl_i)rflm Bui,-
Proof. See Appendix A.
4.2 E-BE for the reliability and hazard functions

Under the AL function, the E-BE of R(t) is obtained for the
prior density functions given by Eqns. (20)-(22) as:

RALl = J-f ﬁAL w1 (n,y)dydn
D

e—1 [ (Eq(y))_m 1Fi(a,a+b,—Ing()dy,



~ 2 € -m
Ry, = mfl (e—v) (fq()/))
X 1F1(a, a+b,—1In¢, (y))dy,
Rai,
Tz _ 1f 4 (fq(]’)) " Fi(a,a+b,—In&())dy,

where, 1 F; (a, b, z) is the Kummer confluent hypergeometric
function defined and available in MATHEMATICA and,

In(1 —t%)
Y = Ymi — q In(1 —t*)

fq(y) =1-

It is obvious that the form of above equations will not be
tractable and then its direct computation will be impossible.
Therefore, numerical computations must be used to compute
this parametric function. Using Eqns. (20)-(22), it follows that
the E-BE of H(t) based on AL function are given, respectively,
as:

HALl = ﬂ- HAL w1 (n,y)dydn
D

3 at® !
= ET D= (m tat—— b) (34)
€ — lpm,k
X In (—1 — 1/’m,k>'
q - 2a t ! a
= e mra = (Mt ) )
X{l—E-I—(E 1,bmk)ln< :l;)mk>}
. 2a t* ! a
s = na @ ™+ 75D )

€— lpm,k>}
Xie—1+ In| ————¢.
{ ¢m,k (1 _ lpm'k
Under the GEL function, and by using Eqgns. (20)-(22), the
E-BEs of R(t) and H(t) are given by:

Reg,
InT. 37
= m/4 1F1 (a,a‘i'b,#) dyl ( )
- 2 € /A
ot = 5z | €=NTmO)"
InT;(y)
X F;{a,a+b, n dy,
- 2 € m
R, = Tf Y(T()?
€ 1), (39)
InT,(y)
X Flaa+ b'T dy,
where,
o) 1+/11n(1—t“)
Y) = -
A Y — ¢m,k
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It does not seem possible to obtain the E-BEs in Eqns. (37)-
(39) in an explicit form and would of course require numerical
integration. Similarly, in making use of (2) and (9), the E-BEs
of H(t) based on GEL function are given respectively by:

 aeig € = Y
Hgg, = (e —1)(1 — t*)B(a, b) in (1 - lpm,k>’ 0
g 2 t* 716G (D)
62 7 (e —1)(1 — t*)B(a, b) (41)
y 1_€_¢m’k1n E—lpm,k
c—1 1=Yme/)
g 20 t*71G (1)
s ™ (e + 1)(1 — t*)B(a, b) (42)
x {1 y Pmie (E — wmk)}
e—1 1—Ymi ‘

where, G(4) is given by (29). Under the LINEX loss function,
and by using Eqgns. (20)-(22), the E-BEs of R(t) and H(t) are
given by:

B 1 1 re ad
i=

iln(1-— t"‘)>_(m+n)
Y — lpm,k
x m;(n,y)dydn,

(=¢)!
i!
(43)

j=123,

and,

Hgp,

B at*1G(a) (€= Yok
T (e—-1)A-t9B(ab) " (1 - wm,k>

(1) )
— (1= P,)]
( ””")“<(1—¢m,k)(1—ta>

‘@
+ (€= wmi)xIn ((e ) (1 ta)>}’

(44)

Huz
1 a ca
_c(e—l)z(m+a+b){

1—te
+ (1 —2ePpp — Vi) ln(

ca t® 1 <ca t*1

ta—l

(1-e)

¢(1) >
(1 - l/Jm,k)(l - ta)

45
e \To¢a T2€ 4

{(e)
_ zlpmyk)l <<(1)> +(e
{(e)

—Yn 21 :
Vi) In ((e ~Ymp) A — ta)>}
~ 1

- N a cate? )
s ™ c(e2 — 1) (m + b) 1-— €-D

cat®! (()




- (e - wm,k> B m( 7(1) )
1- lpm,k (1 - lpm,k)(l - ta)
. ()
tetin ((e = Ymp) (A — td))}'

where, {(€) = ca t* ' + (€ — P ) (1 — £%).

4.3 Property of E-BE of H(t)

Now, we shall discuss the property of the E-BE relations
between the ﬁALj(j =1,2,3), as well as relations among

HGE]. ( =1,2,3) and HL,]. (G =123).

Theorem 4.4, Let e > 1 and let HALj,HGE]. and HL,].,j =
1,2,3 be given by (34 — 36,40 — 42,44 — 46). Then,

1. Hy, <Hy, <Hyp,,
2. Hgp, < Hg, < Hgp,,
3. Hy, <Hy, <Hy,.
Proof. See Appendix B, for the proof.

Theorem 4.5. Let € > 1 and let HALJ.,HGE]. and ﬁL,j,j =
1,2,3 be given by (34 — 36, 40 — 42,44 — 46). Then
1. wl_l}zloo HAL1 = wl_])lz]oo HAL2 = wl_l)lzloo HAL3’
2. 1pl—l>rpoo HGEl = 1pl—1>rpoo HGEZ = 1pl_l>r£100 ﬁGE3,
3. -Ll}l_l}zloo HL11 = lpl_l}zloo HLIZ = 1p1_1>r£100 HL13'
Proof. By using the same lines as in theorem 4.3, it is easy
to get the stated result.

5. NUMERICAL COMPUTATIONS

In this section, we conduct a Monte Carlo (MC) simulation
study to illustrate our previous theoretical results and we
consider a simulated data set and another real data set. All the
computations are conducted using Mathematica software.

5.1 Simulation study

In this section, we conduct a comprehensive simulation
study to illustrate the inferential procedures for estimating the
model parameters and some survival time parameters of the
removed units in the progressively first failure censored KW
data. Here, a MC simulation is used for a comparison between
the performances of the E-BEs and the BEs for different CSs.
The following steps describe our methodology:

1. For given values of the hyper-parameters (a,b),
generate n and y from the beta and uniform priors,
respectively.

2. Based on that generated values of (n,y) in step 1, we
generate S from G(n,y) given by (8).

3. For given values the generated value of g, with
a (known) = 0.5,0.7 , the algorithm of Balakrishnan and
Aggarwala [4] has been used to generate the progressive first-
failure samples under the censoring schemes described in
Table 1. See also [35].

