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The motion of solid spherical particles in a baffled stirred tank is investigated numerically. 

The turbulent flow is simulated by using a two-phase model with the standard k-ε turbulence 

model. The standard k-ε turbulence model has been used to simulate single and multi-phase 

flows in stirred tanks. In the present work, this model is used to evaluate the liquid mixing 

time. A multiple reference frames (MRFs) method is employed to simulate the rotation of 

impeller in the tank. Eulerian-Eulerian and Eulerian-Lagrangian approaches are implemented 

to simulate a dense solid-liquid suspension. The particle size is 264 µm concludes the volume 

fraction of 10 %. Also, the impeller rotational speed is in the range of 5 to 16.7 rps. The 

results show that the mixing quality increases with the impeller rotational speed. It is revealed 

that the Eulerian-Eulerian approach that captures the solid-liquid interface is more appropriate 

model to predict the mixing process than Eulerian-Lagrangian one (point-particle method) for 

a dense suspension.  
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1. INTRODUCTION

Multiphase flows are widely observed in nature and 

various industries, such as oil and gas industries, chemical 

processes, and power plants. Suspension of a solid-liquid 

phase is one of the most important application of two-phase 

flows in chemical, biochemical, and mineral compound 

analysis. Particular examples of solid-liquid systems can be 

found in multiphasic catalyst transitions, crystallization, 

purification and deposition, decomposition, coagulation and 

flocculation processes, and water behaviors. The presence of 

suspended solid particles changes the flow pattern relative to 

the state in which these particles are not present. This change 

is due to the inertia of the particles, their interaction with 

vortices and turbulences, the fall of particles and the 

formation of the substrate, the presence of force in the 

coarser particles and the energy loss due to the effect of this 

force, and the effects of neighboring particles. 

Several studies have been carried out on two-phase flows 

that were able to predict the behavior of solid-liquid particles 

for different operating conditions and geometries. Yamazaki 

et al. experimentally measured the concentration of solid 

partilces in a mixing tank and showed that the ratio of liquid 

fluid velocity and solid particle descending velocity are 

functions of rotational speed of the impeller [1]. Gosmon et 

al. presented a model to simulate the turbulent two-phase 

flow in a mixing reactor [2]. They found that maximum 

particle deposition occurs at the vicinity of the walls. Sbrizzai 

et al. simulated the dispersion of suspended inertial particles 

in an un-baffled stirred tank using an immersed-boundary 

method [3]. Three suspension of 30, 50 and 100 micrometer 

diameter particles were considered. Their results showed that 

smaller particles (30 μm) remain randomly dispersed in the 

tank and larger particles accumulate at the bottom of the tank. 

Solid-liquid synthetic reactors are widely used in the 

chemical industries. The performance of these reactors is 

controlled by the suspension suppression. Kasat et al. studied 

the turbulent liquid-solid flow in a stirred reactor and 

demonstrated that the mixing time increases with the angular 

velocity of the impeller [4]. Radl and Sundaresan numerically 

presented a post-force model for simulating solid-gas 

suspensions based on the Euler- Lagrange view [5]. In this 

study, the drag relation was corrected for particles in the fluid. 

Using the coarse grains of the fluid, the average velocity of 

the particles deposited was proportional to the particle size. 

Montante et al. measured the solid suspended particles inside 

a reservoir using a particle velocity image [6]. They 

investigated the effect of the solid phase on the average 

velocity and the degree of continuous phase turbulence, as 

well as the local slip rate of solid-liquid particles. One of the 

most striking results in this work is the reduction of the 

amount of turbulence by decreasing the size of solid 

suspended particles. Bashiri et al. analyzed the turbulent fluid 

flows in agitator tanks using the radioactive particles tracking 

(RPT) technique [7]. They demonstrated that the RPT 

approach leads to acceptable results for simulating turbulent 

flow along with the mixing process of stirred tanks. 

Lassaigne et al. experimentally investigated the mixture of 

viscous liquid and high-density particles in a synthetic 

repository [8]. They evaluated the mixture of high viscous 

spherical particles by determining the suspension rate, 

homogeneous mixture speed, and the time to reach the 

homogeneous mixture. Their results showed that the 

suspension rate decreases with the diameter of the particles 

and the viscosity of the liquid. Wadnererk et al. simulated a 

solid-liquid diphosphorus mixture in a tank for low-density 

solid-liquid systems [9]. Solid-liquid hydrodynamics plays a 

vital role in the design and operation of the mixing tank as a 

mixing system. Tamburini et al. considered dense solid-liquid 

suspension systems (of volume fraction 11.9 %) in baffled 

stirred tanks to explore the minimum value of the impeller 

rotational speed that guarantees the homogeneity of 
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suspensions [10]. They showed that MRFs and transient 

sliding grid methods lead to similar results approximately. 

