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This paper elucidates heat together with mass transfer through a flat plate and variable
temperature as well as dissipative effects. The flow assumptions resulted to steady flow
equations which were simplified with appropriate similarity variables. The simplified
equations were numerically solved and results are presented both in graphs and tabular
form. Effects of physical quantities of interest were presented graphically. The local skin
friction is observed to increase because of increase in Schmidt number. Also, increase in
Prandtl number is found to boast the local Nusselt number. The behaviour of increase in

Prandtl number is found to be unstable within the boundary layer regime while increase in
Eckert number produces heat energy within the fluid layers. Finally, the validation of the
present problem is done by comparing with previous works and was in perfect agreement.

1. INTRODUCTION

In recent years, heat together with mass transfer of boundary
layer flow gained attention because of its numerous
applications in nuclear engineering as well as industries. The
results from these studies are of great importance in modeling
and simulation. Both thermal and concentration boundary
layers develops the moment fluid at specified temperature as
well as concentration flows through a surface that is at a
different temperature as well as concentration. These are also
flow regions over the surface where temperature and
concentration variations in the direction normal to the surface
are significant. Considering boundary layer flow and effects of
heat and mass transfer, velocities as well as velocity gradients
are usually assumed to be sufficiently small due to the neglect
of effects of the energy on motion as well as and viscous
energy dissipation. Hence, this study considers along a flat
plate, the effects of viscous dissipation together with
convection of heat and mass transfer in boundary layer flow.
Gebhart [1] explained that the heat as a result of viscous
dissipation is very crucial when natural convection flow is
having a good size, low temperature as well as high gravity.
Gebhart and Mollendof [2] considered viscous dissipative heat
transfer on a natural convection flow over a semi-infinite plate

Oosthuizen and David [3] examined along flat plate effects
of viscous dissipation as well as convection of heat transfer,
the equation of energy is written by adding the viscous
dissipation term. Analysis of mixed convection flow of a
viscous dissipating fluid along a vertical flat plate was studied
by Aydin et al. [4]. Several researches work on the flow of fluid
as well as transfer of heat has been carried out to study effect
of viscous thermal dissipation. These studies revealed that fluid
flows involving greater Eckert number generates heat because
of viscous thermal dissipation and controls the temperature of
as well as Eckert number which cannot be zero while
investigating convection heat transfer. Brinkman [5]
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investigated viscous dissipation on heat transfer in capillary
flow. Desale and Pradhan [6] explains solved the boundary layer
equations by considering of viscous dissipation influence
through a flat plate in the presence of variable temperature
numerically. Oyelami and Dada [7] studied viscous dissipation
influence on heat transfer by natural convection in a porous
channel. Tyagi [8] studied the dissipative fluid in a channel with
laminar force convection. Basu et al. [9] considered the laminar
heat transfer by forgone the axial conduction effect in a tube
with viscous dissipation. Oyelami and Dada [10] examined heat
as well as mass transfer having effects of viscous dissipation and
chemical reactions using Eyring-Powell fluid model.

Alao et al. [11] analyzed heat together with mass transfer of
chemically reacting fluid using spectral relaxation approach.
Increase in the parameter of chemical reaction is noticed to
decrease the velocity as well as concentration of the fluid.
Hayat et al. [12] elucidate double stratified Powel-Eying liquid
chemically reactive flow. Their study concluded that flux as a
result of Fourier’s expression is due to the absence of thermal
relaxation factor. Mondal et al. [13] explored MHD mixed
convection mass transfer with chemically reacting fluid. Their
flow equations were solved numerically and they concluded
that increasing the chemical reaction retards the fluid
concentration. Falodun et al. [14] considered chemical
reaction effects on non-Newtonian Casson fluid in their study
using spectral relaxation approach.