4.  Thedifferent BEs and E-BEs of 8, R(t) and H(t) are
computed through Section 4.

5. The above steps are repeated 10,000 times to evaluate
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the mean square error (MSE) for each method, the MSE of
9 = (B,R(t), H(t)) is given by:

10000

~ 1 - =\2
MSE(8) = o555 > (§:-5) .j =123,
L

1

where, 9, = 8,9, = R(t),9; = H(t) and,
10000
= 1 3
7710000 i
i=1

The results are displayed in Tables 4-9, for different choices
of k.

Table 1. CSs

Scheme  (n,m) CS
R1 (50,35) 1111111,1,1,1,1,1,1,1,20*0)
R2 (50,35) (10*0,1,1,1,2,1,1,1,11,1,1,1,1,1,1,10*%0)
Rs (50,35) (20*0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2)
Ra (25,15) (10,14*0)
Rs (25,15) (7*0,10,7*0)
Re (25,15) (14*0,10)

5.2 Data analysis (Tensile strength)

Here in this section, we discuss the analyses of the censored
data produced from practical experiments with KW fitting
distribution. Table 2, the data on the measurements on the
tensile strength of polyester fibers to see if they were
consistent with the lognormal distribution, was given by
Quesenberry and Hales [36]. We first check whether the
Kumaraswamy model is appropriate for this data set by using
the Kaplan-Meier [37] estimator (KME) and Kolmogorov-
Smirnov (KS) distance. Based on the data set in Table 2, the
maximum likelihood estimator of S with a(known)=0.5, 0.7 is
obtained to be S =0.9672 To test the null
hypothesis H,: F(x) = KW distribution vs. H;:F(x) #
KW distribution.

Table 2. Measurements on the tensile strength of polyester
fibers

Real Data Set
0.054 0.069
0.148 0.169
0.311 0.361
0.481 0.519
0.752 0.823

0.023
0.105
0.255
0.432
0.642

0.032
0.127
0.277
0.463
0.674

0.081
0.188
0.376
0.529
0.887

0.094
0.216
0.395
0.567
0.926

We reject H, (and accept H,) at a significance level of 7 =
0.05 if p —value < 7. Table 3 gives the Anderson—Darling
(AD), Cramer-von Mises (CvonM), KS distance, Mardia
skewness (MS), Pearson y?2 and Watson U? statistics and the
corresponding p —values. The P — P plot of KME versus
fitted survival function as well as empirical and fitted survival
functions are presented in Figures 1 and 2. Table 3 and Figures
1 and 2 indicate clearly that the KW distribution fits the data
set well.

Now, we assume that the measurements on the tensile
strength of polyester fibers are randomly grouped into 15
groups with k=2 carbon fibers within each group. The tensile
strength of polyester fibers of the groups are:



{0.023,0.032}, {0.054,0.069}, {0.081,0.094}, {0.105,0.127},

{0.148,0.169}, {0.188,0.216},{0.255,0.277},{0.311,0.361},

{0.376,0.395}, {0.432,0.463},{0.481,0.519}, {0.529,0.567},
{0.642,0.674},{0.752,0.823},{0.887,0.926}.

censoring plan is applied using progressive censoring scheme:
R =(1,1,1,1,1,0,0,0,0,0) . The progressively first-failure-
censored sample of size (m = 10) out of 15 groups was taken
as follows: 0.023, 0.081, 0.148, 0.255, 0.376, 0.481, 0.529,
0.642, 0.752, 0.887. The estimates of the parameter S, R(t)
Suppose that the pre-determined progressively first-failure and H (t) with t=0.5 are obtained in Table 10.

