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In this paper the stability and tracking control for robot manipulator subjected to known
parameters is proposed using robust control technique. The modelling of robot manipulator
is obtained using Euler- Lagrange technique. Three link manipulators have been taken for
the study of robust control techniques. Lyapunov based approach is used for stability
analysis of triple link robot manipulator. The Ultimate upper bound parameter (UUBP) is
estimated by the worst-case uncertainties subject to bounded conditions. The proposed
robust control is also compared with computer torque control to show the superiority of

the proposed control law.

1. INTRODUCTION

Robot manipulator system has many subsystems like drive
system, manipulator arm, sensors and controllers. Some of the
controller design concern in case robot design are like drive
system (hydraulic, pneumatic and electromagnetic) used in
robotics so the factors affecting control solution are robustness,
nonlinearities, disturbances, unmodelled dynamics, torque
ripples, stability problem, load disturbances and noise. In case
of sensor system factors affecting control, solution is
multisensory  environment, controller design, signal
processing and sensor programing etc. Other concern with
structure like limped or distributed mass with inertia effect,
actuator failure, speed constraint, degree of freedom, external
factor etc. There are many control approaches like PID control
[1], state feedback control, sliding, robust and adaptive control,
Intelligent (Fuzzy and Neural) Control [2-8], LQR Control and
optimal control [9]. As even single link manipulator is
nonlinear in nature so conventional control technique is not
suitable for the control of multilink manipulator as
nonlinearities increasing in a drastic manner [10]. In past years,
many robust control techniques have been proposed to
overcome nonlinearities and disturbances for control of robot
manipulator [11-15].

A proper uncertainty bound parameter is preferred in order
to improve the performance of robust control system. The
estimation of uncertainty bound parameters is taken carefully
in order to obtain optimum solutions. Estimating too high
upper bound parameter can cause higher chattering frequency,
input saturation etc. Many of the presented techniques in the
past are very complex in nature and contains too much
complexity [16-18]. As we know multilink robot manipulator
are having many applications either in defense, aerospace or
in industrial automation. In order to obtain tracking of desired
trajectories, the control problems need to be solved efficiently
using proper control system technique. As in robust control
wide range of uncertainties are considered which is a result of
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ultimate upper bound of tracking error stability analysis using
Lyapunov method.

The control of robot manipulators for better stability
analysis has become an applied research area among research
scholars. The most common drawback of the control
techniques being used in the majority of the problems is the
negligence of the nonlinear effects of the robotic systems.
Another drawback is the negligence of time delays. In
dynamical systems, the performance and stability of the
systems is highly influenced by time delays. This has also been
an extensive research topic for many years. As manipulator is
highly nonlinear in nature so control of manipulator is very
challenging when all the nonlinearities are considered. Slotine
et al. [19-21] focuses on the uncertainty bound parameter
(UBP) to design the robust control of electrical manipulators.
The UBP is commonly obtained by considering the worst case
of uncertainties in bounding functions. However, too high
estimation of UBP may cause saturation of input, higher
frequency of chattering in the switching control laws, and thus
a bad behavior of the whole system, while too low estimation
of UBP may cause a higher tracking error. Tao [22] addresses
the problem of the accurate task space control subject to finite-
time convergence. In the article design of adaptive-robust
finite-time nonlinear control inputs for uncertain robot
manipulators global finite stability for robot manipulator
considered [23, 24]. Robust and Computed Torque Control
(CTC) trajectory tracking objective is studied for a wide group
of degrees of freedom (DOF) robot manipulators subjected to
parametric and modeling uncertainties. Inspired by the
aforementioned discussions, in this paper a simplified and
modern robust control law is proposed for Euler- LaGrange
system is subjected to known parameters. Also, comparison in
robust and CTC technique has been discussed and superiority
of the robust control easily be seen from the obtained result.
The paper is organized as follows. In section II stability
analysis of manipulator is discussed. In section III triple link
manipulator system is considered followed by application and
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various result of trajectory tracking and tracking error in
section IV respectively.

