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At the outset, this work aims to carried out an analytical investigation of forced
convection by establishing a laminar flow into circular duct under convective boundary
conditions of the third type for non-Newtonian nanofluid, the fluid containing TiO2
uniformly dispersed in aqueous solution with 0.5wt% of CMC solutions
(Carboxymethyl Cellulose) is used as working fluid. The viscous dissipation effects are
taken into account, the employed methodology is based on a combination of the Ritz
variational approach with the Laplace transformation technique, so the power-law fluids
flow model is used to describe the non-Newtonian fluid behavior. The effect of
dimensionless parameters such as Biot (Bi), Brinkman (Br), Peclet (Pe) numbers,
power-law index (n), and nanoparticles concentration (¢) on the temperature
distribution contours and on the examined local Nusselt number. Our results have been
compared with those found in the literature in particular the cases of base fluids (¢=0)

with and without viscous dissipation effects.

1. INTRODUCTION

The importance of convective heat transfer in conduits and
their industrial uses, including cooling or heating of various
technical equipment used in industry, for example electronic
devices, renewable heat recovery energies, heat exchangers
used in different systems. Many of analytical, numerical and
empirical studies have been conducted.

Today, the potential for energy demand is increasing and to
improve the performance and the efficiency of thermal devices,
several solutions have been considered. Among the solutions
proposed to improve the heat transfer rate, either by increasing
the heat exchange surface by adding internal or external fins
[1,2], or the use of corrugated tubes [3] and elliptical tubes [4].
However, the fluids used in the heat transfer fields such as
water, ethylene glycol, and motor oil have weak thermal
conductivity compared to solid materials. The addition of solid
nanoparticles (Al,O3;, CuO, TiO,, Cu, etc.) to a base fluid
improves considerably the thermal conductivity of the
resulting fluid called the nanofluid [5]. During the last decade,
many experimental and numerical studies have been carried
out.

Numerous studies have shown a significant improvement in
the thermal efficiency of the mixing [6-11]. An experimental
study has been performed by Lee et al. [12], they showed that
nanofluids with small quantity of nanoparticles have thermal
conductivity higher than the same fluid without nanoparticles.
They found that an improvement of 20% in the thermal
conductivity of the copper oxide/ethylene glycol nanofluid is
observed for the case of the volume fraction (0.04%). Heris et
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al. [13] have carried out an experimental investigation to study
the influence of the addition of copper oxide and alumina
nanofluids on the laminar heat flow in circular duct under
constant wall temperature, with water considered as a base
fluid. Heris et al. [14] concluded that the increase in thermal
conductivity is not the only factor which improve the
nanofluids heat transfer, moreover other parameters such as
the nanoparticles dispersion and the Brownian motion etc...,
can affect the heat transfer improvement.

In several works, nanoparticles are added to a Newtonian
base fluid, and the resulting fluid behaves as Newtonian fluid.
In other works, base fluids with Newtonian and non-
Newtonian behaviors have been used [15-18]. Santra et al. [15],
in their numerical study, they have used a nanofluid composed
of copper nanoparticles dispersed in the water for a large range
of Reynolds number (5-1500) with different values of volume
fraction (0.00<p<0.050). It has been shown that for the case
of non-Newtonian nanofluids, the wall shear stress increases
clearly with the increase of the volume fraction for low
Reynolds numbers.

