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The purpose of this paper is to generate compromise solutions for the multi-level multi-
objective decision making (MLMODM) problems with rough parameters in the objective
functions (RMLMODM) based on TOPSIS method and "Lower & Upper” approximations
method. We introduce a computational hybrid algorithm for solving RMLMODM problems.
Also, we solved illustrative numerical example and compared the solution of the proposed
algorithm with the solution of Global Criterion (GC) method. The engineers and the scientists
can apply the introduced hybrid algorithm to various practical RMLMODM problems to obtain
numerical solutions.

1. INTRODUCTION

Rough set theory is an important mathematical tool for
dealing with the description of vague objects. Rough set
methodology has been introduced by Pawlak (1991), [1].

Linear optimization problem which is considered where
some or all of its coefficients in the objective function and/or
constraints are rough intervals is introduced by Hamzehee et
al. [2].

Various hybrid algorithms for solving several kinds of
multi-objective optimization problems based on TOPSIS
approach are presented in [3].

S. F. El-Feky and T.H.M. Abou-El-Enien, [4], develop a
methodology to find compromise solutions for rough multi-
objective optimization problems.

In the following section, the formulation of RMLMODM
problems is given. A new hybrid algorithm based on the
TOPSIS method [5-7], and "Lower & Upper” approximations
method [1-2], for solving RMLMODM problems is proposed
in section (3). For the sake of illustration, we present an
example and compared the solution of the example by the
proposed algorithm with the ideal solutions and the solution of
global criterion (GC) method.

2. PROBLEM DEFINITION

Consider the following linear multi-level multi-objective
decision making (LMLMODM) problem with rough
parameters in the objective functions:

[DM,, ]

Maximize
)(1 (fll(le'--1Xh)'--lf1k1(Xll"'th))

where, X, solves the 2¢ level
[DM,,]

Maximize
o (e Ky foiy (Kt X))

where, X; solves the 3"%level
[DM,,.]

Maximize
X3 (f31(X1,...,Xh),...,f3k3(X1;---;Xh))

where, X, solves the 4" level
where, X;, solvesthe h*" level
[DMLh]

Maximize
Xh (fhl(Xll"'th )l"'lfhkh(Xl""’Xh ))

subject to (1)
X €M = {X € R": DX < b}

where

fig = Zi-1ciqj ([l @l ] [l @D i =
12, hg=12,..... ki, @)

m: The number of constraints,
n: The number of variables,
h: The number of levels,



k: The number of objective functions,
DM; . jth level decision maker, i=1,2,...,h,

k;: The number of objective functlons of the DM, ,
i=1,2,....,h,
K=K, UK,U..UK; ={1,2,....,k},

n;: The number of variables of the DM, , i=1,2,....,h,

ciq,j- Real constants coefficients of the objective
functions, (i =1,2,...,h,g=12,....,k;,j=1,....,n).

b: An m-dimensional column vector of right-hand sides of
constraints

D: An (m x n)coefficient matrix,

R: The set of all real numbers,

X: An n-dimensional column vector of variables,

Xi: An n; -dimensional column vector of variables for the it"
level, i=1,2,...,h,

N={1,2,....n},
m={X = (x1,%Xp ..., Xy)T: x; € R,i € N},

[QiF;, Q1] QL. QM) are rough interval coefficients of
the objective functions ,(i =1,2,....,h,q =1,2,....,k;,j =
1,...,n).

Using the upper and lower approximation method, [2], the
multi-level multi-objective decision making problems with
rough parameters in the objective functions (RMLMODM)
can be transformed to the following four deterministic linear
multi-objective decision making (LMODM) problems :

PL: (Lower interval coefficients-Lower interval)

[DM,,]

Maximize

%, (FH Xy, oo Xn), oo FH (K, e X))

where, X, solves the 2™ level
[DM,,]

Maximize

%, (FE @y X, o R (X, X))

where, X; solves the 37%, level
[DM,,]

Maximize

X3 (F'aélL(Xll'--;Xh)l'--lF;£3(X1'""Xh))

where, X, solves the 4"level
where, X;, solvesthe h*"level
[DMLh]

Maximize

X, (FH @y oo X )y, Pl (X, e X))
subject to 3)

XeEM

PHL.(Upper interval coefficients-Lower interval)
[DMy, ]

Maximize

X, (FHE (s s X  FHE (X, X))

where, X, solves the 2"]evel
[DM,]

Maximize

X, (O Xn)s oo FHE (X, o, X))

where, X5 solves the 37 level
[DM,]

Maximize

X, (FYE (0 s X)) FYE (X, X))

where, X, solves the 4™ Jevel
where, X;,_ solves the h™ level
[DMy, ]

Maximize

X, (FHE s s X ), PR (X, X))

subject to
XeM

P (Lower interval coefficients -Upper interval)
[DM,, ]

Maximize

o (FH K X, L (K e X))

where, X, solves the 2""¢level
[DM,,]

Maximize

%, (FH Xy X FHL (X, X))

where, X; solves the 3"%level
[DM,,]

Maximize

X3 (F?f‘{l(xlﬂrxh)!!FSLIZ(XI';Xh))

where, X, solves the 4" [evel

where, X;, solves the h*"level

[DMLh]
Maximize (F,ff(Xl X,

Xh hkh(Xli i !Xh))

(4)



subject to ®)
XeM

PHH(Upper interval coefficients -Upper interval)
[DM,,]

Maximize
X, (F{*lH(XI, v Xn)r e, FHE(X,, ...,Xh))

where, X, solves the 2"%]evel
[DM,, ]

Maximize

X, (GG RN Yo )

where, X5 solves the 37 level
[DM,,,]

Maximize
X, (F?{*(xl, v Xn) o, PRI (X, ...,xh))

where, X, solves the 4™]evel
where, thsolvesthe hthlevel
[DMLh]

Maximize

X, (I X X ) PR (X, X))

subject to (6)
XEM
where
Fig' = 2L Cigj Qigixpi = 12,..,h,q=12,... ki, (7
Fig' = 2L Ciqj Qigixppi = 1,2,..,h,q = 1,2,..,k;, (8)
Fil = ¥, Gigj Qix i = 1,2,..,h,q = 1,2,..., k; , (9)

Fit =30, ¢iq; Q% i = 1,2,...,h,q = 1,2,., k;,, (10)

3. HYBRID ALGORITHM FOR RMLMODEM

A modified version of TOPSIS method, [3, 5], is introduced
to find compromise solutions, [8-10], for the RMLMODM
problems. Modified equations for the distance function
equation from the positive ideal solution (PIS) and the distance
function equation from the negative ideal solution (NIS) are
introduced. Thus, we present the following hybrid algorithm
based on a modified version of TOPSIS method and the upper
and lower approximation method to generate compromise
solutions, [4], for RMLMODM problems.

Algorithm:

Phase (1):
Step 1:

Let h = the number of the levels of the RMLMODM
problem (1). Set i=1, "The 1% level".

Step 2:
Use the "Lower & Upper” approximations method to

transform the RMLMODM Problem (1) into the four
deterministic LMLMODM problems (3)-(6).

Step 3:

Construct the positive ideal solution (PIS) payoff tables, [4],
of the following problems, for i=1:
[DMLi]

Maximize

Xi (FiliL(Xlﬂ'--;Xh)l'--lFilI‘(llj(Xli'--;Xh))

subject to (11)
X eM,

Maximize

X, (FA* Xy X, o FHE (X, X))

subject to (12)
XeM,

Maximize

X, (FEH X oo X, o PR (X, X))

subject to (13)
XeM,

Maximize

X, (FHH Xy, oo XD, FHE (X, X))

subject to (14)
XeM,

and obtain the PIS:

LL-DM_, -DM,

. HL-DMp | LH-DMp| _HH
(Fiq ), (Fig ), (Fig ) and (Fyq )
q=12,....,k;.
Step 4.