2. CONTROLLER DESIGN
In general, the dynamics of manipulator can be written as:

Mg+Cqg+G =~ (1)
where, geR" is state of the system, TeR™ is the control inut,
MeR™™ is the mass or inertia matrix, CeR™" denoted the
Coriolis or centripetal terms, GeR™ denotes the gravitational
force. The manipulator dynamics is denoted as:
md + mglsin(q) =7 )
Assumption 1: The desired trajectory q,(t) is designed in a
manner such that q4, 44 Gg € L,,. When mass m and length /
are known constants. Objective tracking control — The
difference between desired trajectory quz(t) and given
trajectory q(t) is error dynamics (e). for designing of a
tracking controller error dynamics e — 0 as t = 0. The error
dynamics e = q,4(t) — q(t) and derivative of error dynamics
is:
€=, () —q() 3)
Control input still does not appear in rate of change of error
dynamics so from EL dynamics:
€=4q,(1)—4() 4
Now as per dynamics of the system § = —glsin(q) +
T/m, clearly control input appear in §. Lyapunov approach is
most widely used method as in this approach without solving
the equations stability can be analyzed. For Stability analysis
a positive Lyapunov Function V selected and adjust a

controller to achieve V(e) is Negative definite (N.D.) /
Negative semi definite (N.S.D.).

2.1 Robust control

The manipulator system in general, represent a large class
of real-world problem like Backhoe, Lower and upper limb
Exoskeleton, Aircraft, Biomechanics, Manipulator, Wheeled
and mobile robots etc. These systems have various application
in many domains such as automation, spacecraft, surveillance
Medical etc. In this paper Robust control technique has been
propound for tracking control of manipulator systems and
Lyapunov based stability analysis also discussed to show the
effectiveness of the controller [14]. The main advantage of the
controller is that it is very easy to implement. Moreover, the
proposed robust controller is validated on triple link
manipulator. The basic control structure of robust control is
shown in Figure 1 in which vy is used to deal with
disturbances and noise. In the given diagram, feedback terms
make sure system is closed loop and stable. Robust term takes
care of noise and disturbances. The control law consists of
both feedback and feedforward term.

From the Figure 1, it is clear that the control law will be u =
—Kx + vp. Let us assume that vz = —k,x, so control law
become u = —Kx — k,x.
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Figure 1. Closed loop system subjected to noise and
disturbances

2.2 Stability analysis

The following Lyapunov function has been assumed for
stability analysis of proposed system.

V (r) =%mr2

(5)
where,

r=2¢é+ fe (6)
seeking V(r) = —kr?, Filter tracking error- r = é + e,
where £ is positive constant (can be considered as control gain).
Lemma: ifr € L, &r > 0 ast —» oo, thene,é - 0.
Proof —if r € L, implies |r| < € substitutingintor = é +
Beyields |é + Be| < € which can further bounded as |é +
Be| < € or |é] < Ble| + &, solve for the inequality obtains
le(t) < Cle(0)e At +§(1 + e Pt means |e(t)] <0 as

€ - 0and ast — oo.( QED).

Properties 1: ifr € L, thene, é € L.

Properties 2: if r € L, then e, é € L,.

Properties 3: if r = 0 thene,é — 0.

Let us define the error dynamics r = é + e, where f§ is the
tracking error of robot defined as e = g, (t) — q(t). Consider
the following function which is positive definite V(r) =
%mrz.

Taking the time derivative of Eq. (5), V() = rm7 put the
value of r = é + fSe then,

V (r) = rm(& + p¢€) (7
From é = ,(t) — §(t), substitute the value of §(t).
V (r) = rm(dj, (t) — (—glsin(q) +z / m) + Se&) (8)

As per Lyapunov theorem, V (r) should be negative definite

so control input 7 has to be selected such that,
7 =m(qg, (t) + gl sin(q) + pge +kr) )

Now V(r) = —kr?, which is negative definitive, proves the
stability of the system.