The study of Idowu and Falodun [15] explored steady free
convection flow with chemical reaction using spectral
homotopy analysis approach. In the study the chemical
reaction parameter is seen to decrease the concentration
distribution. Falodun and Omowaye [16] studied double-
diffusive MHD convective flow with chemical reaction using
spectral homotopy analysis approach. Their study concluded
that increase in chemical reaction parameter increases the local
heat transfer rate. Idowu and Falodun [17] considered the rate
of chemical reaction in their study. It was found out in the
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study that increases in the rate of reaction retards the fluid
concentration. The recent work of Waqas [18] was on analysis
of heat transfer of ferromagnetic non-Newtonian liquid. Both
homogeneous and heterogencous chemical reactions are
considered in their study. Their study concluded that rate of
transportation of heat is improved due to an increased Prandtl
number. Mondal et al. [19] elucidate entropy generation of
varied viscosity and thermal radiation with chemical reaction.
Their flow equations were solved with spectral quasi-
linearization method.

Heat together with mass transfer has become an interesting
area of study due to its industrial applications in science as
well as engineering such as the exchanger of heat, polymer
production, processing of food, petroleum reservoirs etc. Heat
is spread when a hot object is in contact with any object. It
occurs when an object with 0°C falls on object with high
temperature, the temperature will be spread on the object with
0°C and reduces the temperature of the object at high
temperature. Hence, heat has been transferred. Hayat et al. [20]
examined heat generation together with absorption
simultaneously with MHD flow of Maxwell nanofluid.
Homotopy technique was used to solve their flow equations
and it was discovered that thermal radiation enhances both
temperature field as well as rate of heat transfer. Kalpana et al.
[21] elucidated impact of temperature dependent viscosity
together with thermal conductivity on MHD boundary layer
flow of two-phase dusty fluid. Their result shows that there is
an enhancement in heat transfer rate as Schmidt, Prandtl and
magnetic parameter increases. Raju et al. [22] elucidates heat
together with mass transfer with MHD Casson fluid flow
numerically and concluded that increase in heat source
parameter enhances rate of heat transfer. Reddy [23] explored
the problem of heat together with mass transfer by considering
MHD, thermal radiation as well as chemical reaction. Their
flow equations were solved numerically and result revealed
that increase in thermal radiation elevates the temperature.
Khan et al. [24] considered heat together with mass transfer of
Williamson nanofluid flow. It was concluded in the study that,
large values of Prandtl number reduces the heat transport rate.
Quwasmeh et al. [25] examined forced convection heat
transfer of Casson fluid using Runge-Kutta-Fehlberg scheme.
Their findings revealed that increasing Prandtl number
enhances rate of heat transfer.

All the published works discussed above does not consider
heat together with mass transfer of hydrodynamic boundary
layer flow along a flat plate. Motivated by this assertion and to
extend the problem of Desale and Pradhan [6] to heat together
with mass transfer. Hence, this study is necessary because of
its various applications in engineering such as in higher-
polymer additives in enhancing petroleum pipelines. To the
best of our knowledge, no study in literature has considered a
problem of this type. The major aim of this paper is to
investigate the effects of all flow parameters on local skin
friction coefficient, local Nusselt as well as local Sherwood
number. We considered the velocity to be high and its effect
on the heat transfer has several specialized applications like
warmth exchange at high speeds around gas turbine edges or a
rocket motors.

2. GOVERNING EQUATIONS

Consider a steady flow of a fluid velocity U along a flat
plate with the whole surface being held at a uniform

temperature T,, and concentration C,,. The temperature and
concentration of the fluid ahead of the body are T,, and Co.
For the applications of boundary layer assumptions, Reynold
number was assumed to be small enough that the induced
magnetic field is neglected. Also, there is no opposition of the
magnetic field to the transverse flow. The chemical reaction is
of first order as well as the species concentration is assumed
to be small so that the effects of Soret-Dufour could be
neglected. The viscous dissipation effect is considered to be
significant. The physical situation that is modelled in this
paper is the flow of Newtonian fluid with constant viscosity
together with thermal conductivity over a flat plate (see Figure
1). The temperature situated at the surface of the flat plate is
noted to vary. All fluid properties are constant. Boundary layer
approximation is valid and under the Bousenesq
approximation, the governing equations are as follows:
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The boundary conditions are given as