Recently, Oyegbile et al. investigated the characteristics of 

a rotating disk in a stirred tank numerically and 

experimentally [11]. They found that the tangential velocity 

increases across the disk and kinetic energy enhances as the 

radial distance increases. Liu et al. studied the effect of inlet 

velocity on the motion of single and multiple particles in an 

impinging flow rector using realizable k-ε turbulence model 

[12]. They reported three flow regimes for the case of 

multiple particles and demonstrated that these regimes causes 

the particles to oscillate or accelerate again in the tank.   

There are different turbulence models to evaluate the 

turbulent viscosity. Although the standard k-ε turbulence 

model has been used to simulate these flows by many 

researchers, this model is not appropriate to estimate the 

turbulent quantities of rotating flows [4]. To predict the 

behavior of solid suspension in these flows, large eddy 

simulation (LES) is employed. However, the LES requires 

very high computational time. In the present work, the 

standard k-ε turbulence model is used to calculate the liquid 

time mixing not to predict the turbulent quantity of the 

rotating flow. Hence, this turbulence model is appropriate for 

further simulations.        

Main objective of the present work is that of simulating a 

dense solid-liquid suspension (of 10 % solid volume fraction) 

in a baffled stirred tank by using Eulerian-Eulerian and 

Eulerian-Lagrangian approaches along with standard k-ε 

turbulence model. A multiple reference frames (MRFs) 

method is used to model the impeller rotation. The present 

results are compared with the experimental results of 

Yamazaki et al. [1]. Current predictions are used to explain 

the mixing process and to compare the effectiveness of two 

models.    

 

 

2. PROBLEM SETUP AND NUMERICAL METHOD 
 

In this paper, the interaction between solid particles in a 

stirred tank is investigated to explore the fluid mixing process 

characteristics. Eulerian-Eulerian and Eulerian-Lagrangian 

models are employed to simulate the motion of spherical 

solid particles in the tank.  

The geometry of the problem consists of a motor and 

accessories, a power transfer shaft from the engine to the 

impellers in the tank and cylindrical tank. Due to the 

simplicity of the work, numerical simulations of the engine 

modeling are avoided  . All dimensions of the tank, the 

properties of fluid and solid particles in the present study are 

the same as the experimental data used by Yamazaki [1]. In 

addition, numerical results reported by Kasat et al. are used 

for comparison and validation [4]. Hence, the diameter and 

the height of cylindrical reactor is H=30 cm and L=H, 

respectively. There are four attached baffles perpendicular to 

the tank wall (of width 0.1 H). A propeller and an impeller 

are integrated as parts of the reactor, which are responsible 

for driving power from the engine to the inner part of the 

tank and eventually the fluid. The propeller shaft is directed 

down the tank from the top of the tank. The length of the 

shaft is 90 mm and the diameter of the impeller is 70 mm. 

Solid particles (of average diameter, 𝑑𝑝 =264 µm and the 

density, 𝜌𝑝 =2470 kg/𝑚3 ) are suspended in water (of the 

density, 𝜌𝑤=1000 kg/𝑚3 and the viscosity, 𝜇𝑤=0.001 kg/ms). 

The volume fraction of solid particles is 10 % for all 

simulations. Computational domain is illustrated in Figure 1. 

Half of the tank is considered for the simulations due to the 

flow symmetry.  

Governing equations for solving the fluid flow and soluble 

particles are continuity and momentum equations. Since the 

propeller rotation in the tank is simulated by multiple 

reference frames method (MRFs), the governing equations 

include continuity and momentum equations are expressed as 

follows, respectively: 

 
𝜕𝜌

𝜕𝑡
+ ∇. 𝜌�⃗�𝑟 = 0 (1) 

 

𝜕𝜌�⃗�

𝜕𝑡
+ ∇. (𝜌�⃗�𝑟�⃗�) + 𝜌(�⃗⃗⃗� × �⃗�)

= −∇𝑃 + 𝜌�⃗� + ∇. 𝜏̿ + �⃗� 

               (2) 

 

where 𝜌 is the fluid density, �⃗�𝑟 is the velocity relative to the 

rotating coordinates, �⃗�  is the absolute velocity vector, �⃗⃗⃗�  is 

the angular velocity, P is the static pressure, 𝜌�⃗�  is the 

gravitational force, �⃗� is the external volumetric force, and 𝜏̿ 
is the shear stress tensor. 

