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 Theoretical investigation of cross diffusion effects on the convective stability of binary 

nanofluids under the influence of internal heat source is carried out using linear stability 

theory and addition factor analysis. Cross diffusions include Soret and Dufour effects. 

Soret effect implies that mass diffusion induced by thermal gradient and Dufour effect 

implies that heat transfer induced by concentration gradient. The physical system 

containing a binary nanofluid of rigid, impermeable to mass flow and perfectly thermal 

conducting boundaries where temperatures and concentrations are constant but different is 

taken. The stability equations are framed and the formulation of Rayleigh numbers is made 

for stationary and oscillatory states of the system. The effects of dimensionless parameters 

like internal Rayleigh number, Soret coefficients of nanoparticles and solute, volume 

fraction of nanoparticles and Dufour coefficient on the system are represented graphically. 

Ammonia/water based silver and alumina, the two binary nanofluids are considered and 

impact of nanoparticles through the addition factor on stability of the system is discussed 

pictorially. It is observed that the internal Rayleigh number reduces the size of convection 

cells. It causes to destabilize the system and improves the heat and concentration transfer 

in the system. Stability of the system under the influence of cross diffusion depends upoun 

the Soret effects of solute and nanoparticles. The Soret parameter and volume fraction of 

nanoparticles enlarge the size of convection cells and Dufour parameter reduces the size of 

convection cells in stationary state of the system. The reversed effects are reported in case 

of oscillatory state. The volume fraction of nanoparticles has destabilizing effect and it 

causes to increase the heat transfer in binary nanofluid. 
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1. INTRODUCTION 

 

Nanofluid, a fluid prepared by disseminating the 

nanometer-sized particles of metals, metallic oxides, carbides 

or carbon nanotubes steadily and consistently in regular host 

fluids like ethylene glycol, oil, water, etc. For the past decades, 

it plays a vital role in many fields owing to its extremely 

intensify thermal properties and significant applications as 

heat transfer fluids, ferromagnetic fluids, superwetting fluids 

and detergents, biomedical fluids, polymer nanocomposites, 

gain media in random lasers, building blocks for electronics 

and optoelectronics devices, etc. [1, 2]. Choi and Eastman [3] 

were the first, who proposed the term ‘nanofluid’. Many 

industrial processes like air conditioning and refrigeration, 

automobiles, distillation of solar water, foods freezing, etc. [4-

6] are based on absorption phenomenon. In these processes, 

the binary mixture of fluids such as Ammonia - Ethelyne 

glycol, Ammonia - Sodium bromide, Ammonia - Water, 

Lithium bromide - Water, Carbon dioxide - Water, etc. are 

used instead of single fluids as host fluids. The binary 

nanofluids are the nanofluids in which the host fluids are such 

binary mixtures [7]. The experimental observation on the 

enhancement of heat and mass transfer in binary nanofluids for 

absorption processes has been done by Ma et al. [8], Lee et al. 

[9] and Pang et al. [10]. They have shown that the effect of 

shape and size of nanoparticles is more significant for 

enhancement of heat and mass transfer in binary nanofluids. It 

is studied by Xuan [11] theoretically and reported that the 

micro motion and stirring of suspended nanoparticles enhance 

the mass transport process in binary nanofluids. Such 

enhancement of mass diffusion in binary nanofluids depends 

on the size, volume fraction and state of motion of 

nanoparticles.  

The convective instability in nanofluids has recently 

received considerable attention due to its numerous 

applications in many engineering phenomena such as chemical 

engineering, geothermal energy utilization, oil reservoir 

modeling, building of thermal insulation, solar energy, 

lubrication and biological processes [12, 13]. The convective 

stability problems in binary nanofluids using Buongiorno’s 

transport model [14] have been studied by many researchers 

for various situations. Few of the examinations are Nield and 

Kuznetsov [15], Yadav et al. [16], Bhadauria et al. [17] and 

Gupta et al. [18]. The study on convective instability driven by 

buoyancy have been carried out by Kim et al. [19] by using an 

addition factor analysis and reported that the effect of addition 

of nanoparticles to the basefluid is to set in convective motion 

easily in nanofluid layer. Further, the convective stability in 

binary nanofluids for absorption phenomena with 

thermodiffusion and diffusiothermal effect of nanoparticles is 

studied theoretically by Kim et al. [20, 21]. They have shown 

that both effects decrease the stability of system of nanofluid 

and increase the transfer of heat more significantly. 