Hojjat et al. [16, 17] have studied experimentally the forced
convection heat transfer of non-Newtonian nanofluid
composed of an aqueous solution of 0.5wt% of CMC solutions
(Carboxymethyl Cellulose) and nanoparticles of v-AlLOs3,
CuO and TiOs. Their obtained results showed that the average
and local heat transfer coefficients of nanofluids are higher
than those of the base fluids. In addition, the length of the
thermal establishment flow of nanofluids is greater than that
of the base fluids, where it increases with the increase of the
nanoparticles concentration. An experimental study shows
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that the rheological behavior of the nanofluids described above
at different volume concentrations of nanoparticles exhibits
pseudo plastic behavior (thinning by shearing) [18]. Yang et
al. [19] have compared experimentally the thermal properties
such as conductivity and viscosity of nanofluid composed of
distilled water and copper nanoparticles, with another
nanofluid composed of aqueous solution of cetyl trimethyl
ammonium chloride/sodium-salicylate (viscoelastic fluid)
under the same operating conditions. Their results showed that
the nanofluid has a higher thermal conductivity than that
composed of water and copper nanoparticles, and that its
thermal conductivity increases with the increase of the volume
fraction of the nanoparticles. Bahiraei et al. [20] have studied
numerically the flow and heat transfer of non-Newtonian
nanofluids composed of CuO nanoparticles dispersed in the
0.5wt% aqueous solution of CMC (Carboxy Methyl Cellulose)
with volume fraction of 0<(<0,04%. The nanofluid flows
between two parallel plates constituting a microchannel with a
constant temperature imposed on the wall. The results
indicated that with the baffles, the increase of Reynolds
number and of volume fraction of nanoparticles enhance the
thermal behavior of the non-Newtonian nanofluid. However,
in some cases, the shear thickening behavior is observed when
the nanoparticles increase. Tahiri and Mansouri [21, 22] have
studied analytically the convective heat transfer using non-
Newtonian nanofluid within circular duct, taking into
consideration the effect of viscous dissipation. It’s
demonstrated that the non-Newtonian nanofluids show a better
efficiency in term of heat transfer compared to the Newtonian
nanofluids. Recently, Ragueb and Mansouri [23] have
investigated numerically the laminar non-Newtonian
nanofluid flows within elliptical ducts under convective
boundary conditions at the wall (third kind), without effect of
viscous dissipation. The obtained results showed an
improvement in the heat transfer coefficient when rising the
volume fractions and decreasing the form factor.

In the most studies mentioned above, heat transfer problems
of the nanofluids are solved numerically or investigated
experimentally. In this work, the analytical solution for non-
Newtonian nanofluid composed of TiO, nanoparticles
dispersed in 0.5wt % CMC solutions, flowing within circular
duct and under third kind boundary conditions is investigated
analytically by considering the effect of viscous dissipation.
The asymptotic values of Nusselt number for the first and
second kind boundary conditions are estimated in particular

cases when Biot number tends to infinity and zero respectively.

2. MATHEMATICAL MODEL

A
r Y

NG = 8‘[

Figure 1. Description of the physical domain

Laminar flow of non-Newtonian nanofluid (TiO»/0.5wt%

CMC) within circular duct is investigated analytically,
assuming that it’s dynamically steady, fully developed and
thermally evolving (Figure (1)). The axial thermal conduction
is simply assumed to be negligible. The rheological behavior
of the current non-Newtonian fluids can be defined by the
power-law model.

2.1 Governing equations

The energy equation in cylindrical coordinates is written by:
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The boundary conditions can be expressed as:
T(x=0,r)=T, (2)
oT (x,r=0
(—) =0 (3)
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Cotta and Ozisik [24] give the velocity profile u(r) and
stress tensor 7. for a fully developed laminar flow in a circular
duct as follows:
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where, the average velocity of flow, the power-law index and
the consistency factor are u.,, n and m, respectively.
Remember that for Newtonian fluid #=1, when n is in the
range 0< n< 1, the fluid is said to be pseudo-plastic (or shear
thinning) and when »n>1, the fluid is said to be dilatant (or shear
thickening). By substituting Eqns. (5) and (6) into Eq. (1), we
obtain:
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Let us define the dimensionless quantities in the form:
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The system Eq. (1) to Eq. (4) will be rewritten in the
following dimensionless equations:
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2.2 Method of solution
The governing Eq. (8) and the condition (9) are non-

homogeneous. Hence, the resolution of the system (Eqns. (8)
to (11)) can be formulated as follows by linear superposition:

o(x",r)=6,(x"r")+0,(r") (12)

where, the function ¢, represents the temperature distribution

within the thermally developing zone. This function can be
expressed in the fully developed zone as following:

lim 9(x+,r+):49w(r+) (13)

