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 Suppose that a multi-user multiple-input multiple-output (MIMO) system is developed from 

scratch to equally envelop a defined region with optimal spectrum efficiency (SE) in next 

generation wireless communication systems such as sixth-generation (6G) and beyond 

networks. What are the ideal number of user terminals U, number of base stations antennas, 

and used pilot reuse factor? The purpose of this paper is to address this specific issue. Three 

interference levels are specified for this. Based on these interference levels, signal-to-

interference-and-noise ratios (SINRs) are extracted. Closed-form spectrum efficiency 

equations are thus obtained. As a function of the base station (BS) antenna number, 

simulations are carried out considering multiple pilot reuse factors and diverse processing 

schemes such as Maximum Ratio Combining (MRC) and Zero-Forcing (ZF). From the 

results, it is understood that U varies according to the processing schemes. Therefore, 

evaluating the results considering the fixed number of users K will not give an accurate 

result in determining the design parameters for the next generation communication systems. 

In general, these results are useful statements that spectrum efficiency is maximized when 

the ideal number of users U is used in multi-cell systems. 
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1. INTRODUCTION 

 

Massive MIMO system draws great attention for the next 

generation wireless communication technologies [1]. In the 

Massive MIMO system, an antenna array generally serves 

multiple terminals simultaneously. However, the number of 

antennas in the base station is quite high compared to terminals. 

Such a system is studied by Marzetta [2]. As can be seen in the 

study, Time Division Duplex (TDD) scenario has been taken 

into consideration. In this scenario, the time frame is divided 

between "reverse link pilots" and "forward link data 

transmission". These pilots are used in channel estimation. As 

a result, pre-coding is used to be used in data transmission [1]. 

Although the number of terminals has an effect on the time 

required for pilots, the number of antennas on the base station 

has no effect [3]. The coherence time is the interval based on 

the assumption that the channel is constant. This parameter 

depends on the variable mobility of the user and especially on 

the carrier frequency. Coherence time has an important place 

in Massive MIMO, especially in channel estimation. In 

Massive MIMO, channel estimation is carried out very 

intelligently. Time division duplex, uplink pilots and channel 

reciprocity are used to ensure that the estimated overhead is 

independent of the number of antennas. Therefore, Massive 

MIMO's coherence time will not limit the number of antennas. 

However, channel coherence is absolutely important in 

determining how often we need to predict the channel over 

time and frequency. The number of channels used per 

consistency block is the product of the coherence time and 

consistency bandwidth. The number of terminals to be served 

is limited by the coherence time. The coherence time depends 

on the mobility of the terminals [4]. In LTE systems, the 

channels are estimated at a regular time interval. This interval 

is independent of the coherence time of the users. However, it 

is expressed as the shortest time of coherent users can have. 

The coherence time is inversely proportional to the user speed. 

For this reason, the time interval is specified as the maximum 

mobility speed [5]. Thus, a better channel estimation can be 

achieved. However, there is a situation where the coherence 

time is high for most users. This will lead to more predictions 

of channel estimation than usual. As a result, excessive use of 

radio channels will occur. Although better results can be 

obtained in conditions with a small number of users, more 

efficient studies are required for Massive MIMO systems 

where the number of users per cell is high. 

Massive MIMO, the use of which has recently increased in 

wireless communication technologies, is known as the system 

in which communication is carried out through multiple 

antennas in the receiver and transmitter parts. It allows 

communication with multiple terminals at the same time. 

Among the main benefits of using multiple antennas are higher 

performance achieved with diversity and greater data rate 

through spatial multiplexing. There is no limit to the number 

of antennas. In fact, this situation made it possible to carry out 

studies on the comparisons of the differences in the number of 

antennas in the receiver and transmitter. It is seen that various 

researches are continuing on subjects such as design, analysis 

and function of Massive MIMO. In the study [6], which is one 

of these researches, theoretical studies on network design and 

signal processing and signal encoding for Massive MIMO 

system are presented. Massive MIMO system is a concept 

designed especially for 5G and beyond technologies. It is 

planned to equip thousands of antennas in the base station. In 

this way, it plays a leading role, especially in improving 
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spectrum efficiency [7]. With this system, not only spectrum 

efficiency but also energy efficiency, higher capacity, higher 

speed and less latency can be achieved. Tests have also been 

carried out on 5G networks, especially in terms of increasing 

antenna array gain [8].  