Table 3. The statistics and the corresponding p—values of the real data sets

AD  CvonM KS MS  Pearson y> Watson U?
Statistic  0.6080 0.0839 0.1164 1.4929 5.2000 0.0735
p —value 0.1118 0.1842 0.3741 0.2218 0.3920 0.2228
Table 4. MSEs of the estimates of # when k=2
BE E-BE
AL GEL LI AL GEL LI
CS  a  Par q(=2,-1) M=2,-1) o(=2,-1) Par. q(=2,-1) M=2,-1) o(=2,-1)
R, 03 f  (0.002350.00268) (0.00291,0.00290) (0.00289,0.00297) 3,  (0.00234,0.00261) (0.00282,0.00283)  (0.00272,0.00283)
B,  (0.00235,0.00263) (0.00288,0.00287)  (0.00277,0.00287)
B (0.00233,0.00260) (0.00279,0.00280)  (0.11259,0.10754)
0.7 f  (0.01343,0.01456) (0.01559,0.01535)  (0.01679,0.01621) B,  (0.01342,0.01419) (0.01465,0.01466) (0.01528,0.01510)
B, (0.01346,0.01438)  (0.01526,0.01511)  (0.01593,0.01559)
B> (0.01342,0.01411) (0.01436,0.01445) (0.59743,0.55273)
R, 03 [  (0.00266,0.00236) (0.00314,0.00255) (0.00313,0.00262) 3, (0.00265,0.00231) (0.00305,0.00249)  (0.00296,0.00249)
B,  (0.00266,0.00233) (0.00311,0.00253)  (0.00302,0.00253)
Bs  (0.00265,0.00230)  (0.00302,0.00247)  (0.11018,0.10538)
0.7 f  (0.01341,0.01343) (0.01527,0.01446) (0.01645,0.01538) 3,  (0.01346,0.01294)  (0.01438,0.01370)  (0.01501,0.01414)
B,  (0.01348,0.01317)  (0.01496,0.01419)  (0.01563,0.01468)
B> (0.01347,0.01284)  (0.01411,0.01347) (0.58867,0.56988)
R, 03 f  (0.00263,0.00259) (0.00307,0.00281) (0.00306,0.00288) 3,  (0.00262,0.00253) (0.00298,0.00274)  (0.00290,0.00274)
B,  (0.00263,0.00255) (0.00304,0.00278)  (0.00295,0.00278)
Bs  (0.00262,0.00252) (0.00296,0.00272)  (0.10913,0.10704)
07 B  (0.01460,0.01360) (0.01592,0.01423) (0.01710,0.01499) B,  (0.01474,0.01334) (0.01509,0.01363) (0.01578,0.01401)
B,  (0.01474,0.01348)  (0.01564,0.01402)  (0.01636,0.01444)
B (0.01477,0.01328) (0.01484,0.01345)  (0.57251,0.54197)
R, 03 f  (0.006350.00756) (0.00917,0.00913) (0.00933,0.00976) B,  (0.00628,0.00700) (0.00859,0.00858)  (0.00826,0.00867)
B,  (0.00635,0.00720)  (0.00897,0.00894)  (0.00862,0.00903)
B> (0.00626,0.00690)  (0.00840,0.00840)  (0.14295,0.14312)
07 B  (0.03407,0.02840) (0.04069,0.03196) (0.04962,0.03654) B,  (0.03509,0.02720) (0.03590,0.02870)  (0.04110,0.03087)
B,  (0.03497,0.02783)  (0.03906,0.03083)  (0.04500,0.03336)
Bs  (0.03525,0.02698)  (0.03445,0.02775)  (0.69177,0.61575)
Ry 03 f  (0.00598,0.00617) (0.00889,0.00752) (0.00899,0.00803) 3,  (0.00592,0.00575) (0.00833,0.00707) (0.00792,0.00711)
B,  (0.00598,0.00590) (0.00870,0.00736)  (0.00827,0.00740)
B (0.00590,0.00568)  (0.00814,0.00692) (0.14415,0.13617)
07 B (0.02992,0.02896) (0.03370,0.03207)  (0.04012,0.03648) B,  (0.03185,0.02796)  (0.02997,0.02896)  (0.03352,0.03110)
B, (0.03128,0.02853)  (0.03241,0.03099)  (0.03641,0.03348)
Bs  (0.03222,0.02778)  (0.02887,0.02806)  (0.65028,0.60192)
R¢ 03 [  (0.00639,0.00599) (0.00984,0.00721) (0.01000,0.00769) 3,  (0.00624,0.00562) (0.00920,0.00679)  (0.00879,0.00683)
B,  (0.00633,0.00575)  (0.00963,0.00707)  (0.00919,0.00711)
B (0.00620,0.00555)  (0.00899,0.00665) (0.15141,0.13238)
0.7 f  (0.02788,0.02926) (0.03315,0.03291)  (0.03978,0.03761) B,  (0.02960,0.02797)  (0.02920,0.02957)  (0.03271,0.03181)
B,  (0.02908,0.02865) (0.03179,0.03176)  (0.03578,0.03437)
B.  (0.02994,0.02773)  (0.02802,0.02860)  (0.67157,0.61846)
B, is the E-BE of 8 based on m;(1,y),i = 1,2,3.
Table 5. MSEs of the estimates of g when k=5
BE E-BE
AL GEL LI AL GEL LI
CS  a _ Par q(=2,-1) M=2,-1) c(=2,-1) Par. q(=2,-1) M=2,-1) c(=2,-1)
R, 03 f  (0.00267,0.00235) (0.00312,0.00254) (0.00311,0.00261) 3,  (0.00267,0.00229)  (0.00303,0.00248)  (0.00295,0.00248)
B,  (0.00268,0.00231) (0.00309,0.00252)  (0.00300,0.00252)
B> (0.00267,0.00228)  (0.00300,0.00246)  (0.10922,0.10568)
0.7 f  (0.01464,0.01338) (0.01653,0.01397) (0.01779,0.01470) B,  (0.01466,0.01316) (0.01560,0.01339)  (0.01630,0.01376)
B, (0.01470,0.01328) (0.01621,0.01377)  (0.01695,0.01418)
Bs  (0.01465,0.01311)  (0.01531,0.01322)  (0.58953,0.53873)
R, 03 [  (0.00264,0.00254) (0.00323,0.00279) (0.00321,0.00287) 3,  (0.00261,0.00247) (0.00313,0.00272) (0.00303,0.00272)
B>  (0.00263,0.00249) (0.00319,0.00277)  (0.00309,0.00276)
B> (0.00261,0.00245)  (0.00310,0.00270)  (0.11353,0.10964)
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07 §  (0.01371,0.01368) (0.01494,0.01450) (0.01602,0.01534) B,  (0.01390,0.01331) (0.01416,0.01381) (0.01477,0.01424)
B, (0.01387,0.01350) (0.01467,0.01426) (0.01531,0.01472)
B (0.01394,0.01323) (0.01392,0.01361) (0.56977,0.55469)
R; 03 [ (0.00244,0.00278) (0.00292,0.00306) (0.00290,0.00315) 3,  (0.00243,0.00269) (0.00283,0.00298)  (0.00274,0.00298)
B,  (0.00244,0.00272)  (0.00289,0.00303)  (0.00279,0.00303)
Bs  (0.00242,0.00267)  (0.00280,0.00295)  (0.11042,0.11180)
07 B  (0.01418,0.01365) (0.01541,0.01447) (0.01651,0.01530) B,  (0.01436,0.01329) (0.01462,0.01379) (0.01525,0.01420)
B,  (0.01433,0.01347) (0.01514,0.01423) (0.01580,0.01468)
B (0.01439,0.01322)  (0.01438,0.01359)  (0.56989,0.55466)
R, 03 [  (0.00629,0.00655) (0.00951,0.00788) (0.00963,0.00842) 3,  (0.00617,0.00612) (0.00889,0.00741)  (0.00849,0.00748)
B,  (0.00624,0.00628)  (0.00930,0.00772)  (0.00886,0.00779)
B (0.00614,0.00605)  (0.00870,0.00726)  (0.14830,0.13559)
07 B  (0.03094,0.03001) (0.03698,0.03398) (0.04489,0.03892) B,  (0.03228,0.02848)  (0.03256,0.03044)  (0.03701,0.03280)
B,  (0.03197,0.02927)  (0.03546,0.03275)  (0.04054,0.03551)
B (0.03252,0.02820)  (0.03123,0.02940)  (0.68310,0.62811)
Rs 03 f  (0.00572,0.00653) (0.00803,0.00791) (0.00812,0.00845) B,  (0.00574,0.00608) (0.00753,0.00744)  (0.00720,0.00749)
B,  (0.00577,0.00625) (0.00787,0.00775)  (0.00750,0.00780)
B (0.00573,0.00601) (0.00737,0.00728) (0.13622,0.13717)
07 B  (0.03130,0.02983) (0.03640,0.03391) (0.04363,0.03889) B,  (0.03287,0.02827) (0.03227,0.03034)  (0.03631,0.03271)
B,  (0.03246,0.02906)  (0.03498,0.03268)  (0.03955,0.03544)
Bs  (0.03317,0.02797)  (0.03104,0.02929)  (0.66926,0.63142)
R¢ 03 [ (0.00664,0.00643) (0.01025,0.00777) (0.01042,0.00829) B,  (0.00645,0.00601) (0.00958,0.00732) (0.00917,0.00737)
B,  (0.00655,0.00616)  (0.01003,0.00762)  (0.00958,0.00766)
B;  (0.00641,0.00594)  (0.00936,0.00718)  (0.15363,0.13604)
07 B  (0.029950.03123) (0.03710,0.03509)  (0.04500,0.04011) B,  (0.03115,0.02970)  (0.03254,0.03151)  (0.03686,0.03396)
B, (0.03088,0.03051) (0.03554,0.03385)  (0.04047,0.03671)
B,  (0.03137,0.02939)  (0.03117,0.03046)  (0.69855,0.62440)
B, is the E-BE of 8 based on m;(1,y),i = 1,2,3.
Table 6. MSEs of the estimates of R(t) when t=0.5 and k=2
BE E-BE
AL GEL LI AL GEL LI