u=0, T =T,(x), C=C,(x)aty=0

u=U,T=T, C=Crasy— o ©)
where, u and v are velocity components in x and y direction
respectively, v is the fluid viscosity, a is the fluid thermal
conductivity, T is the fluid temperature, C is the fluid
concentration, u is the coefficient of viscosity, C, is the
specific heat at constant pressure, p is the fluid density, D is
the mass diffusivity, k.is the coefficient of chemical reaction,
T, is the free stream temperature, C, is the free stream
concentration, T, is the wall temperature, C,, is the wall
concentration.

Assuming that the temperature at the plate varies in the
manner

Ty(x) — T, = Ax™ (6)

The following similarity variable 1, dimensionless stream
function i, temperature 8(n) as well as concentration ¢ (1)
as

— T
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where, n is the dimensionless distance, ¥ is the stream
function, 8 is the dimensionless temperature, and ¢ is the
dimensionless concentration respectively.
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Figure 1. Boundary layer of heat together with mass transfer

Note that in this context, prime signifies differentiation with
respect to 7.

Eqns. (1) to (5) reduces to the following after applying (6)-
(®)

1
flll _I_Eff” — 0 (9)

0" + %f@’ + EcPr(f")? —=nPrf'6 =0 (10)
¢ +%f¢’ + ScAf'¢p — ScAp = 0 (11)

Subject to:

f@=070)=000)=1¢0=1
f1(e0) = 1,6'(e0) = 0,¢'() = 0

where,

Pr =£ is the dimensionless Prandtl number, Ec =
2

————  is the dimensionless Eckert number, Sc = 2 is the
Cp (Tw(x)—Too) D

is the dimensionless Schmidt number, n is the surface
2

temperature parameter and A = ITY is the dimensionless

chemical reaction parameter.

The quantities of physical interest representing the rate of
heat as well as mass transfer at the surface are —6'(0) and
—¢'(0).

The aim of this work is to investigate how the governing
parameters, that is, Pr, Ec, Sc,A and n influence —8'(0) and

—¢'(0).

3. NUMERICAL SOLUTION

This section explains the method of approach called spectral
homotopy analysis method (SHAM) used in this paper. SHAM
is a method of approach that combines the procedure of
Chebyshev spedospectral method with the homotopy analysis
method (HAM). SHAM helps in decomposing the system of
nonlinear Eqns. (9)-(11) into linear equations and Chebyshev
spectral collocation method is hereby used to solve the
resulting equations. The physical region is first transformed at

[0,) to [-1,1] using domain truncation technique [26].
Hence, the problem solution is obtained in the interval
[0,7,] and not [0,00) after the following algebraic
mapping is applied

§=2T77—1, Ee[-11] (13)

To write the boundary conditions in homogeneous form, the
following transformation is applied on the transformed
equations

Fn) = £2)+ fo (), 0(n) = 0(5) + 0, (n). () = H(E) + () (14)

Substituting the above Eq. (14) into (9)-(11) to obtain
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Eqns. (15)-(17) are nonlinear equations. In the application
of SHAM, the nonlinear equations are decomposed into linear
and nonlinear parts. It should be noted that the derivatives of

f,0 and ¢ are with respect to & defined by:

d_24d N
dé Ldn (18)

An initial guess is taken with reference to the conditions in
(12) as the following functions

fom)=e"-1,6,(n)=¢n)=e”" (19)