When studies on Massive MIMO are examined, it is 

observed that researchers generally focus on basic physical 

layer features such as obtaining channel state information and 

preventing intercellular interference [1, 9, 10]. In further 

studies, the contribution of the Massive MIMO to energy 

efficiency improvements was mentioned [11-13]. In addition, 

studies have been conducted on the effect of hardware failures 

of transceivers on Massive MIMO systems to be less than 

older systems [14-16]. However, the studies on the 

programming of the users and the ideal allocation of resources 

have not been carried out sufficiently. In the study [17], where 

the first study related to this is available, users are divided into 

certain groups. The basic reason here is that the limited 

orthogonal pilot sequences are appropriately shared between 

users. There are some studies in which this sharing is carried 

out by various methods [18, 19]. Addressing resource 

allocation is an important issue to maximize spectrum 

efficiency. One of the resource allocation studies is from the 

research [20]. Determining ideal number of users that must be 

programmed per cell is not an answer to multi-cell systems. 

Looking at the literature in general, there are some studies on 

this subject for single cell systems. One of these studies is 

mentioned in the study [21]. Here, although operations were 

carried out with a fixed number of users, the ideal value of the 

number of users in a given antenna number was calculated 

according to the number of symbols. The main contribution of 

this study is the answer to the question that what are the ideal 

antenna number and number of active user’s terminals for 

maximum spectrum efficiency (SE) for MIMO system?  

It is stated that studies that use point to point MIMO instead 

of Massive MIMO show a contradiction between physically 

realistic models and theoretical models [1]. However, in this 

study, terminals will be distributed randomly in multi-user 

MIMO systems. Here, a cellular system of hexagonal cells is 

considered. TDD scenario and Orthogonal Frequency 

Division Multiplexing (OFDM) will be taken into account and 

the number of antennas in the base station is M, where M is 

assumed to be an infinite number. Each base station serves as 

many terminals as K. Neither the base station nor the terminals 

have information about the channel. Therefore, channel state 

information (CSI) is obtained in a coherence time over a 

period of time. Orthogonal pilot sequences are assigned to 

each terminal in a cell. These can be reused in other cells based 

on pilot reuse factors. The base station calculates its own 

channel information thanks to the received pilot sequences. 

The pilot sequences here may have been disrupted by other 

cells. However, there is no question of sharing information 

between cells. Linear pre-coder is used in the uplink. In the 

downlink, the received antenna signals are combined. 

 

 

2. SYSTEM MODEL 

 

The system model considered is a cellular network topology. 

It is expressed as the number of L cells. The base station in the 

cells have M number of antenna arrays. These base stations are 

in communication with K mobile terminals which have single 

antenna. The active subunits of the terminals are expressed as 

k ∈ {1, ..., K}. The region where user k is located in any cell l 

is considered to be 𝒛𝑙𝑘 ∈ 𝑅
2. The main reason it is expressed 

in this way is the consideration of the different placements of 

users. Coherence time Tc in s and coherence bandwidth Wc in 

Hz are important variables in terms of time-frequency sources 

[21]. Transmission symbols are calculated with S= Tc × Wc. 

It is stated here that Tc is less than the consistency period of 

all users and Wc is less than the consistency bandwidth of all 

users [22]. The Time-frequency block containing the frame 

structure is shown as in Figure 1 [21]. 

 

 
 

Figure 1. Frame structure 

 

The transmission is divided into blocks of S= Tc × Wc 

symbols. B symbols, S-B symbols were used in pilot 

transmission and data loads, respectively. In Massive MIMO 

systems, all activities such as uplink pilot transmission, uplink 

load transport transmission and downlink transmission take 

place within the coherence time. Some representative values 

related to this coherence time are included in the study [23]. 

In a cellular system like in Figure 2, 𝒉𝑗𝑙𝑘 ∈ 𝐶
𝑁×1 shows the 

channel response. Here, l, j and k represent the cell, base 

station (BS), and user, respectively [22]. 

 

 
 

Figure 2. Cellular network 

 

Channel impulse responses are complex Gauss vectors with 

zero means and are expressed as in Eq. (1). 

 

𝒉𝑗𝑙𝑘~𝐶𝑁(𝟎, 𝑑𝑗(𝒛𝑙𝑘)𝑰𝑀) (1) 

 

here, dj ( z ) is expressed as channel variance. This variance is 

the losses between BS j and any user in the z position. 

