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In this paper, we present a novel technique based on backward-difference method and
Galerkin spectral method for solving Black—Scholes equation. The main propose of this
method is to reduce the solution of this problem to the solution of a system of algebraic
equations. The convergence order of the proposed method is investigated. Also, we
provide numerical experiment to show the validity of proposed method.

1. INTRODUCTION

The pricing of options is a main problem in financial
investment. Because of both theoretical and practical
importance then using options thrive in the financial market.
In option pricing theory, the Black-Scholes equation is one of
the most effective models for pricing options. Black-Scholes
option pricing model (also called Black-Scholes-Merton
Model) values a European-style call or put option based on the
current price of the underlying (asset), the option’s exercise
price, the underlying’s volatility, the option’s time to
expiration and the annual risk-free rate of return [1]. Consider
the Black-Scholes equation based on the following options:

1
P.(S,t) + EO'ZSZPSS(S, t) + rSPs(S,t) —rP(S,t)
=0,

1)

with the conditions:
P(S,T) = max(E — S5,0), S€Q=][0,0),

P(0,t)=Ee 7T, P(5,t)=0, as S— oo.
where, P(S, t) is the European call option price at asset price
S and at time ¢, E is the exercise price, T is the maturity, r is
the risk free interest rate, and o represents the volatility
function of underlying asset. During the past few decades,
many researchers studied the existence of solutions of the
Black-Scholes model using many methods in papers [2, 3]. In
general, closed-form analytical solutions of some of these
Black-Scholes PDEs do not exist and therefore one has to
resort to numerical methods in order to solve them. There is an
enriched literature regarding the numerical solution of Black-
Scholes PDE in finance using different strategies such as Ref.
[4-8] and the references cited.
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The spectral method plays a significant role in various fields
of applied science, especially in fluid dynamics where a large
spectral hydrodynamics codes are now regularly used to study
turbulence, transition, numerical weather prediction, and
ocean dynamics [9]. This method is built on approximating the
series solutions for differential equations in terms of classical
orthogonal polynomials (Legendre, Chebyshev, Hermit,
Jacobi, ...), say Y. a, ¢y. There are three well-known versions
used as popular techniques to determine the expansion
coefficients, namely collocation, tau, and Galerkin methods.
Classical orthogonal polynomials are used successfully and
extensively for the numerical solution of differential equations
in spectral methods (see [6-18]).

In this paper, we present a new numerical method for
solving Black—Scholes equation based on backward-
difference method and Galerkin spectral method. The main
aim of this method is to reduce the solution of this problem to
the solution of a system of algebraic equations. The advantage
of using spectral Galerkin method lies in the fact that spectral
accuracy this method over other methods.

The layout of this paper is as follows: Section 2, presents
some preliminaries. In Section 3, we introduce a new method
based on the semi-discretization backward-difference method
and Jacobi-Galerkin method. Some theoretical results, show
the convergence and stability of the proposed method. The
convergence analysis will be given in Section 4. The accuracy
of the proposed method is shown by considering numerical
example Section 5. Finally, a conclusion is drawn in Section
6.

2. PRELIMINARIES

In this section, we review the basic properties of the Jacobi
polynomials and generalized Jacobi polynomials (GJPs) that
will use in this paper.
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2.1 The Jacobi polynomials

The Jacobi polynomials, ],Sa'b)(x), are eigenfunctions of the
singular Sturm—Liouville problem.

d d
—(A=0ma+0M Zy@) +ra -0
+x0)Py(x)=0, xe[-11],

where, corresponding eigenvalues are y,ﬁ“'b) =nn+a+

b+1) , and satisfy the following orthogonality in
L am[-11]:
1
| oy w0 = 40, 3)
-1

where, w@P)(x) = (1 —x)*(1 + x)? is the Jacobi weight
function and,

2P (it a+ DI+ b + 1)
T QRita+b+DiT(i+a+b+1)

Aga,b)

which is the normalization factor, and §; ; is the kronecker
delta function. These polynomials can be computed by the
following three-terms recursion relation:

a+b+2 a—>b

LPw=1 P =—g—x+t— @
b ,b ,b ,b
S @) = (@ x = b () )
— PN, =12,
where,
(@b) _ Cn+a+b+1)(2n+a+b+2)
L 2m+D(n+a+b+1)
plab) _ (b?—a®)(2n+a+b+1)
n

" 2m+1)(m+a+b+1)(2n+a+b)
@p _ (m+a)(n+b)2n+a+b+2)

" (m+1DMm+a+b+1)2n+a+b)

2.2 Generalized Jacobi polynomials

For real numbers a, f and r € Z, we define the space:
W ab:= {u| uis measurable onl and |l u lyan < oo},
equipped with the norm and semi-norm.