The non-homogeneous linear part of Eqns. (15)-(17) are
decomposed from the nonlinear part as the following
equations

d3f d?f
d—§3+a1f +32F: H1(77) (20)
d26 do d?f
dé:z +b1f +b2£+b3d—é:2
o 21
+b4@+b56’: H,(7)
d’p do df
f e —
d§2+c1 +c2d§+c3d§ o)
+C,p—SCAp = H,(n)
Subject to:
FED=10=10=06(-)=00=04(-)=40=0 (23

The boundary conditions (23) are chosen to be all equals to
zero with reference to the transformed domain [-1, 1], to be
able to implement the linear part SHAM solution. The
Chebyshev pseudospectral method is applied on Eqns. (20)-
(22). The Chebyshev nodes in the transformed domain [-1, 1]
are defined by the Gauss-Lobatto collocation points [27] given

by
—cod A
¢, —cos(N]

provided j=0,1,...N and N +1 is the number of collocation

points. The unknown functions f, (&), 6, (&) and ¢, (&)

are approximated by the use of Lagrange form of interpolating
polynomial which interpolates the unknown functions

f,(£),6,(&) and ¢, (&) at the Gauss-Lobatto collocation
points as defined in Eq. (24).
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4. DISCUSSION OF RESULTS

This study elucidates solution to the flow of hydrodynamic
boundary layer of heat together with mass transfer and variable
temperature using SHAM. The idea of SHAM is to decompose
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nonlinear differential equations by combining the concept of
Chebyshev pseudospectral and homotopy analysis method
together. The default values of parameters used in this paper
are: Ec =0.01,Pr =0.71,n = 1.0,Sc = 0.61,1 = 2.0.
Hence, all graphs and tables correspond to these values unless
or otherwise stated. This paper describes the law of change in
temperature which can be explained using the Newton’s law
of cooling. This law states that the rate of heat exchange
between an object and its surroundings is proportional to the
difference in temperature between the object and the
surroundings. Hence, there is a temperature difference of fluid
particles within the flat plate surface which is considered
subject to the viscous dissipation in this paper.

Figures 2-9 depict the effect of flow parameters on velocity,
temperature as well as concentration distributions together
with the effect of pertinent flow parameters on the three
engineering quantities of interest, that is, local skin friction
coefficient, local Nusselt and Sherwood number.

Table 1. Variations of Pr and Ec on the local skin friction,
local Nusselt as well as Sherwood number

Pr Ec=0.1| Ec=0.3 | Ec=0.5
—Cf Nu, th
0.71 0.4623 1.4411 0.7176
1.00 0.3774 1.9901 0.7189
7.00 0.3484 2.1117 0.7909

Table 1 shows the variation of Ec and Pr on the local skin
friction coefficient, local Nusselt and Sherwood number. A
reduction on the skin friction coefficient is noticed as Pr
increases. Also, an increase in Nusselt and Sherwood number
is noticed as the values Pr and Ec varies. The outcomes in
Table 1 are valid because a higher value of Ec produces heat
energy which speed up the rate of heat transport by enhancing
the local Nusselt number.

Table 2. Computational values of Sherwood number for
different values of Sc

Sc Sh,
0.22 | 0.6794
0.61 | 0.7730
1.00 | 0.8809

Table 2 presents the computational values of Sherwood
number as Schmidt number increases. Sc denotes the rate of
mass transfer parameter. It is found out that increase in Sc
leads to increase in the Sherwood number. This is true because
the significant of Sc is to aid the rate of mass transport within
the concentration boundary layer. The absence of Sc, that is
Sc = 0 means rate of mass transfer is negligible.