Therefore, dj ( zlk ) value is assumed to be known by the base 

station. However, unlike other studies, zlk positions are 

unknown. The M×M matrix is expressed by IM represents 

complex numbers. 
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Time Division Duplex (TDD) operation is considered in 

Massive MIMO system. One of the most important reasons for 

this is channel reciprocity in TDD [24]. The channel 

reciprocity is that the inverse channel matrix is equal to the 

transposition of the forward channel matrix [25]. Thus, the 

base station is assumed to obtain downlink channel status 

information by estimating uplink pilot signals. Only uplink 

channel measurements and up and downlink signals can be 

processed. Due to these features, TDD scenario is at the 

forefront in Massive MIMO systems.  

 

2.1 Uplink 

 

Downlink channels are estimated with the use of uplink 

pilots at the base stations. During these operations, all users 

send uplink data to the base stations. Therefore, the uplink 

signal received at the base station j is expressed as in Eq. (2) 

similar to the work in [10, 26, 27].  

 

𝒚𝑗 =∑∑√𝑝𝑙𝑘

𝐾

𝑘=1

𝐿

𝑙=1

𝒉𝑗𝑙𝑘𝑥𝑙𝑘 + 𝒏𝑗 (2) 

 

here, hjlk , xlk,  𝑝𝑙𝑘and nj represent the channel response, the 

symbol transmitted by the user k in cell l, the uplink transmit 

power, and the noise vector. 

 

2.2 Downlink 

 

The signal received at user k in cell j is expressed as in Eq. 

(3) similar to the works [28, 29]. 

 

𝑧𝑗𝑘 =∑∑ 𝒉𝑙𝑗𝑘
𝑇 𝒘𝑙𝑚𝑠𝑙𝑚

𝐾

𝑚=1

𝐿

𝑙=1

+ 𝒏𝑗 (3) 

 

Here, slm is the symbol of user m in cell l. wlm is a precoding 

vector. (.)T represents transpose. 

 

 

3. CHANNEL ESTIMATION 

 

It can achieve various gains with uplink and downlink 

operations through its numerous antennas in the base station. 

Because of that, the base station needs to know some 

information about the channels. √𝑝𝑙𝑘𝒉𝑗𝑙𝑘  is one of these 

information which is called channel state information (CSI). 

Obtaining CSI for multi-cell systems is not easy due to 

intercellular interference. This interference is referred to as 

pilot contamination.  

It was understood that the pilot contamination problem was 

caused by using the same orthogonal pilot sequence in all cells 

[28]. In this study, it is thought that pilots will use different 

subsets instead of using the same pilot sequences of each cell. 

As shown in Figure 1, the pilot signals will be considered to 

be as much as the B symbol. Pilot signals are represented by 

the v vector. Thus, Eq. (4) was obtained by rewriting Eq. (2). 

 

𝒀𝑗 =∑∑√𝑝𝑙𝑘

𝐾

𝑘=1

𝐿

𝑙=1

𝒉𝑗𝑙𝑘𝒗𝑖𝑙𝑘
𝑇 + 𝑵𝑗 (4) 

 

here 𝑖𝑙𝑘  is expressed as ∈ {1, … , 𝐵}.  
Minimum mean square error (MMSE) is widely used for 

channel estimation in Massive MIMO systems [28]. In this 

study, channel estimation will be performed with this method. 

Channel estimation with MMSE is considered through Eq. (4). 

Channel estimation can be obtained as follows, similar to the 

study [30]. 

 

�̂�𝑗𝑙𝑘
𝑀𝑀𝑆𝐸 =

𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)
𝒀𝑗(𝝋𝑗)

−1
𝒗𝑖𝑙𝑘 (5) 

 

here, 𝝋𝑗 is defined as the covariance matrix and is expressed 

as follows. 

 

𝝋𝑗 =∑∑
𝑑𝑗(𝒛𝑙𝑚)

𝑑𝑙(𝒛𝑙𝑚)

𝐾

𝑘=1

𝐿

𝑙=1

𝒗𝑖𝑙𝑚𝒗𝑖𝑙𝑚
𝐻 + 𝜎2𝑰𝐵 (6) 

 

here (. )H stands for conjugate transpose (Hermitian). Channel 

estimation error is given as Eq. (7) as in the study [31]. 