,

— 2 1/2

e, = O 105 I aripei) V2
k=0

Iulwa,B’T =|| a;u "wa+a,ﬁ+b,

where, || u 1= [ v?wdx. We denote the Generalized Jacobi
polynomials (GJPs) on [—1,1] by G,(la'b)(x) and define it as
[19]:

G @)
1-07A+0)70 @), ng=-(a+b), ab<-1,
(1= X)), n=-a, as<-1, b>-1, (6)

1+ 27 (),
Ve o,

ng=-b, a>-1, b<-1,

n,=0 ab>-1,
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For all n > n,. An important property of the GJPs is that
for a,b € Z*, we have,

picS* P(-1)=0, i=0,...,a-1,
DS Pay=o0, j=o,..,b-1

In this paper, we set a = b = —1, and the shifted GJPs
GV (x) on arbitrary interval [Ly,, L] as:

(1 1o 2x —1ln —1
Gn TR00i= 6T, (7)
Ly — L,
with the homogenous boundary conditions:
VW) =6 VW) =0, n=2. (8)

It can also be easily show that {G, " (x): n > 2} construct
a complete orthogonal system in L? .. (see Ref. [19]).
Define,

B:= span{GS "V, 65, ..., 65V (03,

And consider the orthogonal projection my ' L% 11 -
B defined by:

<u-n%u,v >, -1-1=0, Vv€EB.

In the following theorem, we estimate the projection errors
which are useful in the error analysis of spectral-Galerkin
methods.

Theorem 1: [19] Assume thatu € W -1-1,, 0 S u<r
and C a generic positive constant independent of any function
and N,

-1,-1 -
lu—my u ||w—1.—1‘MS CNH r|u|w—1,—1‘r

(9)

3. DESCRIPTION OF THE METHOD

At the first, we convert the problem (1) from backward to
forward problem (a problem with initial conditions). To do this,
change of variable t = T — t in Eq. (1) yields:

P.(S,7) = 50252 Pss(S,7) +7SPs(8,7) = TP(S,7),  (10)

with the initial condition:
P(S,0) = max(E — S, 0),

And the nonhomogeneous boundary conditions,
P(0,7) = Ee™™, P(5,1)=0, as S - oo,
where, P(S,t) = P(S,T — 1) = P(S,T). Assume Sy: = S, <
oo, Where is the suitably chosen positive number. Now, due to
the application of homogeneous boundary conditions (8) of the

GJPs, we must transform Eg. (10) into a homogeneous
boundary condition problem. Assume that:



N S
P(S, 1) =W(S,7) + Ee " (1 — S (11)
M
where, W (S, T) is a new unknown function, then we get:
A S
P(S,7) = We(S,1) = rEe™" (1 = o), (12)
M
A S
(S, 1) = We(S,1) = rEe™" (1 = o), (13)
M
1355(5, 7) = Wes(S, 7). (14)
Substituting (11) and (12) into (10) yields:
1
W, (S,7) = = 0252 Wys(S, T) + rSW(S, 1)
2
rEe~"TS (15)
—-rW (s, 1) — :
Y
with the initial condition,
S
W(S,0) = max(E —S,0) —E(1 — S—), (16)
M
and the homogeneous boundary conditions.
W(0,7) = W(Sy,7) =0. (17)

3.1 A semi-discretization in time for Eq. (15)

Given the discretization of the time interval [0, T] with step
sizeh=T/M,

O=1<y<...<1yy=T.

By applying the backward-difference method for the left
side of Eq. (15) we obtain:

W (S, tis1) —W(S, 1))

O(h
) h +0(h)
= EUZSZWSS(S' Tiv1) + SWs(S, Tiv1)
rEe Tti+§
—TW (S, Ti41) — s
M

fori =0,1,...,M — 1. Taking the F;(S), approximation of the
exact solution W(S,t;) for i =0,1...,M , we obtain an
ordinary differential equation:

DF;11(S) = Ri(S), (18)

with homogeneous boundary condition as follows:

i=01,...

Fiy1(0) = Fi11(Sy) =0, M,

where,

1
DFi41(8): = h50%S*Fisy""(S) + ThSFiey'(S) — (1
+Th)Fi1(S),

rEe "Ti+1§
Ri(S):=h

s R
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For each time step i with homogeneous boundary
conditions. It is clear that for the first step, i = 0, from initial
condition of (15), we have:

S
Fo(S) = max(E —S,0) —E(1 ——).
Y
The unknown functions F,(S), i=1,...,M are

approximated in the finite dimensional space, B, as follows:

N

Fin(S) = Z Ci,jf;j(_l'_l)(S).

j=2

(19)

Substituting (19) into (18) yields the Galerkin residual
functions (see [3]), Res;(S), as follows :

Res;(S) = DFy, n(S) — Ri(S), i=0..M—-1. (20)

The application of the Galerkin method for each time step
i=0,1,...M —1, yields the following (N — 2) set of linear
algebraic equations in the unknown expansion coefficients,
c; j» namely,

Sm
f Res;($)G "V (Hw™71(S)dS = 0,
0

(21)
i=01,..M-1, j=2,...,M,
or equivalently,
A(-1,-1)
< DFi+1,N(S)1 G] (S) >(;J_1'_1 (22)

=< Ry(8), G I(S) > 11,

with weight function w71 = (§,, — $)~15~L. This system
of algebraic equation can be solved for the unknown
coefficients ¢; ; and F; v (S) calculated fori = 1,..., M.