Since few decades, the convective heat and mass transfer 
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due to internal heating has got much attention because of its 

wide spread applications in the engineering problems related 

to energy like nuclear reactions, nuclear heat cores, nuclear 

energy, nuclear disposals, oil extractions, solar collectors, 

crystal growth, geophysical systems, etc. [22, 23]. The 

common phenomena of convections in nature induced by 

internal heat source include a motion in the atmosphere where 

heat is generated by absorption of sunlight and mantle 

convection in the earth where heat is generated by the 

radioactive decay of isotopes. Internal heating is the main 

source of convective heat and mass transfer caused by 

temperature gradient of the system. It keeps the system warm 

and active. Yadav et al. [24] were the first, who analysed the 

effect of internal heat source on stability of nanofluid layer 

with Brownian diffusion and thermophoresis of nanoparticles. 

It has been reported that the internal heat generating nanofluid 

layer increases the onset of convection in the system. The 

convection in an internally heated nanofluid layer considering 

the different boundaries as free-free, rigid-free and rigid-rigid 

is studied by Nield and Kuznetsov [25], and shown that the 

combinations of modified diffusivity ratio with nanoparticle 

Rayleigh number and Lewis number lead to make the 

nanofluid layer more unstable. Very recently, the effect of 

internal heating on stability of Rayleigh-Benard convection in 

different water-based nanoliquids and heat transfer 

enhancement of the nanoliquids through different shapes of 

enclosures has analysed by Kanchana and Zhao [26]. Gaikwad 

and Surwase [27] have studied the convection phenomena in 

binary nanofluids with Soret effects and internal heat 

generation. 

Keeping in view of the literature cited above, it seems that 

the problems of convective stability of binary nanofluids are 

of more interesting in the fields based on absorption 

phenomenon. However, theoretical work on this is rare. So, 

this motivated to do the present study with cross diffusion 

effects by carrying out addition factor analysis under the 

influence of internal heat source. 

 

 

2. PROBLEM FORMULATION 

 

A horizontal layer of incompressible binary nanofluid 

which is at rest and lying in the region 0 ≤ z ≤ h is considered 

as shown in the Figure 1. The x-axis and z-axis are taken along 

horizontal and vertical directions respectively. The 

acceleration due to gravity ḡ is acting in the negative direction 

of z-axis. The boundaries of the layer are taken to be rigid, 

impermeable to mass flow and perfectly thermal conducting 

where temperatures and concentrations are constant but 

different. At the lower boundary z = 0, temperatures and 

concentrations are T0 + ∆T and C0 + ∆C respectively and at the 

upper boundary z = h, temperatures and concentrations are T0
 

and C0 respectively. When the binary nanofluid layer is heated 

from below, the buoyancy driven convection (Rayleigh – 

Benard convection) caused by temperature and concentration 

difference sets in over a certain thermal gradient. 

 

2.1 Governing equations 

 

The governing equations employing the Boussinesq 

approximations to study the convection in binary nanofluid 

under the influence of internal heat source with cross 

diffusions in dimensional form [21, 24, 27] are: 

 

0q =  (1) 

  

2

0 q q P q g
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+  = − +  +
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( )0 0 01 ( ) ( )T ST T C C   = − − + −  (5) 

 

The physical parameters involved in the Eqns. (1)-(5) have 

their typical sense and are prescribed in the nomenclature. 

 
Figure 1. Geometrical configuration of physical system 

 

2.2 Conduction state analysis 

 

Employing the following time independent forms of the 

quantities: �̄� = �̄�𝑏 = (𝑢, 𝑣, 𝑤) = (0,0,0), 𝑃 = 𝑃𝑏(𝑧), 𝑇 =
𝑇𝑏(𝑧), 𝐶 = 𝐶𝑏(𝑧), 

ρ = ρb(z) and ḡ = (0, 0, -g) in Eqns. (1)-(5), 

the temperature and concentration at the basic state are given 

by:
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where, 
sr dfD D

D



= , and 

2
Q h

Ri


=  is internal Rayleigh 

number. 