 

 
 

Figure 1. Computational domain of stirred tank 

 

The standard k-ε turbulence model is a semi-empirical 

model based on solving transfer equations for the turbulent 

kinetic energy and its loss rate. The equation k is obtained 

from the momentum equation. In order to obtain the 

equations k and ε, it is assumed that the flow is totally 

turbulent and the effects of the molecular viscosity are 

negligible. The transport equations for k and ε are as follows, 

respectively [10]: 

 
𝜕(𝑟𝛼𝜌𝛼𝑘)

𝜕𝑡
+ ∇ (𝑟𝛼𝜌𝛼𝑘�⃗�𝛼 − 𝑟𝛼(𝜇𝛼 +

𝜇𝑡
𝜎𝑘
)∇𝑘)

= 𝑟𝛼𝑆𝑘 

(3) 

 
𝜕(𝑟𝛼𝜌𝛼𝜀)

𝜕𝑡
+ ∇ (𝑟𝛼𝜌𝛼𝜀�⃗�𝛼 − 𝑟𝛼(𝜇𝛼 +

𝜇𝑡
𝜎𝜀
)∇𝜀)

= 𝑟𝛼𝑆𝜀 

    (4) 

 

where the source terms for kinetic energy, k and turbulent 

dissipation rate, ε are as follows: 
 

𝑆𝑘 = 𝜇𝑡∇𝑣𝛼(∇𝑣𝛼 + (∇𝑣𝛼)
𝑇) − 𝜌𝛼𝜀 (5) 

 

𝑆𝜀 = 𝐶1
𝜀

𝑘
𝜇𝑡∇𝑣𝛼(∇𝑣𝛼 + (∇𝑣𝛼)

𝑇) − 𝐶2𝜌𝛼
𝜀2

𝑘
 

(6) 
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𝜇𝑡 = 𝜌𝛼𝐶𝜇
𝑘2

𝜀
 

(7) 

 

where 𝜇𝑡 is the turbulent viscosity and α indicates the phase. 

Also, the constant coefficients are: 𝐶1 = 1.44 , 𝐶2 = 1.92 , 

𝜎𝑘 = 1, 𝜎𝜀 = 13, and 𝐶𝜇 = 0.09. 

For the Eulerian-Eulerian model, the basic form of the 

momentum transport equation for the mixture of solid and 

liquid particles is considered as follows: 
 

𝜌
𝜕�⃗�

𝜕𝑡
+ 𝜌(�⃗�. ∇)�⃗� = −∇𝑃 + 𝜌�⃗�

+ ∇. (𝜇(∇�⃗� + (∇�⃗�)𝑇) − ∇. (𝜌𝐶𝑆(1
− 𝐶𝑆)�⃗⃗�𝑠𝑙𝑖𝑝 �⃗⃗�𝑠𝑙𝑖𝑝  

(8) 

 

where, 𝐶𝑆 is mass fraction of particles and �⃗⃗�𝑠𝑙𝑖𝑝is the relative 

velocity between solid and liquid phases. For the density of 

the mixture, the following equation is used: 

 

𝜌 = (1 − 𝜑𝑆)𝜌𝑓 + 𝜑𝑆𝜌𝑆 (9) 

 

where, 𝜌𝑓 and 𝜌𝑠 are the density of the liquid phase and solid 

particles, respectively. 𝜑𝑆 is the volume fraction of the solid 

phase.  

The governing equations are discretized by a control 

volume-based finite-difference method. The SIMPLE 

algorithm is used for coupling the velocity and the pressure. 

A no-slip wall boundary condition is employed at the solid 

surfaces. Also, zero shear stress boundary condition is used 

as a free surface boundary condition. The convergence 

criterion at each stage is smaller than10−6. 

 
 
3. RESULTS 

 
3.1 Eulerian-Eulerian approach 

 

The fluid dynamics of a baffled stirred tank is investigated 

in the present study. Initially four grid resolutions of 4 × 105, 

6 × 105 , 8 × 105  and 12 × 105 grid points are considered. 