Construct the negative ideal solution (NIS) payoff tables,
[4], of the problems (11-14) for i=1 and obtain the NIS:

(Fl_qL:_ZDMLl),k(Fl_qHL_DMLl), (Fl_qLH—DMLl) and (Fl_qHH—DMLl) ,
q=12,....,k;.

Step 5:

Let wyg =wy," where $iL wi, =1 andp =p*, p* €
{1,2, ..., 00}

Step 6:

Construct distance functions a2/ “and d}is" ",
[4], by the above steps (3, 4 & 5):

LL-DMp,

PIS
dp



l/p

LL-DMy, LL-DMJ, 14
Zkl w Fiq ~Fiq T x)
q=1"1q F*LL—DMLl_ _LL-DM,

1q Fiq

And

dNISLL—DML1 _
14
1

LL-DMp, _LL-DMp \ P /p

Zkl Fiq (X) — Fiq

q=1Wiq IL-DMy, __LL-DM[,

qu _Fiq

. . HL-DM],
Construct distance functions dj’* tand dpy’®

by the above steps (3, 4 & 5):

HL-DM],
dris 1_
p
1
HL-DMj, HL-DM 14 /p
* 1 L1
o (Fe Pemg R
Zqzl Wiq _AL-DM_ _HL-DMp
iy -Fiq
and
HL-DM],
dNIS 1
14
1
HL-DM], HL-DMp \ P /p
1 — 1
kq qu x) - Fiq
Zqzl Wiq _AL-DM_, _HL-DMp
i -Fig

i i LH-DM],
Construct distance functions dj's tand d’s

by the above steps (3, 4 & 5):

LH-DM],
dPIS 1 _
14
1
LH-DM], LH—-DM 14 /p
F 1_F L1xy
Zkl 1q 1q
q=1W1q LA-DM[, _LH-DM[,
Fiq ~Fiy
and
LH-DM],
dNIS 1 _
14
1
LH-DM LH-DMp_ \ P /Z’
Lq - 1
Ky Fig (X) - Fig
Zqzl Wiq LH-DM_ __LH-DMp
Fiq —Fiq

. . HH-DM],
Construct distance functions d}’® tand aj’s

by the above steps (3, 4 & 5):

HH-DM],
dPIs 1_
14
1
HH-DM], HH-DM], 14 /p
Ff, 1_F 1 (x)
kq 1q 1q
q=1W1q _HH-DML__ HH-DML
1q “T1q
and
dNISHH—DMLl _
14

(15)

(16)

HL-DM[,

17

(18)

LH-DM[,

(19)

(20)

HH-DMp,,

(21)

1/73

HH-DM], _HH-DM \ P
k1 qu ! (X) - Fiq 29
Zq=1 Wiq _HH-DM[, __HH-DM[ (22)
Fiq —Fi,

Step 7:

Construct the following bi-objective problem with two
commensurable (but conflicting) objectives, [4], using the

i ; LL-DMy, LL-DM],
distance functions df"s tand dy’® 1.

LL-DM

Minimize df's X

Maximize dg’sLL_DMLl X

subject to (23)
XeM

where

p=12,....,00.

Construct the following bi-objective problem with two
commensurable (but conflicting) objectives using the distance

. HL-DM],
functions dj's tand dy's

L. . HL-DM|,
Minimize dj's X

Maximize dQ”SHL_DMLl )

subject to (24)
XeM

where

p=1,2,.....,0.

Construct the following bi-objective problem with two
commensurable (but conflicting) objectives using the distance

. LH-DM], LH-DM],
functions dj's tand aj"s 1:

Minimize dg’SLH_DMLl X

Maximize d{,‘”SLH_DMLl x)

subject to (25)
XeEM

where

p=1,2,.....,0.

Construct the following bi-objective problem with two
commensurable (but conflicting) objectives using the distance

. HH-DM|,
functions d}'s '

L HH-DM|,
Minimized;" t

)



o HH-DM],
Maximize dy'® '

X
subject to (26)
XeM
where
p=12,....,00.
Step 8:

Construct PIS Payoff table for problem (23) and obtain;
_LL-DMp, ((dPISLL—DMLl)_ (dNISLL—DMLl)_)
- 14 ) 12 )

- - * - *
d*LL DMLy dPISLL DMy, dNISLL DMy,
p p \Yp :

<

where

— *
(dPISLL DMy,
P

L LL-DM], o LL-DM],
= Minegdots Y (X) and the solution is X*'S '

- *
(dNISLL DMy,
1]

. LL-DM], o LL-DM],
= Maximiagdy’s '(X) and the solution is XN'S '

(dPISLL_DMLl)_ _ gpistPML (XNISLL_DMLl) and
P P
(lesLL‘DMLl)_ — gnistt oM (XPISLL_DML1)

P P :

Construct PIS Payoff table for problem (24) and obtain:

_HL-DMp p1sHL=DML; \ ™ NIsHL=DML; \ ™
d = (@) () )
— _ * — *
d*HL DM, dPISHL DM, dNISHL DM,
p - p P\UP '

Construct PIS Payoff table for problem (21) and obtain:

_LH-DMp, pistH-PML, \ ™ NisEH-PML,; \~
dp - ((dp ) '(dp ) )
LH-DM[,; prsH-DMLy * NistH-DMLy *
dp = () ()

Construct PIS Payoff table for problem (22) and obtain:
dl;HH—DML1 _ ((ngSHH—DMLl)_ ’ (ngSHH—DMLl)_)’
dEHH—DMLl _ ((ngSHH—DMLl)*’(ngSHH—DMLl)*)

Step 9:

Construct the following satisfactory level model, [11-13],
(for finite value of p) for problem (23):

Maximize §“L~PMLy

subject to (27)
LL-DMy, LL-DMy,
ngS 1(X)—(dgls 1.« - SLL—DMLl
—_ - —_ * - 1
(ngSLL DML]_) _<ngSLL DML1>
(ngSLL—DM]ﬂ) _ngSLL—DMLl ®
> §LL-DML,;

2 =
(dNISLL—DML1> _(dNISLL—DMLl)
P P

X € M, 84"PML; ¢ [0,1]

Construct the following satisfactory level model (for finite
value of p) for problem (24):

Maximize §HL~PMLy
subject to (28)

HL-DM, HL-DM,
1 1
dBIs (0—(dB1S x

= 2
(ngSHL—DML1> _<dglsHL—DML1>

> gHL-DML,;

HL-DMp \" HL-DMp
(dgls ) —aN1s X

HL-DMp,_ \* HL-DMp , \~ ZSHL_DMLI’
(dg]s Ll) _(dgls L1>

X € M, 8H-PMLy € [0,1]

Construct the following satisfactory level model (for finite
value of p) for problem (25):

Maximize §"H~PMLy

subject to (29)

LH-DMp, LH-DM;
ngS (X)_(dgls *

= 7
(dPISLH—DMLl ) _(dPISLH—DML1 >
P P

> SLH-DML;

¥
(ngSLH—DMLl) —dQ”SLH_DMLl

(€9)

LH-DMj_ \* LH-DMj \~ = 6LH_DML1’
(dzws Ll) _(dms L1>
14 14

X € M, §HH-PMLy € [0,1]

Construct the following satisfactory level model (for finite
value of p) for problem (26):

Maximize §7H-PMLy

subject to (30)

HH-DM|, HH-DM|,
akls (- (ab1s 1ys

> §HH-DML,
- = — * = 1
(dglsHH DML1> _<d5,SHH DML1>




HH-DMp, \" HH-DMp,
(dgns > _ dgls )

HH-DMj _\* HH-DMj_\~ = SHH_DMLl’
(dzvzs L1> _(dzws L1>
P P

X € M, s"H-PMLy ¢ [0,1]

Step 10:
Solve problems (27-30) to obtain the satisfactory levels
LLL-DMp JHL-DMp, LH-DM, JHH-DM
) , 0 , 0 and 6 for the
. . LLL-DMp, JHL-DMp,  LH-DM,
compromise solutions X ¢ X and
HH-DM
X" " 1fthe DM, is satisfied with the solutions, then go

to step (11). Otherwise, go to step (5).