 

 

3. LINEAR STABILITY ANALYSIS  

 

3.1 Perturbed state analysis 

 
The infinitesimal disturbances are superposed on the 
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quantities in conduction state:  
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the following equations are obtained: 
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where, q’, P’, T’ and C’ are the perturbed quantities. 

Linearizing the Eqns. (9)-(11), introducing the 

nondimensional variables 

( ) 2

1 ' '
, , ( ', ', '), ', ', ,

h T C
x y z x y z t t q q T C

h h T C




= = = = =

 

in the Eqns. (8)-(11) and then eliminating the pressure gradient 

term from reduced equation of Eq. (9), the following 

nondimensional equations are obtained: 
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subjected to the boundary conditions: 
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w
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w
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= = = = =




= = = = =











 (15) 

 

where, ( )
T
b

f z
z


=


 is temperature gradient,

3

T T g h
Ra






=  is thermal Rayleigh number, Pr




=  is 

Prandtl number, Le
D


=  is Lewis number. 

 

3.2 Stability equations 
 

The disturbances in w, T and C are assumed to show the 

level of periodicity by the normal mode technique [28]: 
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where, σ is the growth rate of disturbances. Introducing Eq.  (16) 

into Eqns. (12)-(14), the following stability equations are 

obtained: 
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At fundamental mode, W = sin(ℼz), is assumed to be the 

most unstable solution of Eqns. (17)-(19). The important 

parameter to analyse the convective instability under the 

influence of internal heating in binary nanofluids, the thermal 

Rayleigh number Ra is determined as: 
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where,
2 2 2
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, dfT s i
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C D
D

D


=  is the Dufour parameter.  
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3.3 Stationary convection 

 

At the marginally stable steady state ( ) ,0r ii  = + =

for the reliability of exchange of stability [29, 30], the Eq. (20) 

can be written as:  

 

( )
( )( )( )

6 2

2 2 2

(1 )

2 1 ( )

st

r u o

Ri
Ra

a F S D S Ri

  

 

− +
=

+ − − −
 (21) 

 

Without considering the influence of internal heating (i.e. 

for Ri = 0 and F = -1/2), the Eq. (21) reduces to: 

 

( )

( )

6

2

1

1

st

o r u

Ra
a S S D

 −

+ +
=

+
 (22) 

 

which is the result given by Kim et al. [21] for stationary 

convection in binary nanofluids. 

 

3.4 Oscillatory convection 

 

The thermal Rayleigh number for oscillatory convection by 

setting σ = iωi in Eq. (20), is obtained as: 

 

1 2iRa i=  +   (23) 

 

The expressions of ∆1 and ∆2 are provided in the Appendix. 

The Rayleigh number Ra is to be real because it is a physical 

quantity. So, from Eq. (23), either ωi = 0 or ∆2 = 0. But ωi ≠ 0 

for the onset of oscillatory convection. Thus, the formulation 

for oscillatory frequency ω is given by taking ∆2 = 0 (dropping 

subscript i): 

 

2 1 3 2 6

1 4 2 5

AA A A

A A A A


−
=

−
 (24) 

 

Now Eq. (23) with ∆2 = 0 gives 

 
4 2

1 2 3

2

4 5

osc B B B

B B
Ra

 



+ +

+
=  (25) 

 

The parameters A1, A2, A3, A4, A5, A6, B1, B2, B3, B4, and B5 

are given in the Appendix. In order to investigate the effects 

of various physical parameters on the onset of oscillatory 

convection, the Eq. (25) is minimized with the help of Eq. (24). 

 

 

4. IMPACT OF NANOPARTICLES 

 

4.1 Mixture theory in binary nanofluids and 

phenomenological models 

 

The relations for density and heat capacity of binary 

nanofluid at thermal equilibrium state according to mass 

conservation law are respectively given by 

 

(1 )nf v bf v np    = − +  (26) 

 

and 

( ) ( ) ( )(1 )p v p v pnf bf np
C C C    = − +  (27) 

 

The Brinkman model for viscosity and Bruggeman model 

for thermal conductivity [19] of binary nanofluids are 

respectively: 
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where, ( ) ( )( )03 1 3 1 1B e v e vk V V  = − + − −  and 
0

np

bf

k

k
 =

is the ratio of thermal conductivity of nanoparticles to that of 

basefluid. 