The grid of 8 × 105predicts correct values of particle volume 

fraction in the r-direction. Figure 2 shows that this grid does 

not change with further refinement and guarantees the 

accuracy of the prediction of average velocity, but we should 

check the values of 𝑦+ on the solid walls to confirm the 

accuracy of applying the wall function. It is found that the 

values of 𝑦+ on the solid surfaces are not valid for the 

computational grid with the resolution of 8 × 105 , so the 

finest grid is used to examine the simulations. Since the blade 

thickness may effect on flow dynamics, the impeller and 

baffles are considered to have a zero thickness.    

Suspension of solid particles with volume fraction equal to 

10% in a stirred tank for impeller rotational velocity of 15 rps 

is simulated to validate the present results. The predicted 

volume faction of solid particles is shown in figure 3. This 

figure demonstrats that the volume fraction of solid particles 

is high around the cenrtal axis of the bottom of the tank. The 

accumolation of solid particles decreases suddenly at r/R=1 

(impeller tip), so complete absence of solid particles is 

observed near the cylidrical wall. Figure 3 shows that current 

computational predition results are in a good agreement with 

experimental results of Yamazaki et al. [1].    

 
 

Figure 2. Volume fraction of solid particles for different grid 

resolutions 

 
 

Figure 3. Volume fraction of solid particles in a stirred tank 

 

In the mixing processes, especially for the multi-phase 

mixing cases, the mode, the intensity and the time of mixing 

have significant effects on the mixing quality. To evaluate 

the quality of the mixing process, mixing properties of the 

mixer are usually measured by adding the tracer in the tank. 

The expected degree of homogeneity is obtained during the 

mixing time. Therefore, the mixing time is the time interval 

from the time of adding the tracer to that at which the 

specified degree of homogeneity is provided. The 

concentration history is calculated at five different locations 

in the tank as shown in Table 1. Two points (Pt-4 and Pt-5) 

are located above the impeller and two points (Pt-1 and Pt-2) 

are located below the impeller. The tracer concentration for 

each location is calculated and reported at the mixing time at 

which the tracer concentration lies within ±5 % of the 

specified concentration. Figure 4 illustrates dimensionless 

concentration of solid particles as a function of time for 

different mentioned locations for N=16.7 rps. Effective 

mixing time is the maximum time that is obtained from 

different locations. 

It is known that as the rotational speed of the impeller 

increases, the volume fraction of solid particles in the upper 

part of the tank is negligible for high solid particle 

concentrations (≥10 %) [17]. It can be concluded that the 

mixing time increases with the concentration of solid 

particles. Kasat et al. [4] revealed that the cloud height is a 
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function of the impeller rotational speed. The cloud height is 

the distance of highest average volume fraction point from 

the bottom of the tank. Figure 5 shows the volume fraction of 

solid particles at mid baffle plane for three different impeller 

rotational speeds, N=5, 10, and 16.7 rps. Particle Reynolds 

number is defined based on the slip velocity, 𝑅𝑒𝑝 =

𝜌𝛼𝑑𝑝�⃗⃗�𝑠𝑙𝑖𝑝/𝜇𝛼 . Since the particle drag coefficient is 

calculated by the equation:  

 

𝐶𝐷 =
24

𝑅𝑒𝑝
(1 + 0.2𝑅𝑒𝑝

0.63) 
(10) 

 

Table 1. Tracer locations 

 
 x y z 

Pt-1 -0.006 0.07 0.1 

Pt-2 0.02 0.04 0.03 

Pt-3 0.08 0.08 0.055 

Pt-4 0.08 0.1 0.18 

Pt-5 0.05 0.01 0.255 

. 
 

Figure 4. Mixing time in terms of dimensionless tracer 

concentration profile for N=16.7 rps 

 

Particle Reynolds number affects on particle drag 

coefficient. As the slip velocity increases, particle Reynolds 

number enhances. In other words, the turbulence increases 

the particle drag coefficient. At low impeller rotational 

speeds, the drag force on suspended particles decreases and 

all the energy of impeller is used to circulate the fluid. Hence, 

the mixing time decreases with the impeller rotational speed.  