Step 11:

Ask the DMy, to select the maximum acceptable negative
and positive tolerance (relaxation) values, [14, 15]:

LL-DMg;-L LL-DMi;-R HL-DMy,-L HL-DMy;-R LH-DMp,-L
. . . . )T,

i—IH DM I: ! HH Dl\;[ ! R o
—DM_ — —DM_. -
; ! TandT, o,

i =1,2,...,n, on the decision vectors:

X*LL—DMLl _
; =
JLL-DMj  LL-DMj, LL-DM JHL-DMp,
X11 » X12 e Xing » &g =
JHL-DMy,  HL-DMp, JHL-DM |
X11 ,X12 yeeey Ang )
[LH-DMp, ¢ LH-DMj,  LH-DMp, LH-DM
1 =(x; , X1 R ,
and
JHH-DMy, ¢ HH-DM,  HH-DMp, JHH-DM[
1 = \X11 » X12 s Xy

Seti = i+1, go to the next phase.

Phase (2):

Step 12:

Set i=2, “The 2" level".
Construct the PIS payoff table of problems (11-14) for i=2,

. LL-DMp, HL-DMp, LH-DM[,

and obtain the PIS: (F3, ), (Fzq ), (Fzq )
HH-DM[,,

and (F3, ), q=12,....,k,.

Step 13:

Construct the negative ideal solution (NIS) payoff tables of
the problems (11-14) for i=2 and obtain the NIS:

(FZ_qL:_ZDMLZ),k(Fz_qHL_DMLZ), (FZ_qLH—DMLZ) and (FZ_qHH—DMLZ),
q=1.2,....,k,.

Step 14:
Let wyy = wyp,™ Where 221:1 Wy =1andp=p", p"€
{1,2, ..., 00}

Step 15:

. . LL-DM], LL-DM],
Construct distance functions dj"s ? and dy'® z

=DMy, Li-DMy,

dPISLL_DMLZ — Zkl w Fiq Fiq )
p q=1W1q IL-DMy, __LL-DM[;
1q _qu
1
LL-DMp, LL-DMj, P\ /p
* _ 2
k2 w Faq qu ) (31)
q=1W2q IL-DM[, _F_LL—DMLZ
2q 2q
And
LL-DMp, _LL-DM \ P
dNISLL—DMLZ _ Ky Fiq X) - Fig
P = Zq=1 Wiq IL-DM, __LL-DMp, +
qu —qu
1
LL-DMy, _LL-DM, 14 /p
k2 FZq (X) - qu 32
q=2W2q IL-DM[, _LL-DMp, (32)
2q _FZq

. . HL-DM], HL-DM;,
Construct distance functions dj’s ? and dy'$ z

*HL—DML1 _ HL—DML1

HL-DM, Fiq Fiq X)

— kq
TLHdﬁf"iLfR = Zq=1W1q AL-DM[, _HL-DM[, +
, Fiq ~Fig
Y
JHL-DM[, HL-DM, 14 14
k 2 —F, X)
YW 2 : (33)
q=1W2q _AL-DM[, __HL-DML,
Faq —Fpq
and
HL-DM],
dﬁ”s -

1/p

HL-DMj, _HL-DMp \ P
T g (28 Sl +
I q=1W1q | = FI-DMi_ HL-DN,

1q 1q | 34
| HL-DMy, _HL-DMp,\ P | (34)
Zkz 2q (X)_qu
q=1W2q L HL-DML, _AL-DML,
2q 2q
. . LH-DM], LH-DM],
Construct distance functions dj' 2and dp’® 2
LH-DM[, LH-DM
* 1_ Lq
dPISLH_DMLZ _ Zkl w 1q 1q ) +
p = q=1W1q LH-DMy, __LH-DM[,
Fiq -Fig
Y
LH-DM[, LH-DM, 14 14
k F - *)
2w ? 24 (35)
q=1W2q LA-DM[, __LH-DMy,
Fq -F5q
and
LH-DM,| _LH-DM \ P
dNISLH_DMLz _ Zkl w qu (X)—qu +
) = | 2g=1W1q IA-DMy, __LH-DMj,
1q “T1q
1
LH-DMp, _LH-DMp,\ P /p
k X)) -F,
Yot Waq | = 7 (36)
q=1W2q IH-DM[, _LH-DM[,
F3q -F3,
. . HH-DM, HH-DM|,
Construct distance functions dj’s and d’* 2
*HH—DML1 HH—DMLl
dPIsHH"DMLz _ Zkl w iq —Fiq )
p = q=1Wiq JAA-DM[, __HH-DM[
Fiq -Fiy
Y
JHH-DM, HH-DM|, p 14
k2 2q _FZ ) 37
Zq=1 Wagq _HH-DM[, __HH-DML, (37)

Fq Fig



HH-DM
and Minimized;" L2 00)
HH-DMp _HH-DMp \ P
dNISHH—DMLZ _ Zkl w Fiq (X) - Fiq n
P = q=1"V1q F;(I;H—DMLI_ 1_qHH—DML1 Maximize d;)\”sHH—DMLz (X)
HH-DM,, _HH-DM|, 14 1/17 .
K Fyq *) - Frg 33 subject to (42)
Zq=1 W2aq _HA-DM[, _HH-DM, (38)
qu _qu
XEeEM
Step 16:
where
Construct the following bi-objective problem with two
commensurable (but conflicting) objectives, using the distance p=12...,0
functions d2'S" " “and alis" 2
P 4 ) Step 17:
LL-DM
Minimize df's 5100) Construct PIS Payoff table for problem (39) and obtain:
LL-DM _LL-DM LL-DM - LL-DM -
Maximize dy'® 2 d; Lz _ ((dgls LZ) ,(d{,}”s Lz) )’
subject to (39) JLL-DM,, LL-DMp, \* LL-DMy, \*
G = (Y ),
XeM
where
where
(dPISLL'DMLZ)* _
s =
p=12,....,00. L-DM_,

o LL-DM], L L
Miniregdp!s *(X) and the solution is X*'S ,

Construct the following bi-objective problem with two
commensurable (but conflicting) objectives using the distance (d{)ws

. HL-DM],
functions df's and dy's

LL-DMp,\*

L LL-DM LL-DM
Maximiagdy'™® “2(X) and the solution is XV'S t2
Minimi dl[’l“"]-IL_DI\/[L2 X LL-DMp\ ~ LL-DM LL-DM
inimize d, *x) (d”s Lz) _ gPIs L, (X"”S Lz) and
4 p
L NisHL-DML,
Maximize d, 09) (dNISLL—DMLz)_ _ dNISLL—DMLZ (XPISLL—DMLZ)
4 D .
subject to (40)
Construct PIS Payoff table for problem (40) and obtain:
XeM
HL-DM], HL-DMj\ ~ HL-DM[,\~
= (Y ()
where P P P
HL-DM, prsHL—DML, * NisHL-DML, *
p=12 ..., d;, = ((af ) (@ )
Construct the following bi-objective problem with two Construct PIS Payoff table for problem (41) and obtain:
commensurable (but conflicting) objectives using the distance
functions d2S™ " and ais " g-rPMe ((dmsL“‘DMLZ)_ (d”’SLH_DMLZ)_)
14 14 ’ 14 4
LH-DM
Minimize dgls k2 X) d*LH—DMLZ _ ((dPISLH_DMLz)* (dNISLH_DMLz)*)
14 - Y4 ’ 1% .
L. NisPH-DML,
Maximize dy ) Construct PIS Payoff table for problem (42) and obtain:
subject to (41) _HH-DM[, HH-DMp,\ "~ HH-DMp,\ "~
" = (Y ) )
XeM . .
where d;HH_DMLZ — ((sz,’ISHH_DMLZ) , (d;JVISHH_DMLZ) )
p=12,....,00. Step 18

Construct the following bi-objective problem with two

commensurable (but conflicting) objectives using the distance Construct the following satisfactory level model, [11-13],

functions dSISHH_DMLZ HH-DM, (for finite value of p) for problem (39):



Maximize §“-—PML,
subject to (43)
LL-DM, LL-DM,
PIS 2 PIS 2
dh x)—(dp ) > §LL-DMy,
(dPISLL—DML2> _(dPISLL—DMLZ) =
14 14
*
(ngSLL—DMLZ > _ngSLL—DMLZ -
> SLL_DMLZ ,

* —
(dNISLL—DMLZ ) _(dNISLL—DMLZ )
P P

LL-DMp,  LL-DMp, -L
X1i— Xli —T.