X" —0

and
6,(x",r)=0 (14)

Substituting Eq. (13) into Eq. (8) offers the ordinary
differential equation of 6,,(r*)as:
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with respect to 7, this system may be integrated twice, and the
solution obtained is:
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The next step is the calculation of the temperature
distribution 8, (x*, ™) in the entrance region:
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By applying Laplace transformation of the dimensionless
temperature, we obtain:

B(s.r) =] ex(-s)a 0, 23)

The Laplace transforms properties for Eqns. (19) to (22)
yield:
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The previous problem can be readily solved by Ritz method,
and the following expression gives the corresponding
variational form:
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The first step of this analytical approach is to choose a
preliminary solution which must satisfy the boundary
conditions. The solution is approximated by series of function

Wit
_ N
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where, the i function v, (o) is given by:
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The confluent hypergeometric function M (a, b, 0.7 is
defined as:
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Using the iterative Newton’s method, the eigenvalues (o)
are the roots of the transcendental Eq. (30):
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Including these trial solutions y; (ow") into the expression
(27) and implies that:
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The algebraic equations for the system can be expressed as:

a,,C, (s)+...+a,,Cy (s)=b
(32)
ay,C, (8)+...+ayCy (s) =by
and in matrix form as:
[4][C]=[B] (33)

where, the symmetric square matrix [A4] can be written as:
[A]=[A]+s[D]

The matrix elements (ai*j) and (dij) and are given,
respectively:
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To calculate the values of integrals in Eqns. (35), (36) and
(37), we use the numerical Simpson’s method.
The vector [B] is given by:

M(a, b, O’]-T’+2) exp (—
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Introducing Eq. (34) into Eq. (33), we find the coefficients
Ci(s):

jr*dr* (38)

(39)

where, f and /; are respectively the elements of the vector
[4][D]'and the eigenvalues of the matrix [4"][D]’".
The dimensionless temperature can be written in Laplace
domain as follows:
r+2
—0;
.

the inverse transform of Eq. (40) can be written as:
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Finally, the general solution of our problem can be
expressed:
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The wall temperature is given by:
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The local Nusselt number can be calculated from its
definition by:
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Using the initial few terms (N=10); fi;, o; and A; are
determined and tabulated for three values of Biot number,
Bi=2, 20 and 200 (see Tables 1, 2 and 3). Then, it is possible
to directly calculate the temperatures and Nusselt number.

Table 1. Roots of transcendental Eq. (14) o;, eigenvalues A
and elements S, for Bi=2

Bi =2
i g Ai b
1 1.64125 3.119833 1.201287
2 5.478309 22.70115 -0.2929295
3 9.435964 76.53324 0.1466777
4 13.41524 152.5915 -9.3045861E-02
5 17.40259 415.2598 6.6288665E-02
6 21.39392 3933.820 -5.0595514E-02
7 25.38755 157098.3 4,0419348E-02
8 29.38263 157098.3 -3.3354796E-02
9 33.37869  1.0060228E+08 2.8199114E-02
10 37.37546  6.9776988E+09 -2.4294296E-02

Table 2. Roots of transcendental Eq. (14) o;, eigenvalues A
and elements £, for Bi=20

Bi =20

i oi. Ai B

1 2.516666 24.26892 1.436791
2 6.364460 86.76949 -0.7173886
3 10.27052 86.76949 0.4871294
4 14.20003 155.4756 -0.3694929
5 18.14348 843.8500 0.2971093
6 22.09643 87250.81 -0.2478110
7 26.05635 87250.81 0.2119939
8 30.02160 5940566 -0.1847850
9 33.99105  1.1995293E+09 0.1634044
10 37.96392  3.8409449E+10 -0.1461825