4. CONVERGENCE ANALYSIS

At the first, in order to obtain the convergence of the
solution F;(S) to W (S, 7;) we begin by studying the stability
and consistency of above time semi-discrete method. For
consistent  numerical  approximations, stability and
convergence are equivalent, therefore, we obtain the
convergence of time semi-discrete method. (For more details,
see the papers [19-21]).

“TTit1s

Theorem 2: [21] Assume Ki+1(s):=TEe and

Sm

L(S):=max(E —-S,0)—E(1 — Si). Then, the time semi-
M
discrete problem (18) is unconditionally stable, i.e., if,

L) = L) +68(),  Kisi(S) = Kipa(s) + 6111(S)

This provides a perturbed sequence F;(S), whose distance
from the original sequence F;(S), is uniformly bounded by the
maximum size of the perturbation, i.e.,

I Fi($) = Fi($) o= C(5(S) + max 1l §(S) llo).

0,..,i—1



Theorem 3: [13] If, 5. NUMERICAL RESULTS
Consider Eq. (1) with parameters E = 10, T = 0.25, r =

oW (S, 1)
0.1, 0 =0.4and 0 < S < 20. The exact solution is,

| 0iSdit

|<C 0<j<3 0=<i<4

Then, the local truncation error e,, and global truncation P(S,7) = Ee"T-IN(—d,) — SN(—d,),
error E,, associated to the semi-discrete method (18) satisfies:
Table 1. The absolute errors (Abs.err) and values of S for

Il ep l< Ch?, |l E, o< Ch. N =25attimet=T

Theorem 4: [13] The time semi-discrete method (18) is first S Abs.err S Abs.err
order convergent, i.e., 1 5.126000e-05 11 7.229574¢-04
2 2.758800e-04 12 2.024524 e-04
Il WS, 1) — Fi(S) ln< Ch. 3 2.660140e-04 13 1.626119 e-04
4 2.244770e-04 14 3.512227e-04
. 5 5.347300e-05 15 3.037570e-04
_The following theorem shows the convergence of the full 6 2884300604 16 2424921 e-04
discretization method which is obtained by: 7 6534150 e-04 17 1.357483 e-04
8 2.637970e-04 18 7.445729 e-05
Il W(S, 7)) = Fin(S) lly-1-1,< 9 4.073430e-04 19 4.032019 e-06
Il WS, 1) — Fi(S) lly-1-1, + 10 9.394778e-04 20 1.129299 e-04
I Fi(S) = Fyn(S) lly-1-1
where,
y 2
and Theorems 1 and 4, respectively. The idea of the proof N@) = LJ e‘quu,
comes from Refs. [19-21]. V2 J_ o
Theorem 5: Let W(S,t) be the solution of the initial )
bounda_ry vglue problem (15_)—(17) and_Fi‘N(S) bg the Galerkm In (F) n (r +9 ) T —1)
approximation to the solution F;(S) in each time steps i = d, =
1 )
0,...,M. Then, oVvT — T

I WS, 7)) = Fin(S) < C(h + N?2T). ln(%) +(r— 072)(T —7

, =
It is seen that the temporal and spatial rate of convergence ovT —1
are O(h) and O(N?™"), respectively, where 7 is an index of

regularity of the underlying function.

d, —oVvT — 1.

Figure 2. Approximate solution at time t=T and N=25
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Figure 3. Absolute error for various N=15,20,25

The function N(y) is the cumulative probability
distribution function for a standardized normal distribution.
Figures 1 and 2 show the exact solution and numerical solution
int =T for N = 25. The absolute error is shown for various
N = 15,20,25 in Figure 3. In Table 1, the results for N = 25
for various values of S are presented in Table 1. By these
results, we observe increase the accuracy of our proposed
method by growing as the number of basis functions N in
approximate solutions (19).

6. CONCLUSION

In the paper, by utilizing the backward-difference and
shifted Jacobi-Galerkin method we reduce the problem to the
set of system of linear algebraic equations. We also obtain the
error estimation for the method. The solution obtained using
the proposed technique shows that this method can solve the
Black—Scholes equation for put options effectively.
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