 

4.2 Addition factor analysis 

 

It is familiar that in binary nanofluids, the concentration of 

solute and nanoparticles are:  
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v
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 −
 
 − − 
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 − − 
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where, 1

np

bf





=  is the ratio of densities. The Eq. (27), can be 

written as: 
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where, 
( )

( )2

p np

p bf

C

C






=  is the ratio of heat capacities in binary 

nanofluids. Incorporating the Eqns. (30) and (31) into Eq. (4), 

the separation ratio ψ is obtained as: 

 

( )

( )
1 4

1 3

1 1

1 1

v

bf

v

  
 

  

− −
=

− −

 
 
 

 (33) 

 

where, 𝜓𝑏𝑓 is separation ratio in solute (also called as Soret 

effect of solute), 𝛿3 =
𝐷𝑛𝑝

𝐷𝑠
 and 𝛿4 =

(𝐷𝑆)𝑛𝑝

(𝐷𝑆)𝑠
 are the ratio of 

diffusivities and the ratio of the Soret coefficients in binary 
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nanofluids respectively. The separation ratio 𝜓 contains the 

Soret effect of nanoparticles δ4 and Soret effect of solute 𝜓𝑏𝑓. 

Thus, it plays a role analogous to the Soret parameter Sr in the 

binary mixtures. Using above procedure, the correlation for 

Rayleigh numbers [19] is written as: 

 

nf a bfRa F Ra=  (34) 

 

where, Fa is addition factor which performs a crucial role to 

examine the impact of nanoparticles on convective stability of 

binary nanofluids. 

 

 

5. RESULTS AND DISCUSSION  

 

The convective instability of binary nanofluids in the 

presence of cross diffusions and internal heat source is carried 

out with the help of linear stability theory and addition factor 

analysis. The linear stability theory is used to extend the 

understanding of flow dynamics observed and it is based on 

linear disturbance equations (stability equations). The addition 

factor analysis is an analysis done by introducing an addition 

factor in the correlation of Rayleigh numbers of binary 

nanofluid and base fluid. Rayleigh numbers which 

characterize the stability of the system are derived analytically 

for stationary and oscillatory convections using linear stability 

theory. The effect of nanoparticles on stability of the system is 

analysed using addition factor Fa. The thermophysical 

properties of basefluids and nanoparticles used are given in 

Table 1. For various combinations of internal Rayleigh 

number Ri and volume fraction ϕv, the Rayleigh number 
st

cRa
 

is computed to validate the results obtained and listed in Table 

2. The obtained results are matched with previous published 

result [21] for Ri = 0. The parameters used in the present study, 

solute diffusivity (D), thermal expansion coefficient (βT) heat 

source parameter (Ri), volume fraction (ϕv), Lewis number 

(Le), Soret effect of nanoparticle (δ4) and separation ratio in 

binary basefluid (ψbf) are taken in range of 10-2 - 10-6, 10-1 - 10-

3, 0 - 200, 0 - 1, 0 - 10, -5 – 5, and -50–50, respectively [20, 

24, 31, 32]. 

Figure 2 illustrates the impact of internal Rayleigh number 

Ri on temperature distribution Tb (z) at conduction state. The 

profiles of the temperature distribution move upward with an 

increase of internal Rayleigh number Ri, which in turn Ri 

increases the strength of the temperature distribution in 

positive direction and improves the disturbance in the layers 

of binary nanofluid. It means that the internal Rayleigh 

number Ri makes the binary nanofluid layer more unstable. 

 

Table 1. Physical parameters of host fluids 

(Water/Ammonia) and nanoparticles [31, 32] 

 

Physical parameters 
Base Fluids Nanoparticles 

Water Ammonia Ag Al2O3 

CP 4180 4740 235 765 
  997 609 10500 3970 

k  0.607 0.521 429 40 

1    10.5 3.98 

2    0.59 0.729 

    714 65.25 

 

Table 2. Comparison of 
st

cRa  with various combinations (Ri, 

ϕv) 

 

 

 

st

cRa  

ϕv=0 ϕv=0.05 ϕv=0.1 

Ri = 0 1708.00 [21] 525.890 [21] 379.606 [21] 

Ri = 2 1378.05 444.977 323.149 

Ri = 5 958.598 329.978 241.719 

Ri = 10 407.518 153.609 114.045 

 