CS «a Par. gq(=2,-1) M=2,-1) c(=2,-1) Par. 9(=2,-1) AM=2,-1) c(=2,-1)
R, 03 R (0.00202,0.00199) (0.00174,0.00189) (0.00173,0.00187) R,  (0.00191,0.00192) (0.00167,0.00184) (0.12072,0.12012)
R, (0.00194,0.00194) (0.00169,0.00186)  (0.12098,0.12038)
R;  (0.00190,0.00191) (0.00167,0.00183) (0.26973,0.26926)
0.7 R (0.00422,0.00382) (0.00343,0.00362)  (0.00349,0.00363) R,  (0.00395,0.00372) (0.00344,0.00363) (0.04358,0.04308)
R,  (0.00407,0.00377) (0.00344,0.00364) (0.04408,0.04357)
R;  (0.00389,0.00369) (0.00334,0.00363) (0.09927,0.09887)
R, 03 R (0.00219,0.00179) (0.00192,0.00170) (0.00192,0.00168) R,  (0.00209,0.00172)  (0.00187,0.00165) (0.11991,0.11994)
R, (0.00212,0.00174) (0.00189,0.00167) (0.12017,0.12019)
R,  (0.00207,0.00171) (0.00186,0.00164) (0.26910,0.26915)
07 R (0.00408,.00360) (0.00335,0.00334) (0.00342,0.00334) R,  (0.00382,0.00345) (0.00338,0.00331) (0.04329,0.04386)
R, (0.00393,0.00352) (0.00338,0.00333) (0.04379,0.04437)
R,  (0.00377,0.00342) (0.00339,0.00330)  (0.09906,0.09950)
R, 03 R (0.00214,0.00196) (0.00189,0.00186) (0.00189,0.00184) R,  (0.00205,0.00188) (0.00184,0.00181) (0.11972,0.12009)
R, (0.00208,0.00191) (0.00186,0.00183) (0.11998,0.12035)
R,  (0.00203,0.00187) (0.00183,0.00180)  (0.26896,0.26925)
0.7 R  (0.00416,0.00367) (0.00359,0.00350) (0.00365,0.00351) R,  (0.00395,0.00358) (0.00365,0.00352) (0.04258,0.04285)
R, (0.00404,0.00363) (0.00364,0.00352) (0.04307,0.04334)
R;  (0.00391,0.00356) (0.00366,0.00352)  (0.09850,0.09872)
R, 03 R (0.00598,0.00576) (0.00441,0.00511) (0.00441,0.00497) R, (0.00541,0.00527) (0.00415,0.00474) (0.12020,0.12156)
R,  (0.00560,0.00544) (0.00424,0.00487) (0.12082,0.12220)
R;  (0.00532,0.00519) (0.00410,0.00468) (0.26890,0.26985)
0.7 R  (0.01018,0.00784) (0.00748,0.00693) (0.00774,0.00698) R,  (0.00913,0.00734) (0.00788,0.00701)  (0.03956,0.04088)
R,  (0.00962,0.00759) (0.00777,0.00702)  (0.04062,0.04197)
R;  (0.00891,0.00725) (0.00795,0.00703) (0.09546,0.09656)
Rs 03 R (0.00596,0.00499) (0.00436,0.00441) (0.00436,0.00428) R,  (0.00537,0.00454)  (0.00408,0.00408) (0.12079,0.12143)
R,  (0.00556,0.00469) (0.00418,0.00419) (0.12142,0.12206)
R,  (0.00528,0.00447)  (0.00403,0.00403) (0.26935,0.26984)
07 R (0.00965,0.00790) (0.00712,0.00709) (0.00735,0.00716) R,  (0.00862,0.00748) (0.00756,0.00724)  (0.03927,0.04036)
R, (0.00909,0.00769) (0.00743,0.00722)  (0.04032,0.04144)
R,  (0.00841,0.00740) (0.00764,0.00727)  (0.09529,0.09615)
R¢ 03 R (0.00638,0.00475) (0.00460,0.00421) (0.00460,0.00409) R,  (0.00573,0.00434) (0.00428,0.00391) (0.12162,0.12080)
R, (0.00594,0.00448)  (0.00439,0.00402) (0.12226,0.12142)
R,  (0.00562,0.00427)  (0.00422,0.00386)  (0.26994,0.26939)
0.7 R  (0.00952,0.00804) (0.00659,0.00712) (0.00682,0.00717) R,  (0.00835,0.00754) (0.00693,0.00720)  (0.04007,0.04084)
R, (0.00888,0.00778) (0.00683,0.00721) (0.04115,0.04193)
R, (0.00812,0.00744)  (0.00700,0.00722)  (0.09597,0.09651)