 

�̃�𝑗𝑙𝑘
𝑀𝑀𝑆𝐸 = 𝒉𝑗𝑙𝑘 − �̂�𝑗𝑙𝑘

𝑀𝑀𝑆𝐸  (7) 

 

The expression of the covariance matrix of the channel 

estimation error is as follows: 

 

𝑪𝑗𝑙𝑘
𝑀𝑀𝑆𝐸 = 𝔼 {(�̃�𝑗𝑙𝑘

𝑀𝑀𝑆𝐸)(�̃�𝑗𝑙𝑘
𝑀𝑀𝑆𝐸)

𝐻
}

= 𝔼 {(𝒉𝑗𝑙𝑘

− �̂�𝑗𝑙𝑘
𝑀𝑀𝑆𝐸)(𝒉𝑗𝑙𝑘 − �̂�𝑗𝑙𝑘

𝑀𝑀𝑆𝐸)
𝐻
}

= 𝔼{(𝒉𝑗𝑙𝑘𝒉𝑗𝑙𝑘
𝐻 )}

− 𝔼 {�̂�𝑗𝑙𝑘
𝑀𝑀𝑆𝐸(�̂�𝑗𝑙𝑘

𝑀𝑀𝑆𝐸)
𝐻
} 

(8) 

 

here, 𝔼{(𝒉𝑗𝑙𝑘𝒉𝑗𝑙𝑘
H )} =

𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)
𝐈𝑀. 

Therefore, the covariance of the channel estimation error is 

written as 

 

𝑪𝑗𝑙𝑘
𝑀𝑀𝑆𝐸 =

𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)
(1 −

𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)
𝒗𝑖𝑙𝑚(𝝋𝑗)

−1
𝒗𝑖𝑙𝑚
𝐻 ) 𝑰𝑀. (9) 

 

The simplification of this expression is carried out with the 

help of Ref. [30, 32, 33] as follows: 

 

𝒗𝑖𝑙𝑚(𝝋𝑗)
−1

=
1

∑ ∑
𝑑𝑗(𝒛𝑙𝑚)

𝑑𝑙(𝒛𝑙𝑚)
𝐾
𝑘=1

𝐿
𝑙=1 𝒗𝑖𝑙𝑚𝒗𝑖𝑙𝑚

𝐻 + 𝜎2
𝒗𝑖𝑙𝑚  (10) 

 

𝑪𝑗𝑙𝑘
𝑀𝑀𝑆𝐸

=  𝜌
𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)

(

 1

−

𝑑𝑗(𝒛𝑙𝑘)

𝑑𝑙(𝒛𝑙𝑘)
𝐵

∑ ∑
𝑑𝑗(𝒛𝑙𝑚)

𝑑𝑙(𝒛𝑙𝑚)
𝐾
𝑘=1

𝐿
𝑙=1 𝒗𝑖𝑙𝑚𝒗𝑖𝑙𝑘

𝐻 +
𝜌
𝜎2)

 𝑰𝑀 

(11) 

 

The covariance given in Eq. (11) shows that the errors 

depend on the SNR and the user terminals using the same pilot 

signal. Here, SNR is defined as 
𝜌

𝜎2
. The expression of users 

using the same pilot signal means that 𝐯𝑖𝑙𝑚𝐯𝑖𝑙𝑘
H  is not zero. The 
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expression 
𝑑𝑗(𝒛𝑙𝑚)

𝑑𝑙(𝒛𝑙𝑚)
 describes the interference received from 

user m in cell l at the base station j. Considering this 

interference as a value between 0-1, it is the highest at the cell 

edges. Considering as cell 1, the further away this cell is from 

the base station, the lower the interference [34].  

 

 

4. SPECTRUM EFFICIENCY 

 

In this section, closed form expressions of signal-to-

interference-and-noise ratio (SINR) are obtained and a general 

spectrum efficiency expression is derived accordingly. The 

point to be considered when derived a general spectrum 

efficiency expression is capacity. Here, the achievable 

capacity of spectrum efficiency for user k in cell j is expressed 

as follows, similar to the work [35]. 

 

𝑅𝑗𝑘 = (1 −
𝐵

𝑆
) {𝑙𝑜𝑔2(1 + 𝑆𝐼𝑁𝑅𝑗𝑘)}[𝑏𝑖𝑡/𝑠/𝐻𝑧] (12) 

 

The two situations to be mentioned in this section are uplink 

and downlink. Uplink is a state where K users send signals to 

BS. With the received signal vector CSI (Channel State 

Information) information, BS will consistently detect the 

signals transmitted from K users. Uplink payload data 

transmission is when the BS in the lth cell uses only the 

received signal and aims only to detect the signals sent by its 

K users. Signals from users in other cells are perceived as 

intracellular interference and ultimately evaluated as 

additional noise. Downlink refers to the situation where the BS 

sends a signal to all K users. 