Table 3. Computational values of local Nusselt number for
different values of Pr

Pr Nu,

0.71 | 0.8252
1.00 | 0.9608
7.00 | 2.5119

Table 3 elucidates the computational values of Nusselt
number as Pr increases. A large number of Pr is seen to
increase the rate of heat transfer. Large Pr indicates greater



viscosities which add more temperature to the fluid motion by
increasing the rate of heat transfer. It is because fluids with a
large value of Pr acquires much viscosities which serve to
degenerate the velocity and temperature profile. This in turn
lead to decrease in the momentum and thermal boundary layer
thickness. Small values of Pr, (i.e Pr < 1), the fluid is highly
conducive.
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Figure 2. Pr effect on velocity, temperature as well as
concentration distributions

Figure 2 shows that Prandtl number (Pr) boast the velocity,
temperature as well as concentration distributions. Pr is
division of the fluid viscosity to thermal conductivity. Hence,
if the viscosity is more than the thermal conductivity, there is
going to be a higher value of Pr but if the thermal conductivity
is more than the viscosity, there is going to be a low value of
Pr. Physically, small values of Pr, that is, Pr < 1 means that
the fluid is highly conducive.

Table 4 explains the comparison of the present result from
SHAM with that of Desale and Pradhan [6] results from Keller
box method in the absence of the species equation. The two
results were in close agreement. This implies that the present

445

result is valid for the problem of heat together with mass
transfer along a flat plate.

Table 4. Comparison of the present study with Desale and
Pradhan [6] when Pr = 0.7 for variable temperature as well
as the absence of species equation

Desale and Pradhan (2015) Keller Box Method
n| Ec=0.1 Ec =0.3 Ec =0.5 Ec =0.7
1| 0471081 | 0.45243 | 0.433778 | 0.415127
2 | 0.576896 | 0.56069 | 0.544484 | 0.528278
3 | 0.654579 | 0.639866 | 0.625153 | 0.61044
4 | 0.717506 | 0.703844 | 0.690181 | 0.676519

Present study, Spectral homotopy analysis approach
n| Ec=0.1 Ec =0.1 Ec=0.1 Ec=0.1
1| 0471079 | 0471079 | 0.471079 | 0.471079
2 | 0.576889 | 0.576889 | 0.576889 | 0.576889
3 | 0.654577 | 0.654577 | 0.654577 | 0.654577
4 | 0.717502 | 0.717502 | 0.717502 | 0.717502
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Figure 3. Pr effect on local skin friction coefficient, local
Nusselt as well as Sherwood numbers



As shown in Figure 3, increase in the values of Pr lower the
skin friction coefficient but has an unstable behaviour on the
local Nusselt as well as Sherwood number. This shows that the
behaviour of increase in Pr on the rate of heat together with
mass transfer is not stable. Hence, it results to a zig-zag
manner of the thermal boundary layer thickness.
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Figure 4. Sc effect on velocity, temperature and
concentration distributions

Figure 4 explains the behaviour of Schmidt number (Sc¢) on
the boundary layer flow regime. Increase in the values of Sc is
seen to reduce the velocity as well as concentration
distribution. Sc is responsible for the control of rate of mass
transfer effect. When it is zero, that is Sc = 0, it means that
there is no specie equation and transfer of mass does not take
place in the problem because Sc is the division of momentum
diffusivity to mass diffusivity. In Figure 4, increases in Sc
decreases the velocity and concentration distributions because
of buoyancy effects as a result of concentration which often
decelerate velocity of the fluid. Increase in Sc is seen to
increase the rate of heat transfer as the fluid temperature
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increases. Physically, Sc explains the relationship between the
thickness of hydrodynamic layer as well as mass transfer layer.
Sc is equivalent to Pr in the process of heat transfer. When
Sc = 1, this means that both momentum and mass transfer are
similar. In fact, the two process may likely coincide. Liquids
mass diffusion increases with temperature. For example,
diffusion coefficient for ethanol in water Dethanol, water =
1.6 x 10~ whose Sc = 540.
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Figure 5. Sc effect on local skin friction coefficient, local
Nusselt as well as Sherwood number

Figure 5 shows an irregular behaviour of Sc on the local
skin friction, local Nusselt as well as Sherwood number.
Increase in Sc is seen to have great effect on skin friction
coefficient, local Nusselt as well as Sherwood number. This
shows that rate of momentum, heat together with mass transfer
is irregular.