 
 

Figure 2. Basic temperature distribution Tb vs. heat source 

parameter Ri 

 

 

 
 

Figure 3. Thermal Rayleigh number Ra vs. wave number a 

for distinct heat source parameter Ri 
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Figure 4. Thermal Rayleigh number Ra vs. wave number a  

for distinct volume fraction of nanoparticles ϕv 
 

 

 
 

Figure 5. Thermal Rayleigh
 
number Ra vs. wave number a 

for distinct Soret parameter Sr 

 

 
 

Figure 6. Thermal Rayleigh
 
number Ra vs. wave number a  

for distinct Dufour parameter Du 
 

 

 
 

Figure 7. Heat source parameter Ri’s effect on space (Rac, 

ψbf) 
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Figure 8. Volume fraction of nanoparticles ϕv’s effect on 

space (Rac, ψbf) 

 

 

 
 

Figure 9. Soret effect of nanoparticles δ4 on space (Rac, ψbf) 

 

 
 

Figure 10. Dufour parameter Du’s effect on space (Rac, ψbf) 

 

 
 

Figure 11. Addition factor Fa vs. volume fraction of 

nanoparticles ϕv 

 

The convective stability is expressed through the stability 

curves. The concave and convex regions of the curves 

represent the stable and unstable states of the system 

respectively. The neutral stability curves are depicted in 

Figures 3 – 6 for different values of heat source parameter Ri, 

volume fraction of nanoparticles ϕv, the Soret parameter Sr
 
and 

the Dufour parameter Du respectively. From the Figure 3 it is 

observed that as Ri increases, the thermal Rayleigh number Ra 

decreases in both stationary (Figure 3a) and oscillatory (Figure 

3b) states. Thus, internal heating shrinks the convective cells 

and causes to evolve the onset of convective instability in the 

system. Further from the Figures 4, 5 and 6, it is found that the 

Rayleigh number Ra decreases with an increase of volume 
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fraction ϕv and the Soret parameter Sr and it increases with the 

Dufour parameter Du in stationary modes (Figures 4a, 5a, 6a). 

Hence, ϕv and Sr shrink the size of convection cells and Du
 

enlarges the size of convection cells. If the size of convection 

cells is less, then the convective motion in the layer of binary 

nanofluid sets in easily and the layer is more unstable. Thus, 

volume fraction of nanoparticles ϕv and Soret parameter Sr 

have destabilizing effect, and Dufour parameter Du
 

has 

stabilizing effect on the system. The opposite trend is noticed 

in case of oscillatory modes (Figures 4b, 5b, 6b). 

Figures 7 and 8 are the graphs of critical Rayleigh number 

Rac versus separation ratio in binary basefluid ψbf for various 

internal heat source parameter Ri and volume fraction of 

nanoparticle ϕv respectively. In stationary mode (Figures 7a 

and 8a), it is observed that the critical Rayleigh number Rac 

decreases sharply with respect to absolute values of ψbf
 
but in 

oscillatory mode (Figures 7b and 8b), it happens exactly 

reverse. It implies that the convective motion is produced 

easily with support of the separation ratio in binary basefluids 

i.e. Soret effect of solute ψbf. From the graphs, it has been 

realized that the stable state region is reduced and unstable 

state region is enlarged with an increase in the values of Ri and 

ϕv in both the modes of stationary and oscillatory convections. 

It signifies that the heat source parameter Ri and the volume 

fraction of nanoparticles ϕv have destabilizing effect on the 

system. 

Soret effect of nanoparticles represented by the factor δ4 on 

the space (Rac, ψbf) is illustrated in Figure 9. For δ4 > 0, It is 

detected that the Rac decreases with an increase of δ4
 
and 

increases with respect to the Soret effect of solute ψbf. Thus, 

the thermodiffusion of nanoparticles strengthen the Brownian 

motion whereas thermodiffusion of solute weaken the motion 

in mode of stationary state (Figure 9a). Furthermore, it has 

been observed that the Rac decreases with an increase of δ4 

with respect to ψbf in mode of oscillatory state. Here, 

thermodiffusion effects of both nanoparticles and solute 

strengthen the Brownian motion in binary nanofluid. The 

reverse effects have been noted for δ4 < 0. Through the above 

discussion, it is worked out that δ4 plays key role to decide the 

perfect pair of nanoparticle and solute for strengthening the 

convective heat transport in binary nanofluids in the presence 

of internal heat source.  