For worst case analysis let us consider torque as T = Kr +
Vg, where Kr is a feedback term and vy, is disturbances present
in the system. Time derivative of Eq. (6)

r =€+ e (10)



Put the value of 7 from Eq. (10), we get:

mF = m(& + Be) = m{(b, — ) + fe}

mr = mdg, +mgl sin(q) + gmé —z (D
Choose the Lyapunov function candidate as:
V (e, r) =%mr2 +%,82me2 (12)
Time derivative of Eq. (12).
V (e, r) = rmr + B?meé (13)

V (e, r) = rm(4, — ¢4+ pe) + B7mee (14)

Substitute the value of ¢ from Eq. (2) and rearranging the
terms such that V become negative definite,

V (e, r) = r[mg, +mglsin(q) + sme —z]
+/3?mee
V (e, r) = r[mdj, +mglsin(q) + Am(r — Se) — 7]
+47me(r — fe)
V (e, r) =r[md, +mglsin(g)]+ Amr? - *mer —r (Kr +v;)

(15)

+%mer — 5°me?
Let r(mg, + mglsin(q)) < |r|C;.
Ve, rn<r|C, —(K—-Bmr?>—rv,—A°me*> (16)

Eq. (16) will be good term if K > fm.
Let K, = K — fmand vy = K;C,°r then,

V(e, 1) < —K,r? — B3me? + |r|C, — K5C,%1?

V(e,r)<—K,r’— g°me® + 1 (17)
3
using —ay? + b +c——( —£)2+b—2+c
g ) Y Y - Y 2a 4a?
V(e,r) < —K;C%r% +|r|Ci+......
. ¢\ 2
V(e,r) < |T| - 2 + 2
2K, C, 4K, C,
—(K — pm)r? — B3me?
V(e r)< 1 —(K = m)r? — g°me?
=0 V2 Ve (18)

3

m2

11 2 2
I +T+ m,l+myl;

cl
M (q: q) = %UZ C05(01 - 02) + m3|1|2 COS(Hl - 92)

A cos(6,-6)

0
C(q,4)=| ~(0.5m, +m,)L1,sin(6, - 6,)
-0.5m,LL,sin(¢, - 6,)

%Ill2 cos(é; - 6,) +m,l.1, cos(6, - 6,) % I,l; cos(6, - 6,)

For finding worst case means maximum value of the robust
controller up to which it can perform can be found out using

V(e,r) =0,

V(e r)<—K,r*—g°me® +

_ . 1 Te (19)
<-—min(K,, S8 m)||W||+4K ,Wz[ }

3

The value will be:

WP = e "
. min(K,, 8°m)
||W|| ~ 1 (20)
| 4Ksmin (K, 3m)

From Eq. (20) clearly shows the UUP value of TLP system.

3. APPLICATION

Triple Link Manipulator- The triple link distributed
pendulum (TLDP) is taken as part of study as there is not work
is available in the literature and also, it’s a very highly
nonlinear system for control point of view which shown in
Figure 2. The modelling of TLDP is obtained using Euler
LaGrange technique where LaGrange is the difference in
kinetic energy and potential energy is given in Appendix.

Figure 2. Schematic of triple link manipulator
The detailed dynamics is given by Gupta [10] where Mass
matrix MeR™", Coriolis matrix CeR™™ and Gravity matrix

GeR™ term is combined together so that control law can be
applied in a suitable manner.

2
mZIZ

m

l,+ e +ml? ?SIZI3 cos(d, - 6,)
m m,|?
73|2|3 COS(92 _93) |c3 %

(0.5m, +m )11, sin(¢, -6,) 0.5m,ll,sin(6,-6,)

0 0.5myl,1, sin(6, -6,)

0.5myl,l,sin(é, -6,) 0



G(q) =[(0.5m, +m, +m,)gl;sing,  (0.5m,+m,)gl,sin6, 0.5msglssin03]T (21)

Here m;, m,, ms, 1,1, 15 are the mass and length of first
second and third link of TLM. Both mass and length are
dimensionless parameter. System is assumed to be in fourth
quadrant and 64, 6,, 6 are the angles from first, second and
third link respectively. One would want the TLM to follow
desired sinusoidal trajectory path g, (t). In order to follow the
trajectory, the block diagram of proposed controller is stated
below in Figure 3.