R, is the E-BE of R(t) based on m;(3,¥),i = 1,2,3.
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Table 7. MSEs of the estimates of R(t) when t=0.5 and k=5

BE E-BE

AL GEL LI AL GEL LI

CS a Par. q(=2,-1) M=2,-1) c(=2,-1) Par. q(=2,-1) M=2,-1) c(=2,-1)
R, 03 R (0.00216,0.00178)  (0.00190,0.00189)  (0.00190,0.00167) R,  (0.00206,0.00171) (0.00186,0.00164) (0.11969,0.12002)
R,  (0.00209,0.00174) (0.00187,0.00166) (0.11995,0.12028)
R,  (0.00205,0.00170) (0.00185,0.00164)  (0.26894,0.26921)
07 R (0.00434,0.00362)  (0.00363,0.00346)  (0.00370,0.00347) R,  (0.00409,0.00354) (0.00366,0.00348)  (0.04313,0.04277)
R,  (0.00420,0.00358) (0.00366,0.00348)  (0.04363,0.04326)
R,  (0.00404,0.00352) (0.00367,0.00349)  (0.09890,0.09866)
R, 03 R  (0.00222,0.00196) (0.00192,0.00185)  (0.00192,0.00183) R,  (0.00211,0.00187) (0.00186,0.00179) (0.12064,0.12074)
R,  (0.00214,0.00190) (0.00188,0.00181) (0.12090,0.12100)
R,  (0.00209,0.00186) (0.00185,0.00178)  (0.26965,0.26973)
07 R (0.00403,0.00361)  (0.00345,0.00340)  (0.00351,0.00341) R,  (0.00382,0.00350) (0.00352,0.00340)  (0.04264,0.04328)
R,  (0.00391,0.00355) (0.00350,0.00341) (0.04314,0.04378)
R,  (0.00377,0.00348) (0.00353,0.00340)  (0.09856,0.09905)
R, 03 R (0.00202,0.00209) (0.00176,0.00198)  (0.00175,0.00195) R,  (0.00192,0.00200) (0.00170,0.00190)  (0.12018,0.12100)
R,  (0.00195,0.00203) (0.00172,0.00193) (0.12044,0.12126)
R,  (0.00191,0.00199) (0.00170,0.00189)  (0.26932,0.26991)
07 R  (0.00415,0.00372)  (0.00358,0.00351)  (0.00364,0.00352) R,  (0.00394,0.00361) (0.00364,0.00350)  (0.04258,0.04330)
R,  (0.00404,0.00366) (0.00363,0.00352) (0.04307,0.04380)
R,  (0.00390,0.00358) (0.00366,0.00350)  (0.09850,0.09906)
R, 03 R  (0.00626,0.00507)  (0.00456,0.00449)  (0.00455,0.00437) R,  (0.00564,0.00464) (0.00425,0.00418) (0.12120,0.12093)
R,  (0.00585,0.00478) (0.00436,0.00429) (0.12183,0.12156)
R,  (0.00554,0.00457) (0.00420,0.00413) (0.26963,0.26945)
07 R (0.00980,0.00809)  (0.00697,0.00712)  (0.00722,0.00717) R,  (0.00868,0.00756) (0.00734,0.00719)  (0.03985,0.04102)
R,  (0.00919,0.00782) (0.00724,0.00720)  (0.04092,0.04211)
R,  (0.00846,0.00746) (0.00742,0.00720)  (0.09575,0.09664)
Ry 03 R (0.00542,0.00516)  (0.00401,0.00456)  (0.00401,0.00444) R,  (0.00490,0.00471) (0.00379,0.00424) (0.11966,0.12129)
R,  (0.00507,0.00486) (0.00387,0.00435) (0.12028,0.12193)
R,  (0.00481,0.00464) (0.00375,0.00418)  (0.26854,0.26972)
0.7 R (0.01001,0.00814)  (0.00731,0.00714)  (0.00757,0.00719) R,  (0.00894,0.00759) (0.00772,0.00718)  (0.03950,0.04116)
R,  (0.00943,0.00786) (0.00760,0.00721)  (0.04056,0.04226)
R,  (0.00872,0.00748) (0.00780,0.00719)  (0.09544,0.09675)
R, 03 R  (0.00663,0.00520) (0.00479,0.00462)  (0.00479,0.00449) R,  (0.00596,0.00476) (0.00445,0.00429) (0.12177,0.12116)
R,  (0.00618,0.00490) (0.00457,0.00440) (0.12241,0.12179)
R,  (0.00585,0.00468) (0.00440,0.00424) (0.27003,0.26961)
07 R (0.00997,0.00837)  (0.00683,0.00746)  (0.00709,0.00752) R,  (0.00876,0.00789) (0.00713,0.00755) (0.04038,0.04074)
R,  (0.00931,0.00813) (0.00705,0.00756)  (0.04147,0.04183)
R,  (0.00851,0.00779) (0.00719,0.00757)  (0.09617,0.09639)

R; is the E-BE of R(t) based on m;(n,v),i = 1,2,3.
Table 8. MSEs of the estimates of H(t) when t=0.5 and k=2
BE E-BE
AL GEL LI AL GEL LI