Impeller rotational speeds of 5, 10, and 16.7 rps lead to the 

Reynolds numbers equal to 5 × 104 , 105 , and 16.7 × 104 , 

respectively. Drag coefficient correspond to these Reynolds 

numbers are 3.715, 3.748, and 3.77, respectively.   

It should be pointed out that different values of rotational 

speed are selected according to the simulations of Kasat et al. 

[4]. It can be seen that predicted mixing time decreases with 

the impeller rotational speed. Present simulations confirm the 

results of Kasat et al. and Galleti et al. who showed that only 

a single vortex is generated at low impeller rotational speed 

(≤5 rps) [4, 17]. As the impeller rotational speed increases, 

single vortex structure is converted to two vortices structure. 

Actually, the outward thrust of the impeller creates an 

outward jet. As the impeller rotational speed increases, the jet 

becomes stronger. The jet does not reach the wall of the tank 

at N=5 rps, but it approaches the wall and strikes it at higher 

impeller rotational speeds (N=10 and 16.7 rps). The jet is 

strong in the vicinity of the impeller blade. As the jet moves 

towards the wall, its momentum decreases. This causes that 

the jet splits into two axial flow results in the generation of a 

counterclockwise velocity field in the region above and a 

clockwise velocity field in the region below the impeller 

plane.          

 

 
N = 5 rps 

 
N=10 rps 

 
N=16.7 rps 

 

Figure 5. Solid particle concentration contours for 

different impeller rotational speed 

 

At impeller speed N=5 rps, a thin layer of particles is 

observed at the bottom of the tank and hence the particle 

concentration is low at z/H˂˂1. As the rotational speed of the 

impeller increases, the concentration of particles increases at 

the bottom of the tank and around the impeller surface. At 

N=16.7 rps, the aggregation of solid particles is more than 
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that at N=5 and 10 rps. At this rotational speed, the generated 

vortices at the top and bottom of the tank become stronger 

results in stronger particle transporting at top and bottom of 

the tank. Therefore, concentration of solid particles decreases 

at the center of the vortices. In other words, the aggregation 

of solid particles at the points 4 and 5 enhances at high 

Reynolds numbers (high impeller rotational speeds). Figure 5 

demonstrates that the concentration of suspended particles 

increases above the impeller by increasing the Reynolds 

number. One can predicts that a clear layer (a layer in which 

the concentration of solid particles is negligible) is generate 

around the impeller at very high impeller velocities.        

In Figure 6, the concentration distribution of solid particles 

is plotted in two horizontal and vertical directions. It is 

concluded from the figure that concentration of solid 

particles is more uniform at higher speeds. As the impeller 

rotational speed increases, solid particles start suspending off 

the bottom of the tank leads to generation of two vortices 

above and below the impeller. These vortices increase the 

transfer of mass in these regions results in more uniformity of 

the flow. 

The radial profiles of the average radial velocities is shown 

in figures 7a at different values of z/H. Four axial cross 

sections are considered: z/H=0.075 (close to the bottom of 

the tank), 0.25 (precisely below the impeller), 0.33 (at the 

impeller plane) and 0.62 (between the impeller surface and 

the top of the tank). As previously explained, two vortices are 

created above and below the impeller leads to a negative 

radial velocity for solid particles at z/H=0.075. As expected, 

the radial velocity on impeller surface is higher than that in 

other axial positions. 

The maximum radial velocity at the impeller plane is 22 % 

of the impeller tip speed which is significantly different from 

the single-phase fluid flow in a similarly sized reactor [14] 

(they concluded that the maximum axial velocity is 48 % of 

the impeller tip speed). This is due to higher volume fraction 

of solid particles in the present simulations. On the other 

hand, the impeller radial velocity increases with increasing 

the particle concentration. It is observed from figure 8b that 

the radial velocity for different axial positions has a similar 

trend. The graphs are plotted in three axial positions at r/R = 

0.33, 0.5, and 0.75. The redial velocity is identity for the 

positions of r/R=0.33 and 0.75 and is larger for the position 

of r/R=0.5. Similar behavior has been reported for the 

distribution of solid particles in an unbaffled stirred tank [13]. 

The authors showed that this is due to the effect of different 

boundary conditions imposed at the bottom (no-slip boundary 

condition) and at the top (free-slip boundary condition). 