LL-DM .
LL-DM, L =4 L2,i =1,2,..,nq,
T,

L

LL-DMp, LL-DMj, -R
¥ 1 Ly
<X1i +7; )— X1

> §UL-DML; i =12,...,n,

LL-DM[, —R
i

X € M, §4PMLz € [0,1].

Construct the following satisfactory level model (for finite
value of p) for problem (40):

Maximize §1L~PMLy

subject to (44)

HL-DM], HL
2
dzI?IS (X)_(dgls

— *
(dPISHL—DMLZ) _(dPISHL—DMLZ)
P p

_DMLZ)*

> 6HL—DML2 ,

x)

5 =
(dNISHL—DMLZ> _(dNISHL—DMLZ)
p p

HL-DM,\* HL-DM],
(d{Q”S 2) —alis 2y

> 6HL—DML2 ’

) LHL-DMy,  HL-DM[ -L
x1i~ | X14 T

> HL-DM .
HL-DM,-L =06 L2,i =1,2,..,nq,

T

LHL-DMp, = HL-DM -R
1i +1;

>_x1i HL-DM
DM, ;

HL-DMf, R =4 2,L=

T,

1A

X € M, sH-PMz € [0,1].
Construct the following satisfactory level model (for finite
value of p) for problem (41):
Maximize §™H-PML,
subject to (45)

LH-DM], LH-DM],
2 2
ap's ®)-(dp'® )"

= 5
(dPISLH—DMLZ) _(dPISLH—DMLZ)
p p

> §LH-DML,

«
(dNISLH—DMLZ) _dNISLH—DMLZ
p p

X)

LH-DM
LH-DMj_\* LH-DM;_\~ =246 k2,
(dms Lz> _(dms Lz)

P P

LLH-DML,  LH-DMp -L
X1i~ | X1 T
LH-DMf, L
i

> > §HPML, i =1,2,..,n,,

— X1

LLH-DMp, = LH-DMp -R
1 +7;

LH-DMy, ; _
LH-DM,-R =>4 2,i =1,2,..,n,,
T,

X € M, §MH-PMLz € [0,1].

Construct the following satisfactory level model (for finite
value of p) for problem (42):

Maximize §TH-PMLy
subject to (46)

HH-DM,
abls (0 -(ab1s

= =
(dPISHH—DMLZ ) _<dPISHH—DML2>
14 14

HH-DM,
A S SHH-DML,
= ’

HH-DM,\* HH-DM],
(dgns 2) —apis 2 x)

* —
(dNISHH—DML1> _<dNISHH—DML1>
P P

> SHH_DMLZ ,

X ( JHH-DML, THH—DMLl—L>
1i 1i -4
) : > gHH-DMy, ;
= )

1,2,..,nq,

HH-DML, -1
L

HH-DMp;, HH-DMy, -R
1 L
<X;i +7; 1 )— X1i

HH-DM L
HH-DM[,-R =6 L2,i=12,..,nq,

Tl
X e M, s"H-PMz ¢ [0,1].

Step 19:

Solve problems (43-468) to obtain the satisfactory levels
LL-DMp, HL-DM, LLH-DM, LJHH-DM[,
é , 6 , 0 and 6 for the
. ) LL-DMy, HL-DM, LH-DMy,
compromise solutions X* , X" X and
HH-DM
X" L2 Ifthe DM, is satisfied with the solutions, then go

to step (20). Otherwise, go to step (14).

Step 20:

Ask the DM, ,to select the maximum acceptable negative
and positive tolerance (relaxation) values:

LL-DMp,-L LL-DMy,-R HL-DMp,-L HL-DMp,-R

(e (] (] ’

l
LH-DM,-L LH-DMy,-R HH-DMp,-L HH-DMp,-R
T, T, T, and T, ,i =
L L 13 13
1,2,..,n,
on the decision vectors:
LL-DM], LL-DM], LL-DM], LL-DM],
* 2 * 2 * 2 * 2
X5 = (x21 , X2 s s Xop, ),
LL-DMp, JHL-DMy,  HL-DM[, LHL-DMp,
2 =\|X21 y X202 , ....,x2n2 ,
LH-DMp, ¢ LH-DMp,  LH-DM[, LLH-DM[,
5 = (x5, , X5 s Xom, ,



and

L HH-DM, ( JHH-DM[,  HH-DM,
5 =

’((HH—DML2
21 122 IRLIEN] 217.2 .

Seti=i+1, if i <h goes to the next phase. Otherwise, stop.

4. ILLUSTRATIVE NUMERICAL EXAMPLE

Consider the following linear multi-level multi-objective
decision making (LMLMODM) problem with rough
parameters in the objective functions

First Level:

Maximize f;; (X) = 2([2,3], [1,5])x; + ([3,5],[2,7]) x, +
([213]1 [1'4]) X3

Maximize f;,(X) = ([6,7], [5,9Dx; — x, +
([1!3]! [1'6]) X3 + ([1!3]’ [0'5])

Second Level:

Maximize f,; (X) = 2x; + ([5,6],[3,8]) x, —
2([0'3]' [0'6]) X3 + ([5'6]' [3'7])

Maximize f,,(X) = x; — ([3,4],[2,6]) x, +
([1!3]! [1'7]) X3 + ([3!4]’ [2'6])

Third Level:

Maximize f3; (X) = ([2,5], [1,8])x; + 2x, + X5 +
([4,5],[3,6D

Maximize f5,(X) = 5x; + 2([1,2],[1,4]) x, — x5 +
(6,71, [5.8D)

Subject to:

XeM = {3X1 + 5X2 + X3 S 35, 2X1 —X2+12X3 S
20,5x%, + 6x3 < 16,x; = 1,%X4,X3,X3 = 0}

Solution:

Phase (1):

<]
-
=

First Level:
MaximizeFM = 4x,+ 3x,+x5+2

Maximize F = 6x; — x,+x3+1
Second Level:

MaximizeFy} = 2x,+ 5x,+5

Maximize F% = x; — 3 x,+ 2543
Third Level:

MaximizeFy} = 2x; —2x,+x5+4

Maximize FL% = 5x; + 2 x, — x3+6

Subject to

XeM
PHL.

First Level:
MaximizeF}l' = 6x,+ 5x,+x;+3
Maximize F} = 7x; — x2,+3x3+3
Second Level:
MaximizeFyl = 2x,+ 6x,++6x; +6
Maximize FF' = x; — 4 x,+ 3x3+4
Third Level:
MaximizeFi = 5x; —2x,+x,+5
Maximize FY} = 5x; + 4 x, — x5+7
Subject to

XeM

PLH.