CS «a Par. gq(=2,-1) M=2,-1) c(=2,-1) Par. 9(=2,-1) AM=2,-1) c(=2,-1)
R, 03 H (0.01372,0.01561) (0.01696,0.01689) (0.01849,0.01803) H, (0.01362,0.01521) (0.52371,0.52371) (0.01726,0.01708)
A, (0.01368,0.01536) (0.52541,0.52541) (0.01762,0.01738)
A, (0.01359,0.01514) (0.52371,0.52371) (0.01708,0.01694)
0.7 H (0.07826,0.08489) (0.09084,0.08948) (0.12244,0.10325) H, (0.07824,0.08269) (2.85140,2.85139) (0.10899,0.09476)
H, (0.07847,0.08383) (2.86049,2.86050) (0.11473,0.09847)
H, (0.07823,0.08222) (2.85142,2.85141) (0.10627,0.09302)
R, 03 H (0.01551,0.01377) (0.01827,0.01487) (0.01981,0.01587) H, (0.01546,0.01346) (0.52372,0.52371) (0.01865,0.01502)
H, (0.01552,0.01357) (0.52540,0.52541) (0.01901,0.01528)
H, (0.01544,0.01340) (0.52372,0.52371) (0.01848,0.01490)
0.7 H (0.07814,0.07825) (0.08901,0.08425) (0.11954,0.09900) H, (0.07847,0.07541) (2.85142,2.85134) (0.10662,0.08971)
H, (0.07858,0.07675) (2.86048,2.86055) (0.11215,0.09369)
H, (0.07852,0.07485) (2.85143,2.85136) (0.10399,0.08785)
R, 03 H (0.01532,0.01512) (0.01787,0.01635) (0.019350.01745) H, (0.01530,0.01474) (0.52372,0.52371) (0.01824,0.01653)
H, (0.01534,0.01488) (0.52540,0.52541) (0.01858,0.01682)
H, (0.01528,0.01468) (0.52372,0.52371) (0.01807,0.01639)
07 H (0.08510,0.07925) (0.09282,0.08294) (0.12225,0.09521) A,  (0.08594,0.07774) (2.85146,2.85141) (0.11010,0.08760)
H, (0.08589,0.07856) (2.86043,2.86049) (0.11538,0.09090)
H, (0.08606,0.07743) (2.85148,2.85142) (0.10759,0.08606)
R, 03 H (0.03700,0.04404) (0.05344,0.05321) (0.06710,0.06281) H, (0.03662,0.04080) (0.52010,0.51993) (0.05870,0.05543)
H, (0.03699,0.04199) (0.52907,0.52924)  (0.06153,0.05793)
H, (0.03647,0.04023) (0.52012,0.51995) (0.05733,0.05422)
0.7 H (0.19860,0.16550) (0.23716,0.18626) (0.49995,0.26632) H,  (0.20453,0.15851) (2.83301,2.83213) (0.39505,0.21726)
H, (0.20379,0.16221) (2.87932,2.88022) (0.44476,0.23886)
H, (0.20544,0.15726) (2.83319,2.83232) (0.37181,0.20737)
Rs 03 H (0.034850.03597) (0.05182,0.04381) (0.06451,0.05160) H,  (0.03452,0.03354) (0.52008,0.51994)  (0.05627,0.04536)
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H, (0.03483,0.03440) (0.52910,0.52923)  (0.05896,0.04737)
H, (0.03439,0.03313) (0.52009,0.51996)  (0.05497,0.04439)
0.7 H (0.17440,0.16877) (0.19640,0.18690) (0.38614,0.26448) H, (0.18566,0.16298) (2.83314,2.83230)  (0.30659,0.21728)
H, (0.18232,0.16628) (2.87918,2.88004) (0.34214,0.23822)
H, (0.18781,0.16191) (2.83332,2.83249)  (0.29004,0.20770)
R¢ 03 H  (0.03727,0.03490) (0.05737,0.04202) (0.07231,0.04943) H, (0.03638,0.03274) (0.52003,0.51997)  (0.06297,0.04355)
H, (0.03688,0.03353) (0.52914,0.52920)  (0.06609,0.04546)
H, (0.03616,0.03237) (0.52005,0.51999)  (0.06145,0.04263)
0.7 H  (0.16247,0.17055) (0.19322,0.19184) (0.39170,0.27380) H, (0.17251,0.16302) (2.83287,2.83214) (0.30790,0.22375)
H, (0.16951,0.16699) (2.87946,2.88021)  (0.34522,0.24587)
H, (0.17449,0.16162) (2.83305,2.83233)  (0.29050,0.21361)
H; is the E-BE of H(t) based on m;(1,y),i = 1,2,3.
Table 9. MSEs of the estimates of H(t) when t=0.5 and k=5
BE E-BE
AL GEL LI AL GEL LI
CS a  Par q(=2,-1) M=2,-1) o(=2,-1) Par. q(=2,-1) M=2,-1) c(-2,-1)
R, 03 H (0.01559,0.01368) (0.01816,0.01480) (0.01968,0.01581) H,  (0.01556,0.01336) (0.52372,0.52371) (0.01855,0.01496)
H, (0.01561,0.01348) (0.52540,0.52541) (0.01890,0.01522)
H; (0.01554,0.01330) (0.52372,0.52371) (0.01838,0.01483)
0.7 H  (0.08531,0.07801) (0.09634,0.08143) (0.12825,0.09330) H, (0.08543,0.07669) (2.85143,2.85141) (0.11498,0.08592)
H, (0.08566,0.07743) (2.86047,2.86048) (0.12073,0.08912)
H; (0.08541,0.07642) (2.85144,2.85143)  (0.11226,0.08445)
R, 03 H (0.01538,0.01483) (0.01881,0.01628) (0.02047,0.01746) H, (0.01523,0.01438) (0.52371,0.52370)  (0.01918,0.01645)
H, (0.01531,0.01453) (0.52541,0.52542) (0.01958,0.01675)
H, (0.01519,0.01430) (0.52371,0.52370)  (0.01899,0.01630)
0.7 H (0.07991,0.07975) (0.08710,0.08450) (0.11476,0.09809) H, (0.08104,0.07758) (2.85146,2.85138) (0.10312,0.08963)
H, (0.08083,0.07868) (2.86044,2.86052) (0.10812,0.09329)
H, (0.08124,0.07713) (2.85147,2.85139)  (0.10075,0.08792)
R, 03 H (0.01420,0.01621) (0.01700,0.01784) (0.01849,0.01916) H, (0.01415,0.01567) (0.52372,0.52370)  (0.01734,0.01804)
H, (0.01420,0.01586) (0.52540,0.52542) (0.01769,0.01839)
H; (0.01413,0.01558) (0.52372,0.52370) (0.01717,0.01787)
0.7 H  (0.08263,0.07958) (0.08984,0.08432) (0.11783,0.09767) H, (0.08370,0.07747) (2.85146,2.85138) (0.10611,0.08931)
H, (0.08353,0.07852) (2.86043,2.86052) (0.11116,0.09291)
H, (0.08389,0.07705) (2.85148,2.85139) (0.10372,0.08763)
R, 03 H (0.03663,0.03820) (0.05540,0.04594) (0.06928,0.05411) H, (0.03598,0.03568) (0.52005,0.51996) (0.06044,0.04773)
H, (0.03640,0.03662) (0.52912,0.52921)  (0.06336,0.04985)
H,  (0.03580,0.03524)  (0.52007,0.51998)  (0.05902,0.04671)
0.7 H (0.18033,0.17488) (0.21551,0.19803) (0.45138,0.28404) H, (0.18811,0.20453) (2.83293,2.83207) (0.35517,0.23166)
H, (0.18635,0.20379) (2.87940,2.88028)  (0.39981,0.25490)
H, (0.18951,0.20544) (2.83311,2.83226)  (0.33433,0.22099)
Ry 03 H (0.03331,0.03806) (0.04683,0.04609) (0.05807,0.05432) H, (0.03348,0.03546) (0.52013,0.51995) (0.05078,0.04784)
H, (0.03365,0.03640) (0.52904,0.52923)  (0.05315,0.04997)
H, (0.03341,0.03502) (0.52015,0.51996)  (0.04964,0.04681)
0.7 H (0.18242,0.17387) (0.21215,0.19763) (0.42357,0.28426) H, (0.19160,0.16475) (2.83305,2.83202) (0.33632,0.23143)
H, (0.18920,0.16939) (2.87927,2.88033) (0.37586,0.25483)
H, (0.19330,0.16304) (2.83323,2.83222)  (0.31785,0.22067)
R¢ 03 H  (0.03867,0.03750) (0.05976,0.04532) (0.07534,0.05314) H, (0.03762,0.03506) (0.52002,0.51995) (0.06567,0.04689)
H, (0.03817,0.03593) (0.52915,0.52922)  (0.06892,0.04891)
H, (0.03737,0.03465) (0.52004,0.51997)  (0.06409,0.04592)
0.7 H  (0.17456,0.18205) (0.21625,0.20451)  (0.45069,0.29220) H, (0.18153,0.17308) (2.83275,2.83217) (0.35416,0.23929)
H, (0.17996,0.17782) (2.87959,2.88018)  (0.39832,0.26302)
H, (0.18285,0.17131)  (2.83293,2.83236)  (0.33351,0.22838)
H, is the E-BE of H(t) based on 7;(n,v),i = 1,2,3.
Table 10. Estimates of 8, R(t) and H(t) when t=0.5 and k=2
BE E-BE
AL GEL LI AL GEL LI
CS a Par. q(=2,-1) M=2,-1) c(=2,-1) Par. q(=2.-1) M=2,-1)
03 §  (0.00027,0.00029)  (0.00444,0.00253)  (0.00391,0.00317) B (0.00085,0.00001)  (0.00369,0.00200)  (0.00231,0.00177)
s (0.00069,0.00005)  (0.00418,0.00235)  (0.00270,0.00211)
Bs (0.00094,0.00000)  (0.00345,0.00183)  (0.15377,0.14475)
07 B (0.17340,0.14673)  (0.11115,0.12228)  (0.11387,0.11814) B, (0.18419,0.15709)  (0.11510,0.12625)  (0.12388,0.12807)
B, (0.18166,0.15447)  (0.11244,0.12358)  (0.12112,0.12536)
Bs (0.18546,0.15841)  (0.11645,0.12759)  (0.00006,0.00038)
03 R (0.00355,0.00224)  (0.00093,0.00128)  (0.00083,0.00105) R, (0.00227,0.00129)  (0.00039,0.00062)  (0.12599,0.12720)
R, (0.00260,0.00152)  (0.00051,0.00077)  (0.12699,0.12822)
R, (0.00212,0.00118)  (0.00034,0.00055)  (0.27358,0.27446)
0.7 R (0.04366,0.04892)  (0.05665,0.05413)  (0.05742,0.05577) R (0.04877,0.05411)  (0.06190,0.05936)  (0.00747,0.00777)
R, (0.04733,0.05268)  (0.06051,0.05795)  (0.00772,0.00802)
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R, (0.04951,0.05483)  (0.06260,0.06007)  (0.06479,0.06522)
03 H (10.00157,0.00167) (\0.02586,0.01475) (\0.03917,0.02480) A, (0.00496,0.00008)  (0.51416,0.51368)  (0.02567,0.01491)
a, (0.00400,0.00028)  (0.53517,0.53567)  (0.02917,0.01736)
a, (0.00548,0.00002)  (0.51422,0.51374)  (0.02400,0.01375)
07 H (1.010650.85519)  (0.64780,0.71271)  (0.58947,0.65321) 7 (1.07354,0.91559)  (2.83160,2.83048)  (0.64878,0.71166)
a, (1.05876,0.90030)  (2.88063,2.88178)  (0.63187,0.69546)
A, (1.08096,0.92328)  (2.83174,2.83061)  (0.65732,0.71983)