In the MIMO system, BS replicates one data stream per user 

downlink and receives one stream per user on the uplink. That 

is, BS antennas use each signal to direct each signal to the 

desired receiver on the downlink and separate multiple 

received signals on the uplink. Each consistency range 

operates in TDD mode and can include both downlink and 

uplink load transmissions. To enable channel estimation in the 

BS, symbols in each coherence range are allocated in the 

uplink transmission of the pilot sequences, while the 

remaining symbols can be arbitrarily allocated between the 

uplink and downlink load. To summarize, the channel 

estimates received for the uplink are also used for downlink 

linear precoding. Equations to be used in uplink and downlink 

spectral efficiencies with MIMO optimize downlink power 

allocation and BS user for MIMO cellular systems. 

 

4.1 Spectrum efficiency for uplink 

 

Channel estimates are carried out with the signals from 

users are properly detected in BS. While performing these 

operations, some detection techniques are used in BS. Thanks 

to these, the signals of the user are separated from the 

interference from other users. Here, MRC and ZF, previously 

mentioned, will be emphasized. SINR expressions will be 

calculated according to MRC and ZF and spectrum efficiency 

equations will be derived accordingly. 

The uplink spectrum efficiency for each cell is expressed as 

follows. 

 

𝑆𝐸𝑗𝑘
𝑢𝑙 = 𝐾 (1 −

𝐵

𝑆
) {𝑙𝑜𝑔2(1 + 𝑆𝐼𝑁𝑅𝑗𝑘)} [

𝑏𝑖𝑡
𝑠
𝐻𝑧

/𝑐𝑒𝑙𝑙] (13) 

 

After the channel estimation is performed, the detection of 

the transmitted signal in Eq. (2) with a suitable 𝐯 detection 

vector is performed as follows. 

 

�̂�𝑗𝑘 = 𝒗𝑗𝑘
𝐻 𝒚𝑗 = √𝑝𝑗𝑘𝒗𝑗𝑘

𝐻 𝒉𝑗𝑘𝑥𝑗𝑘

+√𝑝𝑗𝑘 ∑ 𝒗𝑗𝑘
𝐻 𝒉𝑗𝑘𝑥𝑗𝑘

𝐾

𝑚=1,𝑚≠𝑘

+√𝑝𝑙𝑚 ∑ ∑ 𝒗𝑗𝑘
𝐻 𝒉𝑙𝑚𝑥𝑙𝑚

𝐾

𝑚=1

𝐿

𝑙=1,𝑙≠𝑗

+ 𝒗𝑗𝑘
𝐻 𝒏𝑗 

(14) 

 

here, the first term represents the desired signal, the second 

and third terms represent intracellular signals and intercellular 

interference respectively, the last term is noise. The uplink 

signal vector specified in Eq. (2) can be rewritten as the uplink 

symbol received using the inference [36] as follows. 

 

𝑦𝑗𝑘
= 𝔼[𝐯𝑗𝑘

𝐻𝐡𝑗𝑘]√𝑝𝑗𝑘𝑥𝑗𝑘

+ (𝐯𝑗𝑘
𝐻𝐡𝑗𝑘 − 𝔼[𝐯𝑗𝑘

𝐻𝐡𝑗𝑘])√𝑝𝑗𝑘𝑥𝑗𝑘

+√𝑝𝑗𝑘 ∑ 𝐯𝑗𝑘
𝐻𝐡𝑗𝑘𝑥𝑗𝑘

𝑚≠𝑘

+√𝑝𝑙𝑚∑𝐯𝑗𝑘
𝐻𝐡𝑗𝑚𝑥𝑗𝑚⏟            

+

(𝑙,𝑚)≠(𝑗,𝑘)

𝐯𝑗𝑘
𝐻𝐧𝑗  

(15) 

 

here, 𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑘|

2
] channel gain. Variance of this channel gain 

is calculated as var[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘] = 𝔼 [𝐯𝑗𝑘

𝐻𝐡𝑗𝑘 − 𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑘|

2
]] =

𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑘|

2
] − |𝔼[𝐯𝑗𝑘

𝐻𝐡𝑗𝑘]|
2
. Finally, interference power is in 

the form of ∑𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑙𝑚|

2
]⏟          =

(𝑙,𝑚)≠(𝑗,𝑘)

∑ 𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑙𝑚|

2
] −𝑙,𝑘

𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑘|

2
]. It is also assumed that all these values are known. 