Desired Robust Control
Trajectory controller input Triple
qd 1 Link

Manip
ulator

Feed back '.‘

[ Disturbance ]

Figure 3. Control architecture using robust control for triple
link pendulum

4. RESULT AND DISCUSSION

The proposed control is simulated for robust control of
robotic manipulator using MATLAB ode 45 solver. The given
desired position trajectory of robotic manipulator is given by:

q_d(,D)=[sin(0.1*t(i));sin(0.1*t(i)); sin(0.1*t(i))]

where, (i) represents the link. In this case we are considering
tripe link ie, maximum i=3. The trajectory tracking
performance of the proposed control law with respect to
desired position angle for each link of TLP is given in Figure
4, represented as g_d (i) where i=1 to 3.

The CTC technique is also implemented on the TLP in order
to compare results of proposed controller technique. The
trajectory tracking performance of each link of TLP with
respect to desired trajectory of TLP on applying CTC
controller is represented in Figure 5.

—1 —a
- - qd1 ——qd3
104 104
05+ 5
004 00
) - ™
o -4
054 054
104 104
15 T T T T 1 15 T T v T T ]
0 2 40 80 80 100 20 40 60 80 1
Time (Sec) Time (Sec)
(a) Tracking performance for first link (b) Tracking performance for second link
p— 1
——qd2
104
054
%‘, 004
05+
1.0
0 20 “ 60 8 100
Time (Sec)

(¢) Tracking performance for third link

Figure 4. Trajectory Tracking Performance for Triple Link Pendulum (a) First Link, (b) Second link, (c) Third Link on applying
proposed robust control law with respect to desired each link trajectory
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Figure 5. Trajectory Tracking Performance for Triple Link Pendulum (a) First Link, (b) Second link, (c) Third Link on applying
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Figure 6. Trajectory Tracking Error Performance for Triple Link Pendulum (a) Position error performance of Triple Link
Pendulum (b) Velocity error performance of Triple Link Pendulum on applying computed torque control (CTC) technique

It is clear that in case of robust controller disturbance are
much higher CTC controller. The performance estimation of
both the controllers (CTC and Proposed Robust Control
technique) can be estimated with respect to their tracking error.
The position tracking error and velocity tracking error for CTC

Technique can be seen in Figure 6 whereas for proposed
Robust Control Technique can be seen in Figure 7.

From Figure 6 and 7 it is clear that error in case of CTC is
much more than Robust based Control technique for each link.
This validates the effectiveness of the proposed controller.
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Figure 7. Trajectory Tracking Error Performance for Triple
Link Pendulum (a) Position error performance of Triple Link
Pendulum (b) Velocity error performance of Triple Link
Pendulum on applying proposed robust control

5. CONCLUSION

A novel UUB was proposed for tracking control of robot
manipulator. It can be concluded that the proposed robust
control law improved the tracking error and stability of the
system. In order to test the trajectory tracking of triple link
pendulum CTC and Proposed Robust control technique was
implemented in triple link distributed pendulum system. This
research proves that proposed robust control provides better
trajectory tracking result with comparison to standard CTC. In
future one can apply this technique to more degree of freedom
manipulator.
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APPENDIX

The Lagrangian of TLDP is given as follows:

L '°12‘912 . mllggl2 . |c22¢922 +%[Iféf oy
|o0% 1567

1,1,6,6, cos(6, — 6,)] + =22 3%

+ %[Iféf +1202 +
+21,1, cos(6, - 6,)6,6, +1,1,6,0, cos(6, — 6,)

m,gl, cos g, N

+1,1,6,6, cos(8, — 6,)] + >

m,g(l, cos 6, +|Ezcos 0,)
+m,g(l, cos @, +1,coso, + I%cos 0,) -
mlgll

| |
ng(ll +Ez) _m39(|1 + I2 +53)