KME of Survival Function
The Survival Function
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P-P plot of KME versus fitted model survival
function for real data set
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Figure 2. Empirical and fitted survival function of real data
set

6. CONCLUSIONS

In this article, we have tackled the BEs and E-BEs problems,
for the KW model based on progressive first failure censoring,
from a Bayesian viewpoint. The Bayesian inference, using AL,
GEL and LINEX loss functions, is obtained based on the
conjugate prior distribution. Also, comparisons are made
between the different estimators based on a simulation study.
Also, the details have been explained using a real-life example.
It is observed that the E-BEs based on progressive first failure
censoring have smaller MSEs than the corresponding BEs.
From the numerical results presented in Tables 4-9, we may
report the following observations:

1. Itis clearly observed that when k increases, then MSEs of
all the estimators increase, as expected, in all cases for all
the tables.

2. It is clear from Tables 4-9 that the E-BEs under AL and
GEL functions perform well when compared to the BEs
under the same loss functions. Further, under the LINEX
loss function, the E-BEs perform well when compared to
the BEs based on m;(n,y),i = 1,2, while BEs gives better
values through the MSE based on 5(7, y).
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3. It is checked that the performances in general of BEs and
E-BEs of g, R(t) and H(t) under the AL function do well
when compared to the GEL and LINEX loss functions in
terms of MSE.