First Level:
MaximizeFH! = 2x,+ 22, + x5+1

oo BLH _

Maximize Fy5' = 5x; — x,+ x5
Second Level:

i mLH
MaximizeF;; = 2x,+ 3x,+3

.. LH _ _

Maximize F35 = x; — 2 x,+ x3+2
Third Level:

.. HL _ _
MaximizeF37 = x; —2x,+x5+3
Maximize F}' = 5x; + 2 x, — 2345

Subject to

XeM
pHH,

First Level:
MaximizeFi! = 10x,+ 7x,+x;+4
Maximize FI! = 9x; — x,+6x5+5
Second Level:
MaximizeFs! = 2x,+ 8x,—12x5 +7

Maximize F}}! = x; — 6 x,+ 723+ 6



Third Level:
MaximizeF}! = 8x; —2x,+x5+6
Maximize FX}! = 5x; + 8 x, — x3+8
Subject to

XeM

-
-
E

(First Level):

Obtain PIS and NIS payoff tables for problem PLL:

Table 1. PIS payoff table for problem PLL

FIiX) FiX)  x X2 X3
Max.FF(X) 4585° 6254 1038 0.77 0
Max FEE(X) 4585 62.54* 1038 077 0
PIS: f*""=(45.84615, 62.53846)
Table 2. NIS payoff table for problem PLL
Fi'X) F3'X) % x x3
Min FEE(X) 2 1 0 0 0
Min. FE(X) 116 —22- 0 32 0

NIS: £~=(2,—2.2)

Next, construct equation and obtain the following equations:

- P
dPISLL PMLy _ [ p (4—5.84—615—F1L1L(X)) N
P 1 45.84615-2

1
p(62.5384-6—F1L2L(X))p /v
2 \ 62.53846—(-2.2)

1
guistt oM _ [ p (F%f(X)—(m)p ol ( F0-(-22) )” o
p 1 \45.84615-2 2 \62.53846—(-2.2)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w)’=w} =0.5 and p=2

Table 3. PIS payoff table of problem (11) when p=2

LL-DMy,
= )

LL
dPIs™" (x)-22.40027 >
0.5590170-22.40027

LL
zero—d’lws X)
zero—0.7071067812

) > §LL-PMuy §LL=DMLy € [0 1].

The maximum “satisfactory level” (§*£~°ML1=0,9447279E-
07) is achieved for the solution x;‘LL =10.38462,
x;F=0.7692308, x;" = zero.

Second Level
Obtain PIS and NIS payoff tables for problem PLL:

Table 4. PIS payoff table for problem PE

F3i(X)  F3X) X1 X2 X3

LL * -
MaxFH(X) 336667° ., 63333 32 0
Max FEE(X) 25 13" 0 0 0

PIS: £*= (33.6667, 13)

Table 5. NIS payoff table for problem PLL

F3i(X) FiX) x1 X X3
Min. FEE(X)  5- 0 0 0 o0
MinF(X) 21 —66- 0 32 0

NIS: £~ = (5,—6.6)

Next, construct equation and obtain the following equations:

dPISLL—DMLz _ [ » (45.34615—F1L1L(X))p +

p 1 45.84615-2
p (62.53846-FEE(x)\P p (33.6667-FH 0\
2 (62.53846—(—2.2)) + 3( 33.6667-5 ) +
» (13-FEEGONP p
4 (13—(—6.6)) ]

FH(x)-(-2.2)

e R (F%%<X)—(2>)” 4 w”( )p +
p 62.53846—(—2.2)

1 \45.84615-2 2
1
p (F%%(X)—(S))” p (F%%(x)—(—s.s))” /e
3 \'33.6667-5 4 13-(-6.6)

Thus, problem (11) is obtained. In order to get numerical

solutions, assume that w}’ =w} =w?=w?=0.25 and p=2,

dglsLL dglsu FH(X) FH‘(X) X; X; X3
. - 10. 0.
Min. dZPISLL 22.40" 0.71 45.9 62.5 4 8 0 Table 6. PIS pay0fftable of problem (11) when p:2
NISLE * 10. 0.
Max. d} 0 056" 4585 625 0 o 0 dPs™ st FHX) P X1 X x5
- LL Min. df'S" 112° 047- 2062 111 12- 0%7 0
d; =(22.40027,0.5590170) ,d; =(0, 0.7071067812). 47
Max.d)'s" 004 017° 2062 111 7 0

Now, it is easy to compute step (10):
Maximize §"=PMiq
Subject to

3x1 + 5x2 + X3 S 35, le - x2+IZX3 S 20, 5x2 + 6x3 S
16,x; = 1,x1,%x5,x3 =0

10

d; =(11.20014 , 0.1688567 ), d; " =(0.04301006758,
0.4710896811).
Now, it is easy to compute step (10):

Maximize §*~PML,



Subject to

3x1 + 5x2 + x3 S 35, 2x1 - x2+12x3 S 20, SXZ + 6X3 S
16,x; = 1,x1,%x5,x3 =20

pIsLL

d X)-11.20014 _

1 x) > §LL-DML,
0.1688567-11.20014

LL
0.04301006758—dN 15" (x)
0.04301006758—0.4710896811

) > §LL-DML,

SLL=PML, e 10,1].

((10.38462+0.001)— xl) > §LL-DMy,
0.001 - !

(x1 — (10.38462 — 0.001)

) > §LL-DMy,
0.001 -

The maximum “satisfactory level” (§*£~PML2=0,7886892E-
07) is achieved for the solution x{‘LL =10.38462,
x;=0.7692308, x;“= zero.

(Third Level):
Obtain PIS and NIS payoff tables for problem PLL:

Table 7. PIS payoff table for problem PLL

FiiX) FHX) x Xy X3
Max. FEE(X) 24* 56 10 0 0
Max.FH(X) 2323 5946° 1038 077 O

PIS: "= (24, 59.46154)

Table 8. NIS payoff table for problem PLL Table 8. NIS
payoff table for problem PLE

FiAX) FEX) x1 x3  x3
—2.4- 12.4 0 32 0
5.67 4.3~ 0 0 167

Min. FE-(X)
Min. FE(X)

NIS: f~""= (—2.4,4.3)

Next, construct equation and obtain the following equations:

1 45.84615-2
p (62.53846-FLE(x)\P p (33.6667-FEL(x)\P
wh (2 il) P ()
62.53846—(—2.2) 33.6667-5
p (13—F2L2L(X))p P (24—F3L1L(X))p
4 \13-(-6.6) 5 \24-(-24)

gPisHPMi _ [ p (4584615-rH 0\
? — +

g

1
p(59.46154—F3L2L(X))p /v
6 \ 59.46154—(4.3)

dIIDVIsLL_DMLs _ [Wlp (F%%oo—(m)” +w? ( Fig (X)-(-22) )” n
45.84615-2 62.53846—(—2.2)
p M)” p (F0-(-6.6)\"
W3 (33.6667—5 +W4( 13—(~6.6) ) +
1
p (Fé%m—(—z.@)” P ( FH(0-(43) )” b
5 24—(-2.4) 6 \59.46154—(4.3)
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Thus, problem (11) is obtained. In order to get numerical

solutions, assume that w’ =w} =w? =w} =w? =wl'=1/6 and p=2,

Table 9. PIS payoff table of problem (11) when p=2

diis" ais" Fi(X) Fi(X) %1 % %3

Min. dS™ 747" 035~ 2323 5946 10. 07 0
4 7

Max.d¥'s" 003 010" 2323 5946 10. 0.7 O
4 7

di" = (7.466758,0.1035186 ), d5 =(0.02925962351,
0.3532933399).

Now, it is easy to compute step (10):
Maximize §tL=PMis

Subject to

3x; + 5x, + x5 < 35,2x; — x,+12x3 < 20,5x, + 6x3 <
16,x; = 1,x1,%x5,x3 =0

pisLL

d X)—7.466758 _

3 &) > §LL—DMy, )
0.1035186—7.466758

LL
0.02925962351-dY1S™" ()
0.02925962351—0.3532933399

> > §LLDML;

§LL~PMis € 10,1].

0+0.001)—+x - x3—(0-0.001 -
(( ) 3)26LL DML31(3 ( ))ZSLL DMy,
0.001 0.001

The maximum “satisfactory level” (§*£"°MLs =0.6082756E-
07) is achieved for the solution xl*LL =10.38462,
x3=0.7692308, x3"“=zero.

pHL.