2.3 Physical properties of the non Newtonian nanofluid

This study adopts a single-phase approach supposing that
the nanoparticles are uniformly dispersed into the base fluid.
According to the mixing theory, the effective physical
properties of nanofluids can be calculated using some
formulations of density, nanofluid viscosity and specific heat
capacity [21, 23]:

P =(1=0) P +op, (46)

(e, =(-0)ec, ), +o(pc,), @7)

where, ¢ is the volume fraction of nanoparticles and (pcp)nf

is the specific heat capacity of nanofluid.
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Table 3. Roots of transcendental Eq. (14) o;, eigenvalues /i
and elements £, for Bi=200

Bi =200

i o Ai Yo/

1 2.684267 7.018836 1.472802
2 6.643208 43.18540 -0.7978859
3 10.62493 114.7704 0.5790848
4  14.61161 220.6732 -0.4654360
5  18.60044 306.2844 0.3941488
6 22.59053 8565.360 -0.3445711
7 26.58146 438140.6 0.3077402
8  30.57303 7893790 -0.2791214
9 3456509 7.8881824E+08 0.2561094
10  38.55756  2.9010784E+10 -0.2371551

3. RESULTS AND DISCUSSIONS
3.1 Validation of the analytical solution

In order to validate the developed analytical solution, the
obtained results are first compared against those stated by
Shah and London [25] for Newtonian fluid without effect of
viscous dissipation (Br=0) and ¢= 0. The comparison of the
local Nusselt number from the canal inlet to the fully
developed region is given in Table 4. As can be seen, the
obtained results agree well with the above-mentioned

reference. Moreover, according to the condition at the duct

-
wall (220

+ §3i9 = 0), when Biot number is equal to
zero, the particular insulated wall is obtained, and the wall
subjected to constant temperature is achieved if Biot number
tends to infinity. Consequently, as indicated in Table 1, the
asymptotic Nusselt number approaches the known value
corresponding to the constant heat flux (Nu, =4.36) for low
values of Biot number. However, for higher values of Biot
number the Nusselt infinite value tends to the value related to
a constant wall temperature (Nux=3.66).

Table 5 shows the similarity between the results obtained
for the Nusselt infinite values (Nu.) for non-Newtonian fluids
taking into consideration the viscous dissipation effect and
those obtained through the Barletta [26] correlation Eq. (48).
The comparison reveals a specific agreement between the
current process and the Eq. (48), reaffirming the robustness of
the current theoritical solution. Other works treated this case
(Br#0), such as [27-30] for circular ducts, and in rectangular
or parallel plates subjected to constant temperature at the wall
[31, 32]. The rheological behavior of nanofluids and heat
transfer have been investigated [33, 34].

~ 2(3n+1)(5n+1)

- n(4n+1) (48)

3.2 The nanofluid (TiO2/CMC 0.5%wt)

The base fluid used in this work is a CMC solution of 0.5
wt% in water. The analytical solution for TiO, concentrations
ranges from 0.5 to 4%. The mixture TiO/CMC employed
behaves as non-Newtonian fluid (pseudo-plastic).

In our calculations, the parameters of the power-law model
(m, n) obtained experimentally by Hojjat et al. [16, 17] for
TiO/CMC-water, and the effective thermal conductivity at
various concentrations ¢, was used (see Table 6 and 7).