4. One can also observe that the MSEs decrease as «
decreases.

5. We can see that the MSEs are sensitive with the variation
of a.

6. From Tables 4-9, for fixed @ and CS, we can conclude that
MSEs based on AL and GEL functions of all estimations
9, = (B, R, H;),i = 1,2,3, are relatively not sensitive to
m(n,y), in all cases considered. we also can see that the
MSEs based on LINEX loss function are sensitive with the
variation of ©(n,y).

7. It is clearly observed that MSEs of all estimations are
relatively not sensitive to the censoring schemes.
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NOMENCLATURE

AD Anderson-Darling

AL Al-Bayyati loss

BE Bayesian estimator

cdf Cumulative distribution function
CS Censoring scheme

CvonM  Cramer-von Mises

E-BE Expected BE

GEL General entropy loss

KME Kaplan-Meier estimator

KS Kolmogorov—Smirnov
KW Kumaraswamy

LINEX  Linear—exponential

MC Monte Carlo

MS Mardia skewness

MSE Mean square error

pdf Probability density function
SEL Squared error loss
APPENDIX
Appendix A

Proof of Theorem 4.2
(1)  Toshow that Bay, < Bas, < Bas, We can write:

Bar, — Bar, = f f BaL (7T1 m,y) —m3 (77:)’)) dydn
0 J1

1 a
=o—(m+a+ e (47)
— 2¢€
+(1+€e—2¢p)In (%)} = Bar, = Par,-

Since € >1 and Y, <0, we have (m+q +aaj)/
(e2 —1) > 0. Now, let,

£.(6) =226+ (1+€—2¢Pp,)In <M)
1- ll}m,k
Then,

1+€e—2¢py

£1(6) = -2+
! €— ¢m,k

€ — l»bm,k
+In (1 — lpm,k>,
£ =(€-1D/(e—Yni)*>0,£1) =£1)=0 ;

£,(e) and £i(e) are increasing functions. So, we have
£,(e) > 0. Thus, we have By, < Bar, < Bar,-

(2)  Toshow that Bgg, < Ber, < Bcr,. We can write:
G(1)

(e? —1)B(a,b)

-1, ~
= ;—1 (ﬁGEz - BGE1)'

EGEl - EGE3 = {2-2e+(1+e

(48)
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From Lemma 4.1, we have G(2)/((e?> — 1)B(a, b)) > 0.
Now, let,

£,(6) =2 —2e+ (1+€—2tp,)In (i:—img (49)
=£,(e) > 0. '

Since (¢ —1)/(e +1) > 0 and by using Egns. (48) and
(49), we have Bgg, < Bge, < Bg,-

(3)  To show that B, < B, < BLs,. first we prove that
Bui, < B, is as follows:
- _ 1 a
ﬁul - 31413 = c(ez—1) (m + o b)

X {(e+c—Ymi) (1 +c—Pmu)

€+c— l/Jm,k _ _ (50)
X In <m> C(E 1)
(e = i) (1 = Ymse) In (%)}

Since e > 1 and ¢ > 0, we have (m+ q +$)/c(ez -
1) > 0. Now, let,

£3(6) =(e+c—Pmp)(1+¢
— )ln<7€+c_¢m'k)
mk

1 + Cc — lrbm,k
— (e = Ymi)(1 (51)
€ — lpm,k
— wm.k) In (m) - C(E
—1).
Then
£5(e) = (1 +c— l,bmk) In (w)
’ 1+c—Ymi (52)
- (1 - l/)mk) IH<M>.
’ 1- l/)m,k
and
£’3'(6) — 1+C—¢m,k_1_1/)m,k >0 (53)

E+C_l/)m,k E_ll)m,k '

£5(1) =£5(1) =0 ; £3(e) and £5(e) are increasing
functions. This implies that £5(¢) > 0. Thus, one can show
that B, < By,. Similarly, we can show that ;;, < f3,;,. This
completes the proof.

Proof of Theorem 4.3

(1,2) Since lim (1+¢€ = 24, In (%) —2(e—1),
we find from (47) that: '

wlirpw EALl - EAL3 - zpl_iEloo EALz - EALl =0 (54)



and from (48),
wl_i}Pm EGEl - EGE3 = wl_i}Pm EGEZ - EGEl =0. (55)
Next, it can be easily checked that

wl_i}Pm .BALl = wl_i)@m BALZ = wl_i}}lw .BAL3 )

and
wl_i)@m BGE1 = wl_i)@m BGEZ = wl_i}Poo BGE3 .
(3) Since,

wl—i*er {(e +c— z,bm,k)(l +c
_ wmlk) In (M) —(e

1 + Cc — 'll)m‘k 56
- lpm,k)(l ( )
€ — lpm,k
gm0 )|
=2(e—1),

We find from (50) that,
wl_i)lem B’u:L - ELI3 = wlirPoo ELIZ - Bul =0.
It can be easily checked that the above equation implies:
wl_i}Poo Bu, = wl_i)leoo Bui, = wl_i}Poo Buis -
Hence, the theorem is proved.

Appendix B

Proof of Theorem 4.4

(1) From (23)—(25) and (34)—(36), notice that for 0 < t < 1,
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HALl 1—t@ ALq»
. at®
AL, 1—¢ta BALZ , (57)
_ atel _
HAL3 1— ¢t ﬁAL3-}
Hence it follows that
HALl _ HALZ _ ﬁAL3 (58)

EALl B EALZ B EALg .
According to part (1) of Theorem 4.2 and Eq. (58), the stated
result follows.

(2) It can be obtained along the same line as in part (1), the
details are avoided.
(3) To show that A, < Ay, < Hy,, first we prove that

H,,, < H,, is as follows:

—~ o 1 a
Hy, —Hyy = Z=D (m + m) £4(€), (59)
where,
ca t®?! ca tt
£4(6)={<1—t“ +€_¢m,k>(1_ta +1
{(e)
- llfm,k) X In (@)
— (6= ¥mi)(1 (60)

Using the same line as in part (3) of Theorem 4.2, details
are avoided, it is easy to obtain £,(¢) > 0. Thus, it can show
that Hy;, < Hy,, . Similarly, we can show that Ay, < H, .
This completes the proof.