(First Level):

Obtain PIS and NIS payoff tables for problem PHL:

Table 10. PIS payoff table for problem PHL

FIIX) FX)  x1  x  x3
Max.FEE(X) 69.15° 7492 1038 077 O
Max.FAL(X) 6915  7492° 1038 077 0

PIS: £*""=(69.15385, 74.92308)

Table 11. NIS payoff table for problem PH:

FIL(X) FELX) x1 %3  x3
3" 3 0 0 O
—-02- 0

Min. FEE(X)
Min.FiL(x) 19

NIS: £==(3,—0.2)

Next, construct equation and obtain the following equations:



HL-DM, 69.15385-FHL(x)\P
dris 1 _ [Wp( 11 ( )) +

1 69.15385-3

1
p(74.92308—Ff§L(X))p /v
2 \ 74.92308-(-0.2)

_ p
gistPML e (F1H1L(X)—(3))
p 1 \69.15385-3

1
) ( FHE 0 -(-0.2) )” /e
2 \74.92308—(-0.2)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w”=w?=0.5 and p=2,

Table 12. PIS payoff table of problem (11) when p=2

dfis™ aiis™ Fii Flz ot % X

Min. dZ'S™ 3458 071 69.1 749 103 0.7 0
5 2 8 7

Max.dys"™ 0 056" 69.1 749 103 07 O

5 2 8 7

a3 = (34.57692,0.559017) , d;" "= (0, 0.7071067812 ).

Now, it is easy to compute step (10):

Maximize §7-~PMLy

Subject to

3x; + 5x, + x5 < 35,2x; — x,4+12x3 < 20,5x, + 6x3 <
16,x; = 1,x1,%x5,x3 =0

pIstL

d X)—34.57692 _

1 x) > §gHL-DML;
0.5590170—34.57692

HL
zero—dllws x)
zero—0.7071067812

) > §HL=DML, §HL-DM1y € [0 1].

The maximum “satisfactory level”
( 8HL~DM1y =(,1536454E-01) is achieved for the solution

x;""=10.38462, x;" "=0.7692308, x3" = zero.
(Second Level):
Obtain PIS and NIS payoff tables for problem PHL:

Table 13. PIS payoff table for problem pH%

FHlX) FIIX) x1 x  x3
Max. FzHlL(X) 39.23* 3.56 74 244 0.64
Max.FE-(X) 26 14 10 0 0

PIS: £*""=(39.2258, 14)

Table 14. NIS payoff table for problem pPHL

FIlX) FHX) x xp x3
6~ 4 0 0 0
25.2 —8.87 0 32 O

Min. FAL(X)
Min. FHAE(X)

NIS: "= (6,—8.8)

12

Next, construct equation and obtain the following equations:

dP,SHL—DMLz [ p (69.15385-FHL(x)\P

p _[ 1( 69.15385-3 ) +
p (74.92308-FL(x) 4 p (39.2258—FHL(x) P
2 (74.92308—(—0.2)) + 3( 39.2258-6 )

1
p(14—F2HZL(X))p /v
Wa 14—(-8.8)

gIsTLTPMLy p(FﬁL(X)—(a))” + p(Fl”zL(X)—(—o.z) )" +
p 1 \69.15385-3 2 \74.92308-(-0.2)

+

1
p (Fz”lL(X)—(e))p +wP (Fz”zL(x)—(—s.s))” /e
3 \ 39.2258-6 Wa 14—(-8.8)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w?=w? =w?=w?=0.25 and p=2,

Table 15. PIS payoff table of problem (11) when p=2

L

Min. d’z’ISLL 9.5 06~ 39. 36 74 24 06
2 4 4

Max,dlz\”SLL 0.1 0.2 31. 11. 10. 07 0

4 3 4 7

d;™ = (9.511326 ,0.1645195), d; = (0.06597257621,
0.5708198897).

Now, it is easy to compute step (10):

Maximize §#=PMLy

Subject to

3xy + 5%, + x3 < 35,2x; — x,+12x5 < 20,5x, + 6x3 <
16,x; = 1,x1,%x,,x3 =0

HL
dPIs7" (x)-9.511326 S
0.1645195-9.511326 | —

HL
0.06597257621—-dyS" " (x) HL-DMp,
0.06597257621-0.5708198897 | — ’

HL-DM
gromie

SHL=DML, € [0,1].

((10.38462+0.001)—x1) > §HL-DML, (xl—(10.38462—0.001)) >
0.001 - ' 0.001 -
SHL=DML,
The maximum “satisfactory level” (87:"PMLz =zero) is
. . HL
achieved for the solution  x7 =10.38462,

x3""=0.7692308, x;" = 0.2121311e-03.
(Third Level):
Obtain PIS and NIS payoff tables for problem PHL:

Table 16. PIS payoff table for problem PHL

FiiX) F(X) x1 % %
Max.FEE(X)  55.38° 62 1038 077 0
Max.FHL(X) 5538  62° 1038 077 O

PIS: £*""= (55.38462, 62)



Table 17. NIS payoff table for problem P#L

FiiX) FHX) x1 % x3
Min. FEL(X) —-14" 19.8 0 32 0
Min. Fi-(X)  6.67 533- 0 0 167

NIS: £~"= (~1.4,5.3333)

Next, construct equation and obtain the following equations:

1 69.15385—3
» (74.92308-FHL(0)\P p (39.2258-FHL(0)\P
W2 (74.92308—(—0.2)) 3( 39.2258-6 )
WP (14—F2’“§L(X))p » (55.38462—F3{'11L(X))p
4 \ 14-(-8.8) 5 \ 55.38462—(—1.4)

gPIsTMEs [ P (69.15385—F11'¥‘(X))p
p

1
. ( s2-FHL(x) )p] /p

6 \62—(5.3333)
quis®t ML _ | p (FﬁL(X)-(3))p P ( FHL 0 -(-0.2) )p
p 1 \69.15385-3 2 \74.92308—(-0.2)
HL o\ _ 14 HL o\ _ [ P
?E? (F21 x) (5)) + Wf (Fzz X)—( 8.8)) +
39.2258-6 14—(-8.8)

1
p ( FEL(xX)—(-1.4) )p WP (F3"2L(X)—(5.3333))p /v
5 \55.38462—(-1.4) 6 \ 62-(5.33333)

Thus, problem (11) is obtained. In order to get numerical

solutions, assume that w} =w} =w! =w} =w?=w!'=1/6 and p=2,

Table 18. PIS payoff table of problem (11) when p=2

afs"™ ays"™ FH(X) FEE(X) X1 X X3

Min.df5" 9.I° 04~ 554 62 10. 07 0
47

Max.dVis" 004 01° 554 62 10. 07 0
47

d;"" = (9.068215,0.1009190), d5" = (0.04398171747,
0.3859144257).

Now, it is easy to compute step (10):
Maximize §"t~PMis

Subject to

3x; + 5%, + x3 < 35,2x; — x,+12x3 < 20,5x, + 6x3 <
16,x; = 1,x1,%x5,x3 =0

pIsHL

d X)—9.068215 _

3 x) > SHL-DML, )
0.1009190—-9.068215

HL
0.04398171747—d}'S" " (X)
0.04398171747-0.3859144257

) > §HL-DMy,

SHL=PML3 € [0,1].

((0+0.001)— X3) > 6HL—DML3 (X3—(0—0.001)) > 6HL—DML3
0.001 - ! 0.001 -
The maximum “satisfactory level” (87:~PMLs =zero) is

achieved for the solution x{HL =10.38462,

x3"=0.7692308, x;" = zero.
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pLH.