Table 4. Local Nusselt number values at different axial points for Newtonian fluid (Br=0 and ¢=0)

. Bi=2 Bi=20 Bi=200
Present study Shah etal. [25] Presentstudy Shahetal. [25] Present study Shah et al. [25]
0.0001 24.228 26.684 20.655 25.176 17.4952 22.936
0.0002 14.073 21.190 11.320 19.884 11.237 18.001
0.0005 12.694 15.556 10.444 14.350 10.590 13.084
0.001 11.397 12.297 9.484 11.227 10.120 10.300
0.002 9.820 9.745 8.354 8.804 7.901 8.145
0.005 7.708 7.249 6.532 6.471 6.058 6.061
0.01 6.342 5.899 5.106 5.236 4.958 4.954
0.02 5.311 4,945 4.120 4.388 4.210 4.196
0.05 4.432 4.263 3.771 3.838 3.728 3.722
0.1 4.166 4.133 3.762 3.763 3.670 3.666
0.2 4.125 4.124 3.762 3.763 3.668 3.666
0.5 4.125 - 3.762 -- 3.668 -
1 4.125 -- 3.762 -- 3.668 --

Table 5. Fully developed Nusselt number for various fluids and Biot number (Br#0 and ¢=0)

Bi =10° Bi=100 Bi =5
n  Presentstudy Barlettaetal. [26] Presentstudy Barlettaetal. [26] Present study Barletta et al. [26]
3 8.205 8.205 8.205 8.205 8.205 8.205
2 8.556 8.555 8.556 8.555 8.556 8.555
15 8.905 8.904 8.905 8.904 8.905 8.904
1 9.59 9.600 9.59 9.600 9.59 9.600
0.5 11.62 11.66 11.62 11.66 11.62 11.66
1/3 13.64 13.71 13.64 13.714 13.64 13.71

Table 6. Power-law parameters and thermal conductivity of
the worked nanofluid [16, 17]

(%) m n Knf
0 0.145 0.542 0.600
1 0.190 0.526 0.603
3 0.240 0.502 0.641
4 0.365 0.485 0.740

Table 7. Fluid and nanoparticles thermophysical properties

[35]
Propriéé& pkg/m®)  Cp(i/kgK)  k(W/m.K)
water 998.2 4185 0.602
CMC 1002 4500 0.6
Titanium oxide (TiOz) 4250 686.2 8.9538

3.3 Effect of Biot number on distribution of bulk and wall
temperatures

Figure 2 depicts the distributions of temperatures for three
values of Biot number (Bi=0.5, 5 and 50), and different
Brinkman numbers at ¢ =0% (n=0.542). It can be observed
that the difference between the wall and the bulk temperature
is very small everywhere along the duct for a low Biot number
(Bi=0.5), especially at the entrance region for all Brinkman
number values (see Figure 2 (a)). In fact, when Bi tends to zero,
the duct wall is nearly insulated and there is negligible thermal
energy transferred to the ambient medium. For higher Biot
number values (Bi=50), a noticeable difference between
temperatures is underlined at the entrance region where the
effects of Br number are negligible (Figure 2(c)). However,
the dimensionless bulk and wall temperature in the thermally
developed region tend to have an asymptotic value depending
on the cooling or heating condition. The results reported
display an obvious dependency of the asymptotic wall
temperature on Br number. In addition, the wall and bulk
temperature can be observed to decrease speedily along the
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duct as Biot number increases due to the growth in the external
heat transfer. For other values of volume concentration ¢, the
same behavior of the wall and bulk temperature distribution is
observed. At a same value of Brinkman number, the
asymptotic values of wall and bulk temperature increase when
Biot number decreases, which can be explained by the low
thermal energy transferred to external medium.

3.4 Brinkman number effect on temperature distributions

Figure 2(a) shows the effects of viscous dissipation. In the
cooling case (Br> () and for a low value of Biot number
(Bi=0.5), it is observed that the temperature of fluid becomes
greater than the temperature in the inlet duct 7., which can be
explained firstly by the heat produced by the viscous
dissipation effect stored in fluid, and secondly, by the weak
heat exchange with the external environment. In addition, the
asymptotic values of bulk and wall temperature decrease when
Br decreases. In the heating case (Br<0), knowing that the
fluid temperature at the duct inlet is lower than the external
temperature 7.<7w, and due to the energy produced by viscous
dissipation, and the thermal exchange with the external
medium is weak, the mean and wall temperatures become
higher than the temperature 7., and take negative values. Also,
the asymptotic values decrease as Brinkman number decreases.
Figures 2(b) and 2(c) show the cases of Bi=5 and 50, where
the heat transferred with the external medium is improved. The
nanofluid temperature exceeds the external temperature in the
heating case (Br <0) and the opposite appears in the cooling
case (Br>0).