 

3.2 Eulerian-Lagrangian approach 

 

In the previous section, the results of the Eulerian-Eulerian 

model were presented. In this section, Eulerian-Lagrangian 

model is employed to study the distribution of solid particles 

in a stirred tank and also to compare the results of these 

models. In the Eulerian-Eulerian model, the governing 

equations are solved for two liquid and solid phases on an 

Eulerian grid while two phases are assumed to be continues. 

In the Eulerian-Lagrangian approach, the position of particles 

(or particle clusters) is tracked individually as they move 

through the inner region of the stirred tank. It should be noted 

that continues fluid phase is also applied to the Eulerian-

Lagrangian approach. There are two methods describe the 

Eulerian-Lagrangian approach: point-particle and resolved-

particle methods [16]. The difference between these two 

methods is that the flow around the particle is not resolved in 

the point-particle one. The interaction between two solid and 

liquid phases is taken into account in the resolved-particle 

method. Here, the point-particle method is employed for 

simulating solid-liquid suspensions in the tank due to high 

computational cost of resolve-particle method. 

 
N=5 rps 

 
N=10 rps 

 
N=16.7 rps 

 

Figure 6. Volume fraction of solid particles for different 

impeller rotational speeds 

 

Solid hold-up distribution obtained from two above 

approaches is shown in figure 8 in comparison with the 

results of Yamazaki et al. [1]. Since a dense solid-liquid 

system is simulated in the present work, the point-particle 
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method does not predict the values of the volume fraction of 

solid particles especially around the impeller blade. This is 

due to that this method employs the single-particle 

correlations to calculate the force acting on the particles [16]. 

Therefore, this method is more appropriate for dilute solid-

liquid suspensions. Also, point-particle method does not 

capture efficiently the interaction between the solid and 

liquid interface. As a result, the method concludes generation 

of different types of vortices above and below the impeller in 

comparison with the Eulerian-Lagrangian approach (Figure 

9). 

 

 
(a) 

 
(b) 

 

Figure 7. Non-dimensional flow velocity in (a) the axial and 

(b) radial direction 

 
 

Figure 8. Volume fraction of solid particles, N=15 rps 

 
(a) 

 

 
(b) 

 

Figure 9. Comparison of streamlines obtained from (a) 

Eulerian-Eulerian and (b) Eulerian-Lagrangian models, for 

N=16.7 rps 

 

It should be pointed out that the study of microstructure of 

binary collision between solid particles or deformable drops 

(bubbles) is very important to predict the behaviour of their 

suspensions. For more details refer to [18-26].   

 

 

4. CONCLUSIONS 

 

Numerical simulation of the motion of solid particles in a 

baffled stirred tank was presented. The turbulent flow regime 

is the nature of the unsteady flows. The two-phase flow 

model along with the standard k-ε turbulence model were 

used to simulate the suspension of solid-liquid system. A 

multiple reference frames method (MRFs) was used to 

simulate the impeller rotation in the tank. The results were 

obtained by employing Eulerian-Eulerian and Eulerian-

Lagrangian approaches. It was found that as the impeller 

rotational speed increases, the time of mixing increases. The 

outward thrust of the impeller creates an outward jet. The jet 

does not reach the wall of the tank at low impeller rotational 

speeds, but it approaches the wall and strikes it at high 

impeller rotational speeds. The results showed that the 

Eulerian-Lagrangian approach (the point-particle method) 

cannot describe the liquid-phase mixing process for a dense 

solid-liquid system.  
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Many investigations have been performed to evaluate the 

mixing efficiency in microfluidic devices, for example [27].  
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NOMENCLATURE 

 

𝐶𝐷 Drag coefficient  

𝑑𝑝 Particle diameter (m) 

g Acceleration due to the gravity (𝑚/𝑠2) 
H Diameter of the reactor (m) 

k Turbulent kinetic energy (J) 

L Height of the reactor (m) 

N Angular velocity (rps) 

P Pressure (Pa)  

r Radial direction (m) 

Re Reynolds number 

S Source term (J) 

t Time (s) 

v Velocity (m/s)  

x, y, z Spatial coordinates (m) 

 

Greek letters 

 

μ Viscosity (Pa.s) 

ρ Density (𝑘𝑔/𝑚3)  
𝜑𝑠 Solid particles volume fraction 

𝜏̿ Shear stress tensor (Pa) 

ε Dissipation rate 

 

Subscripts  

 

p Particle  

r Radial  

s Solid  

slip Slip  

f Fluid  
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