In Figure 6, increase in the viscous dissipation term (Eckert
number,(Ec)) is seen to decrease the velocity, temperature as
well concentration distributions. Physically, increase in Eckert
number lead to increase in heat energy within the fluid layer.
Due to decrease in the flow regimes, the heat energy produced
by Eckert number is not stored and there is no existence of
frictional heating.
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Figure 6. Ec effect on velocity, temperature as well as
concentration distributions

Figure 7 elucidates influence of Ec on the physical quantity
of engineering interest. An irregular behaviour of local skin
friction coefficient, local Nusselt as well as Sherwood number
is seen in Figure 7 because of inEc. Obviously in Figure 7,
there is a spontaneous behaviour in the momentum, heat
together with mass transfer rate. This could be as a result of
the presence of surface temperature. It is noticed that when the
surface temperature n = 0, increase in Ec causes a rise in
velocity as well as the temperature.

Figure 8 shows that increase in the chemical reaction
parameter (A1) results to enhancement in the momentum and
mass boundary layer by increasing the fluid velocity and
concentration. Reaction rate is subject to the concentration of
species itself. Chemical reaction takes place when there is a
mixture of fluid particles with the atmosphere. A new
compound will be produced due to heterogeneous reactions
which takes place between two different states of matters. The
graphical results as shown in Figure 8 means that the chemical
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reaction is not destructive 1 < 0 which strengthens the
buoyancy effect as a result of concentration gradients.
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concentration distributions

Figure 9 presents increase in A reduces the local skin
friction coefficient, local Nusselt as well as Sherwood number.
This implies that momentum, heat together with mass transfer
rate decreases within the fluid layers.
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5. CONCLUSION

This paper elucidates the problem of heat together with
mass transfer flow of boundary layer through a flat plate. The
flow of fluid particles within the flat plate is assumed to be
laminar. In this case, the fluid flows on its own streamline path
with no mass transfer between the adjacent fluid layers. The
shear is because of molecular action. The laminar flow
conditions are assumed in this study because of low Reynolds
number. The flow equations were successfully solved
numerically using spectral homotopy analysis method. The
results in this study using SHAM is in good agreement with
methods in literature. Graphical results for velocity,
temperature, concentration, local skin friction coefficient,
local Nusselt as well as local Sherwood number by varying
pertinent flow parameters like Prandtl number, Schmidt
number, Eckert number as well as chemical reaction parameter
are presented. The main findings of this paper are:

(i) Increase in Pr and Ec brings increase to both
local skin friction, local Nusselt as well as
Sherwood number;

Increase in Pr brings irregular behaviour to the
local skin friction coefficient, local Nusselt as
well as Sherwood number;

The velocity as well as concentration profiles
drastically decreases with increase in Sc. A
reverse case is observed on the temperature
distribution as increase in Sc enhances the
thermal boundary layer thickness; and

As the chemical reaction parameter increases, an
increase in velocity and concentration profiles is
observed.

(ii)

(ii)

(iv)

The SHAM is more efficient because of its flexibility in the
choice of linear operators in comparison to various methods in
literature reviewed in this study. Hence, the choice of SHAM
is because of its elegance and accuracy. The problem
considered in this paper will be helpful in oil-pipeline friction
reduction, surfactant applications to large-scale heating
together with cooling systems. It will also be useful in high-
polymer additives to enhance flow in petroleum pipe-lines
which is very useful for commercial purposes.
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NOMENCLATURE

u,v velocity components in x and y-direction
U wall velocity

C fluid concentration

T fluid temperature

Tw wall temperature
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OHe O

S DI DT R

wall concentration

free stream temperature

free stream concentration
mass diffusivity

specific heat at constant pressure
thermal conductivity
coefficient of viscosity

fluid density

dimensionless distant
dimensionless temperature
dimensionless concentration