3.5 Effect of volume concentration on bulk temperature
distributions

Figure 3 shows the progression of the bulk temperature (6,,)
along the duct at different nanoparticles concentrations with
Biot number equal to 0.5. Two cases are considered, the



cooling case corresponding to Br =1 (Figure 3(a)) and the
heating case related to Br=-1(Figure 3(b)). In the first case, due
to the heat accumulated in fluid and low heat exchanged with
the ambient, the average temperature is greater than the
external temperature. As seen, when the volume concentration
increases, the asymptotic value of the average temperature
decreases, which can be explained by the increase of heat
transfer due to the addition of nanoparticles. In the heating

case, the bulk temperature is less than the external temperature.

The asymptotic value increases when the volume
concentration increases (Figure 3(b)). Remember that the
mixture TiO,-CMC behaves as a shear thinning non-
Newtonian nanofluid (n <1) and the consistency factor, m
(equivalent to a viscosity for a Newtonian fluid) increases with
nanoparticles loading (see Table 6). Moreover, the velocity
field is influenced by the behaviour index variation and has a
significant gradient in the proximity of the wall, thus
enhancing heat transfer rate between the wall and the fluid. In
Figure 4, the bulk temperature, 6., for Bi =5 is lower than the
temperature of external medium related to the enhancement of
heat transfer from the wall. Furthermore, the asymptotic value
decreases when the concentration increases in the cooling case
(Figure 4(a), Br =1), and the opposite occurs in the heating
case (Figure 4(b), Br=-1). The same behavior is noted for Bi
=50 and 500 (see Figures 5 and 6). To illustrate the influence
of Biot number at the fixed concentration, Figure 7
demonstrates the variation of the average temperature for
@=1%, Br=1 and -1. As it can be seen, when Bi increases the
asymptotic value decreases in the cooling case (Br>0) and
increases in the heating case (Br<0). This can be explained by
the growing heat transfer from the wall when Biot increases.
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3.6 Effect of Biot, Brinkman numbers on the evolution of
local Nu(x)

Figure 8 illustrates the evolution of Nusselt number along
the duct for different Brinkman and Biot numbers. As it can be
seen, a singular point in heating cases (Br< 0) is observed in
the developing zone, where Nusselt local changes from - to
+oo, This singular point corresponds exactly to the position
where the bulk and wall temperature intersected (see Figures
2). At a fixed Biot number, this point position shifts closer to
x"=0 when Brinkman number decreases. For a fixed Brinkman
number Br=-1, the position of a single point is shifting closer
to the entrance region when Biot number decreases due to the



low heat transfer across the duct wall. For low value of Biot
number (Bi =0.5), the axial evolution of Nusselt number shows
a peak for Br =0.5 and Br =1. This highest point is developed
to create a single point where Nusselt number tends to infinity
because the heat generated by viscose dissipation is more
significant. Nu increases when the volume concentration
increases (see Figure 9). In fact, asymptotic value of Nusselt
number increases from 11.34 to 14.54 when ¢ increases from
0 to 4% (see Figure 10). Utilizing non-linear regression

60

technique, an approximated formula for the asymptotic
Nusselt number with respect to the concentration of TiO; in
CMC 0.5%wt non-Newtonian base fluid is obtained (R-
squared value 0.91) as:

Nuw= 1134 +42.66 ¢ — 3.6 x10° g2 +11.33x10%°  (49)