(First Level):

Obtain PIS and NIS payoff tables for problem PLH:

Table 19. PIS payoff table for problem PLH

FilX) Fi3X) x1  x3 X3
Max.FH(X) 2331* 5115 1038 077 0
Max.F:H(X) 2331 51.15° 1038 077 0
PIS: £ = (23.30769, 51.15385)
Table 20. NIS payoff table for problem PL#
Fi'"X) F'X) x x x
Min. FEE(X) 1- 0 0 0 O
MinFEL(xX) 74 —32- 0 32 0

NIS: £== (1,-3.2)
Next, construct equation and obtain the following equations:

p (23.30769—F1L1H(X))p n

1 23.30769—-1

dPISLH—DML1 _ [
p

1
p(51.15385—F1L2H(X))p /v
2 \'51.15385—(-3.2)

p
P (Fh” (X)—(l))
1 \23.30769-1

1
Wp(FH’(X)—(—s.Z) )” /p
2 \51.15385-(-3.2)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w?’=w} =0.5 and p=2,

dNISLH—DMLl _ [
p

Table 21. PIS payoff table of problem (11) when p=2

dbis™ ayis™ FI{(X) FI3(X) X1 X2 x5

Min, abS™ 11.13° 071~ 2331 512 10. 0. 0
4 8

Max.dVs 0 056 2331 512 10 0. 0
4 8

ds'=(11.13143,0.5590170) , d; " = (0,0.7071067812 ).
Now, it is easy to compute step (10):

Maximize §tH~PMLy
Subject to

3x1 + 5x2 + x3 S 35, 2x1 - x2+1ZX3 S 20, 5x2 + 6X3 S
16,x; = 1,x1,%x5,x3 =0

pistH
d X)-11.13143 -
1o @ > §LH-DML

0.5590170-11.13143

LH
zero—d’lws Xx)
zero—0.7071067812

) > §LH-DML; SLH-DML, ¢ [0,1].

The maximum “satisfactory level”



( 8M-PMiy =0,1536454E-01) is achieved for the solution
x;"=10.38462, x;3""=0.7692308, x;"" = zero.

(Second Level):
Obtain PIS and NIS payoff tables for problem PLH:

Table 22. PIS payoff table for problem PLH

FRX) FHX) x  x  x
Max. FE(X) 26.08° 1085 1038 0.77 0
Max. FEE(X) 23 12* 10 0 O
LH
PIS: £*"'= (26.07692, 12)
Table 23. NIS payoff table for problem PLH
Fi(X) FHX) x1 %3 X
Min.FH(X) 3~ 2 0 0 o0
MinFHE(X) 126 —44~ 0 32 0

NIS: £="= (3,—4.4)

Next, construct equation and obtain the following equations:

gPIsHTPML [ p (2330769-Fi{I 00\
p " *
23.30769—-1

p(51.15385—F1L2H(X))p + p(26.07692—F2L1H(X))p +
2 \ 51.15385-(-3.2) 3 26.07692—3
1
p(1z-F2L2H(x))p /v
4 \12-(-4.4)

dNISLH—DMLZ _
4

p (FELoo-\P » ( FHLO-(-32) \P
[Wl (23.30769—1) tw; (51.15385—(—3.2)) +
1
p (FLo-3)\F p (FELGO-(-4.0\P] /P
3 (26.07692—3) +W4( 12—(—4.4) )

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that wf =w} =w?=w}'=0.25 and p=2,

Table 24. PIS payoff table of problem (11) when p=2

dbis™ ghvis™ FR(X) FR(X) x1 x2 x3

Min. df5™ 624" 049- 261 109 10. 0. O
4 8

Max.ay's® 003 019° 261 109 10. 0. 0
4 8

a5 = (6.236730,0.1908760), d; = (0.02462469512,
0.4914416041).

Now, it is easy to compute step (10):
Maximize 5 H~PML,

Subject to

3xy + 5%, + x3 < 35,2x; — x,+12x53 < 20,5x, + 6x3 <
16,x; = 1,x1,%5,x3 =0

14

pIsLH
d X)—6.236730 _
1 x) > §LH-DML,
0.1908760—6.236730

LH
0.02462469512—-dY 15" (x)
0.02462469512—0.4914416041

) > SLH-DML,

SHH=PML, € [0,1].

10.38462+0.001)— -
(( ) xl) > §LH-DML,
0.001

x1—(10.38462-0.001) LH—DM
( 0.001 ) = 2

The maximum “satisfactory level” (§“#~PM12=3561380) is
achieved for the solution " =10.38462,
x;=0.7692308, x;"" = zero.

L
X1

(Third Level):
Obtain PIS and NIS payoff tables for problem PLH:

Table 25. PIS payoff table for problem PL#

Fi{X) FX)  x X2 X3
Max.FHEL(X) — 13° 55 10 0 0
Max.FHI(X) 11.85 5846° 1038 077 0

PIS: = (13, 58.46154)

Table 26. NIS payoff table for problem pL

FPx) FHX x1 x  x3
Min. FEI(X) —34- 114 0 32 0
Min. FHI(X)  4.67 3337 0 zero 167

NIS: f~""=(—3.4,3.3333)

Next, construct equation and obtain the following equations:

gPIsHPMLs [ p (2330769-Ff! 00\
P Bl k! *

23.30769—1
WP (51.15385—#{’(;{))” p (26.07692—F2L1”(X))p +
2 \'51.15385—(-3.2) 3 26.07692—3

WP (12—&%”(}())” p (13—F3L{’(X))” N
4\ 12-(-4.4) 5 \13-(-3.4)

1
p(58.46154—F3L2H(X))p /v
6 \58.46154—(3.3333)

gnisti oM [ p (FH’ <X>—(1))” TP ( FH 0-(-3.2) )”
p 1 \23.30769-1 2 \51.15385-(-3.2)
P (FZL{* <X>—<3))” P (Fsz” (x)—<—4.4>)”
3 \26.07692-3 4 12—(—4.4)
FH(X)-(3.3333)

Y
p (A co-c30\ | » e
w ( ) T, (58.46154—(3.33333))

5 13—(-3.4) 6

Thus, problem (11) is obtained. In order to get numerical

solutions, assume that w}’ =w? =w?=w? =w?=w!'=1/6 and p=2,



Table 27. PIS payoff table of problem (11) when p=2

dbistt ghist FHIX) FHIXO) x x  x3

Min. dBis*™ 2.03*  04- 13 55 0 0 0
Max.dV's" 002  01° 1185 5846 12 0%7 0

d;" = (2.034558,.1087784), d5"" = (0.01658311422,
0.386786411).

Now, it is easy to compute step (10):
Maximize §t~PMis

Subject to
3x1 + sz + x3 S 35, 2x1 - X2+1ZX3 S 20, 5x2 + 6x3 S

16,x; = 1,x1,%x5,x3 =0

pIsLH

d X)—2.034558 _

3 X) > §LH-DMig
0.1087784—2.034558

LH
0.01658311422—-ay15™" (x) > SLH-DML,
0.01658311422—0.386786411 | — ’

SLH=DML3 ¢ [0,1].

((0+0-001)- x3) > §LH-DML; (x3-(0-0-001)) > §LH-DML,
0.001 0.001

The maximum “satisfactory level” (§XH~PMLs =zero) is
. . LH LH LH
achieved for the solution x; =10, x; = zero,x; = zero.

PHH,

(First Level):

Obtain PIS and NIS payoff tables for problem P#H:

Table 28. PIS payoff table for problem pP#H

FifX) F'X)  x X2 X3
Max. FER(X) 11323° 9769 104 077 0
Max.FAH(X) 11323 97.69° 104 0.77 0

PIS: £*"= (113.2308, 97.69231)

Table 29. NIS payoff table for problem P#H

Fi"x) FIPX) x1 x x3
Min. FFH (X) 4~ 5 0 0 O
Min. FEH(X) 264 1.8~ 0 32 0

NIS: £== (4,1.8)
Next, construct equation and obtain the following equations:

grisiPML [ p (1132308 Ff1f ) P
» “Wi \Tizzs082 /) T
113.2308—4
1
p(97.69231—Ff§”(X))p /e
2\ 97.69231—(1.8)

1
gistiPML | p (FﬁH(X)—(‘*))p WP (FﬁH(X)—(l-B))p /p
p 1 \113.2308-4 2 \97.69231—(1.8)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w)’=w5 =0.5 and p=2.