Dufour effect represented by the factor Du on the Rayleigh 

number Rac with respect to separation ratio of basefluid ψbf is 

shown in Figure 10. In stationary mode (Figure 10a), the effect 

of Dufour parameter Du is insignificant on the stability states 

of the system i.e. there is no variation in the stability of the 

system, whereas its impact is considerable in case of 

oscillatory mode (Figure 10b). The stable state region becomes 

smaller and unstable state region becomes wider. Thus, the 

Dufour parameter helps to rise the onset of oscillatory 

convection in the system. 

The profiles of addition factor Fa versus volume fraction ϕv
 

are depicted in Figure 11. Due to lesser thermal conductivity 

of alumina than silver, the profile curves of addition factor Fa 

are always lie below in case of alumina based binary nanofluid 

of those in case of silver based binary nanofluid. Moreover, it 

is noticed that, the profiles of addition factor Fa increase up to 

particular value with an increase of volume fraction of 

nanoparticles then decrease gradually. It indicates that a little 

addition of nanoparticles in the basefluids causes to improve 

the transport of concentration and heat in binary nanofluids. 
 

 

 

6. CONCLUSIONS 

 

In the present work, investigation on the influence of 

internal heating with cross diffusions on convective stability 

of the system and heat transfer enhancement in binary 

nanofluids is made. From the above discussion and results, the 

following observations are summarized:  

• The size of convection cells decreases with an increase 

in the values of internal Rayleigh number in both 

stationary and oscillatory states of the system.  

• With an increase in the values of Dufour parameter, the 

size of convection cells increases and with volume 

fraction of nanoparticles and Soret coefficient, 

decreases in stationary mode. The effects are reversed 

in oscillatory mode.  

• The internal heat source parameter i.e. internal 

Rayleigh number causes to increase the transfer of heat 

and concentration in the system.  

• Stability of the system under the influence of cross 

diffusions depends upon the magnitudes of Soret 

effects of solute ψbf and nanoparticles δ4. 

• Due to decrease in the addition factor Fa gradually in 

respect of volume fraction of nanoparticles ϕv causes to 

increase the heat transfer in binary nanofluid.  

The results of the present study are useful to analyze the 

convective instability of binary nanofluids which are used as 

working fluids in many industrial applications such as 

absorption refrigeration and air conditioning, freezing of foods, 

solar collectors, medical treatment, electro and electroless 

plating, etc. They provide a good guideline to choose the best 

pair of nanoparticle and solute in binary nanofluids. 
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NOMENCLATURE 

 

Latin symbols 

 

a dimensionless wave number 

C concentration, kg . m-3 
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CP heat capacity, W . kg-1 . K-1 

h depth of nanofluid layer, m 

D solute diffusivity, m2 . s-1 

Dsr diffusivity by Soret type 

Ddf diffusivity by Dufour type 

D differential operator (= d/dz) 

Du Dufour parameter 

Fa
 addition factor 

g gravitational acceleration, m2 . s-1 

k thermal conductivity, W . m-3 . K-1 

Le Lewis number 

P pressure, Pa 

Pr Prandtl number 

Q amount of heat flux 

Ra thermal Rayleigh number 

RaS solute Rayleigh number 

Ri internal Rayleigh number 

So solutal parameter 

Sr Soret parameter 

T temperature, K 

q velocity vector, m . s-1 

Ve effective volume of nanoparticles 

W vertical velocity 

Greek letters 

α thermal diffusivity, m2 . s-1 

βS solute expansion 

βT thermal expansion  

μ dynamic viscosity 

ν kinetic viscosity 

ρ density, kg . m-3 

ϕv volume fraction of nanoparticles 

ψ separation ratio (𝐷𝛽𝑠/𝐷𝑠𝑟𝛽𝑇)

ω frequency of oscillations 

Subscripts 

b basic state  

bf binary basefluid 

nf nanofluid 

np nanoparticle 

s solute quantity 

0 reference position 

Other symbols 

2 2 2
2

2 2 2x y z

  
 = + +

  
2

2 2

1 2z


 =  −
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