The proposed correlation is valid for 0 < ¢ <4 % and the
committed deviation is lower than 1% in most cases.
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3.7 Influence of the Peclet number on Nu(x*) evolution

Figures 11 to 14 show the evolution of local Nusselt number
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Nu(x") under the effects of Peclet number at B7=0.5 and — 0.5,
with Biot number taken equal to Bi =0.5 and 50. Therefore, the
dimensionless axial coordinate is given by: x*=x / R. The
Peclet number covering the range [300—1000] forg= 0 and 4%
at Br=0.5 and — 0.5. As can be observed in the cooling case
(Br=0.5) and in the case of Bi=0.5, there was a peak in the
thermally developing zone, and Nusselt number decreases
continuously along the duct to an asymptotic value that is
independent of Pe,s(see Figures 11(a) and 13(a)). This peak is
due to the very small difference between the wall and average
temperatures caused by the heat generated by viscous
dissipation. When the Pe,snumber reduces, the point position
shifts are near to x*=0. The amount of this peak is high as the
volume concentration increases. For Bi =50, Nusselt number
has a minimum value in the thermally developing region. This
minimum value is caused by the important difference between
the 6,, and 6, temperatures due to the improvement in heat
transfer with the external medium. In the heating case (Br=-
0.5), Nusselt number tends to + co where the bulk temperature
of nanofluid becomes equal to the temperature at the wall as



seen in Figures 12(b) and 14(b). Another suitable
characteristic of these figures is that with increasing
nanoparticles concentration ¢, the asymptotic Nusselt number
increases. The peak improvement is obtained at the high
concentration value of 4% where, Nu, increases from 11.34 to
14.54.
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4. CONCLUSION

Analytical solution for laminar convective heat transfer of
non-Newtonian nanofluid in circular duct under convective
boundary condition (third kind) is performed using the
variational method of Ritz-Laplace. This solution is validated
in literature on the specific cases available. The effect of Biot,
Brinkman, Peclet number and concentration () on the Nusselt
number evolutions are given graphically. The bulk and wall
temperatures show an asymptotic value depending on
Brinkman, Biot numbers and volume concentration ¢.

In the case of low value of the Biot number (B8:i=0.5), and at
a fixed value of Brinkman number, when the volume
concentration ¢ increases, the asymptotic value of the bulk
temperature decreases in the cooling case (Br>0) while it
increases in the heating case (B7<0). Furthermore, the obtained
results show clearly that the addition of TiO, nanoparticles
produce an important improvement in heat transfer compared
to base fluid (0.5 wt% of CMC in water). Besides, it’s found
that when ¢ rises from 0 to 4%, the asymptotic value of
Nusselt number increases from 11.34 to 14.54, independently
of Biot, Brinkman and Peclet numbers.
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NOMENCLATURE

[A"]  Modified matrix

a Modified matrix elements

ij

b, Vector[b] elements

Br Brinkman number

Bi Biot number

[C] Column vector of unknown values C;

Cp Specific heat capacity

dij Matrix [D] elements

| Variational form

k Thermal conductivity

m Consistency coefficient

n Power-law index

Nu Nusselt number

Pe Peclet number

r Radial coordinate

re Dimensionless radial coordinate[r/R]

R Circular duct radius

S Transform variable of Laplace

T Dimensional fluid temperature

Te Inlet temperature

Tw Wall temperature

u(r) Velocity profile of fully developed flow

Uay Average velocity of flow

X Axial coordinate

x* Dimensionless axial coordinate

Greek symbols

DPTTV ™R

Wi

Thermal diffusivity

Vector [b][D]*element
Concentration of nanoparticles
Fluid dynamic viscosity

Density
Profile of dimensionless temperature 6 = [;__T;]

Hypergeometric function

Subscriptsand superscripts

av, e,

w

f, nf,
+, -

Average, entrance and wall

p Fluid, nanofluid and particle
Dimensionless parameters and Laplace transformed
function