Table 30. PIS payoff table of problem (11) when p=2

aE5" gy P P 5 % %

Min. dé”sm 56.1* 0.71- 11323 9769 10. 0. O
4 8

Max_dlz\”sm 0 0.56* 11323 97691 10. 0. O
4 8

d;™ = (56.09709 , 0.5590169) , d; " =(zero,

0.7071067812).

Now, it is easy to compute step (10):
Maximize §7H~PMLy

Subject to

3x; + 5x, + x5 < 35,2x; — x,+12x3 < 20,5x, + 6x3 <
16,x; = 1,%1,%5,x3 =20

pistH

da X)—56.09709 -

1 (€] > SHH DMLl,
0.5590169-56.09709

HH
zero—at'S"" (x) > §HH-DML,
zero—0.7071067812 | — !
§HH-DML; € 10,1].

The maximum “satisfactory level” (§77~PMi1 =zero) is
achieved for the solution x{HH =10.38462,
x;"=0.7692308, x5 = zero.

(Second Level):
Obtain PIS and NIS payoff tables for problem P#H:

Table 31. PIS payoff table for problem P##

FiPX) FHFX) x1 %  x3
45.27* -6.87 6.3 3.2 0
17.67* 0 0 1.67

Max. FEE (X)
Max. FEH(X) —-13

PIS: £*""=(45.26667, 17.66667)

Table 32. NIS payoff table for problem P##

FIEX) FPX) x % x3
Min FIA(X) -13- 1767 0 0 167
MinFEE(X) 326 —132° 0 32 0

NIS: f=""= (-13,~13.2)
Next, construct equation and obtain the following equations:
dP,SHH-DMLz | » (113.2308—F1HlH(X))p
p B e 113.2308—4
» (97.69231—171’2”()())1’ » (45.26667—F2H1H(X))p n
2\ 97.69231-(1.8) 3 \ 45.26667—-(-13)
1
D (17.66667—F2”2H(X))p /o
4 \17.66667—(—13.2)



P (pﬁ”(x)—(4))p +w} (Ffé”(X)-(l,s) )P

dNISHH—DML2 _
p 1 \113.2308-4 2 \97.69231—(1.8)

1
wP (quH(X)—(—B) )p +w? (FszH(X)—(—13,z) )p /p
3 \45.26667-(-13) 4 \17.66667—(—13.2)

Thus, problem (11) is obtained. In order to get numerical
solutions, assume that w’ =w} =w? =w}=0.25 and p=2,

Table 33. PIS payoff table of problem (11) when p=2

5 NS R0 P x4 % %

Min. d2'S™ 11.12° 035~ 4527 687 63 3. 0
2

Max.dys™ 004 017° 3392 1177 10. 0. 0
4 8

a3 =(11.12249 ,0.1680895), d;" " =(0.03948343031,
0.3545651373).

Now, it is easy to compute step (10):
Maximize §7~PML,

Subject to

3x; + 5x, + x5 < 35,2x; — x,+12x3 < 20,5x, + 6x3 <
16,x; = 1,x1,%x5,x3 =0

pisHH

d X)-11.12249 _

1 x) > §HH-DML,
0.1680895—-11.12249

HH
( 0.03948343031-dN57 " (x)

> §HH-DML,
0.03948343031—0.3545651373

§HH-DM1; € [0,1].

10.38462+0.001)— —
(( ) X1) > §HH-DML,
0.001
—(10.38462-0.001 —
(X1 (10.3846 000))26[.1[.1 DM,
0.001

The maximum “satisfactory level” ( §77"PMLz =zero) is
achieved for the solution x{‘HH =10.38462,
x;""=0.7692308, x5 = zero.

(Third Level):
Obtain PIS and NIS payoff tables for problem PH#:

Table 34. PIS payoff table for problem P#H

FifX) FIIX) x1  x x5
Max.FPA(X) 8754 6608 104 08 0
Max.FIH(X) 8754 6608° 104 08 0

PIS: f*""=(87.53846, 66.07692)

Table 35. NIS payoff table for problem P#H

FifX) FP'X) x1 % x
Min. FEA(X) —04- 336 0 32 0
Min.FEH(X) 767 63~ 0 0 167

NIS: f=""=(—0.4,6.3333)

16

Next, construct equation and obtain the following equations:

dPISHH—DML3
14

| » (113.2308—F1HlH(X))p » (97.69231—F1HZH(X))p n
I s 113.2308—4 2 \ 97.69231-(-3.2)
» (45.26667—F2’{H(x))p T wP (17.66667—FZHZH(X))p
3 \ 45.26667—(-13) 4 \17.66667—-(-13.2)
» (87.53846—1?3’{”()())1’

1
p(66.07692—F3HZH(X))p /v
5 \ 87.53846—(-0.4) 6

66.07692—(6.3333)

g GHH-DM,
14

_[.» (Fﬁ”(X)—G))p +w? (FleH(X)—(LB))p
1 \113.2308-4 2 \97.69231—(1.8)
WP (M)” w? (Mf
3\ 45.26667-3 4 \17.66667—(-13.2)
FHH(x)—-(6.3333)

1
p (w)p +wg (66_07692—(6.33333))p] p

5 \87.53846—(—0.4) 6

Thus, problem (11) is obtained. In order to get numerical

solutions, assume that w}’ =w} =w! =w} =w!=w}'=1/6 and p=2,

Table 36. PIS payoff table of problem (11) when p=2

abis™ ghis™ pEEGO FEEX) x1 xp xg

Min. dfis™ 14.42* 04~ 8754  66.08 12- 0%7 0
NIsH 09E 10. 0.7
Max.d}'s" 005 .. 8754 6608 0 0

ds™"= (14.42384 ,0.8510848E — 01)
d;"" = (0.04546254747, 0.3838009497).

Now, it is easy to compute step (10):
Maximize §H-—PMLs
Subject to

3x1 + 5x2 + x3 S 35, le - x2+12x3 S 20, 5x2 + 6X3 S
16,x, = 1,x1,%x,,x3 =0

> 6HL_DML3 ,

HH
df1s"" (x)-14.42384
0.8510848E—01—14.42384

HH
0.04546254747—-dY157" (x) HL-DMy,
0.04546254747—-0.3838009497 | —

sHL=DM13 € [0,1].

((0+0.001)—JC3) > 6‘HL_DML3’ (X3—(0—0.001)) > 8HL_DML3
0.001 0.001

The maximum “satisfactory level”
( 8HL~PMis =0 2253846E-06) is achieved for the solution

x1"=10.38461, x5 =0.7692309, x5 = 0.9999998E-07.

Note:

Numbers at Table (1) to Table (36) are approximated.

Table (37) presents a comparison among the proposed
TOPSIS method, Global Criterion (GC) Method and the ideal
objective vector (IOV). In general, the proposed TOPSIS
algorithm is a good method to generate compromise solutions

(at p=2).




Table 37. Comparison among the proposed algorithm, the
GC method and the vector of ideal solutions

Objective Proposed Global Ideal Objective
TOPSIS Criterion Vector
Algorithm (GC)
method Method
(p=2)
PIS NIS
ptt  fFLL 23230778  5.6678893 24 -2.4
FiL 59465616  1.0033662  59.4615 4.3
pHL  pHL 55384638 13 55.38462 -1.4
FiL  62.0090232 15 62 5.333
ptH  pLH 13 3 13 -3.4
FLH 55 11 58.4615  3.3333
pHH  pHH 87538418 13 87.5384 -0.4
FIH  66.076897 20 66.0769  6.3333

5. CONCLUSIONS

This paper extended TOPSIS approach to find compromise
solutions for the multi-level multi-objective decision making
problems with rough parameters in the objective functions
(RMLMODM). A new hybrid algorithm based on modified
TOPSIS method and the "Lower & Upper” approximations
method for solving RMLMODM problems is proposed. Also,
an illustrative numerical example is solved and compared the
compromise solutions of the proposed algorithm with the
vector of ideal solutions and the traditional global criterion
method. The engineers and the scientists can apply the
introduced hybrid algorithm to various practical RMLMODM
problems to obtain numerical solutions
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