SINR statement It is known that receive signal power is 

expressed as the ratio of interference power to noise total [37]. 

So the SINR statement is written as follows: 

 

SINR𝑗𝑘
𝑢𝑙 =

√𝑝𝑗𝑘|𝔼[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘]|

2

∑ ∑ √𝑝𝑙𝑚𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑚|

2
]𝐾

𝑚=1
𝐿
𝑗=1 −

(√𝑝𝑗𝑘|𝔼[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘]|

2
+ 𝜎2𝔼 [‖𝐯𝑗𝑘‖

2
])

 
(16) 

 

here √𝑝𝑗𝑘|𝔼[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘]|

2
 is power of desired signal, 

∑ ∑ √𝑝𝑙𝑚𝔼 [|𝐯𝑗𝑘
𝐻𝐡𝑗𝑚|

2
]𝐾

𝑚=1
𝐿
𝑗=1  represents multiple user 

interference, √𝑝𝑗𝑘|𝔼[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘]|

2
 intracellular interference and 

finally 𝜎2𝔼 [‖𝐯𝑗𝑘
𝐻‖

2
] is the total noise power. Therefore, it is 

understood that the spectrum efficiency given in Eq. (13) 

depends on detection techniques.  

 

4.1.1 Maximum ratio combining (MRC) 

MRC is defined as 𝐕 = �̂� as stated in the study [11]. Here 

is the V detector matrix and �̂� is the matrix of the channel 

estimation. Given this definition, Eq. (16) is rewritten as Eq. 

(17). As follows 
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𝑆𝐼𝑁𝑅𝑗𝑘
𝑢𝑙 =

√𝑝𝑗𝑘|𝔼[�̂�𝑗𝑘
𝐻 𝒉𝑗𝑘]|

2

∑ ∑ √𝑝𝑙𝑚𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑗𝑚|

2
]𝐾

𝑚=1
𝐿
𝑗=1

−(√𝑝𝑗𝑘|𝔼[�̂�𝑗𝑘
𝐻 𝒉𝑗𝑘]|

2
+ 𝜎2𝔼 [‖�̂�𝑗𝑘‖

2
])

 
(17) 

 

The calculation of the expected values in the above 

statement is as follows. V{. } stands for variance. 

 

√𝑝𝑗𝑘|𝔼[�̂�𝑗𝑘
𝐻 𝒉𝑗𝑘]|

2
= 𝑀2√𝑝𝑗𝑘(𝑉{�̂�𝑗𝑘𝑚})

2
 (18) 

 

∑∑√𝑝𝑙𝑚𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑗𝑚|

2
]

𝐾

𝑚=1

𝐿

𝑗=1

− (√𝑝𝑗𝑘|𝔼[�̂�𝑗𝑘
𝐻 𝒉𝑗𝑘]|

2

+ 𝜎2𝔼 [‖�̂�𝑗𝑘‖
2
])

=∑√𝑝𝑙𝑘𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑙𝑘|

2
]

𝑗

+∑ ∑ √𝑝𝑙𝑚
𝑚=1,𝑚≠𝑘𝑗

𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑙𝑚|

2
]

+ ∑ √𝑝𝑙𝑚𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑙𝑚|

2
]

𝑚=𝑘

−√𝑝𝑗𝑘|𝔼[�̂�𝑗𝑘
𝐻 𝒉𝑗𝑘]|

2

+𝜎2𝔼 [‖�̂�𝑗𝑘‖
2
]

= 𝑀2𝑉{�̂�𝑗𝑘𝑚}∑√𝑝𝑙𝑚
𝑗

𝑉{�̂�𝑙𝑘𝑚}

+ 𝑀𝑉{�̂�𝑗𝑘𝑚} ∑ √𝑝𝑙𝑚
𝑚=1

𝑉{�̂�𝑙𝑘𝑚}

+ 𝑀𝑉{�̂�𝑗𝑘𝑚} ∑ √𝑝𝑙𝑚
𝑚=1

𝑉{�̂�𝑙𝑘𝑚}

+ 𝑀𝑉{�̂�𝑗𝑘𝑚}𝜎
2 

(19) 

 

Therefore, the SINR statement can be rewritten by 

simplifying it as in Eq. (20) with MRC detection. 

 

𝑆𝐼𝑁𝑅𝑗𝑘
𝑀𝑅𝐶,𝑢𝑙

=
𝑀√𝑝𝑗𝑘𝑉{�̂�𝑗𝑘𝑚}

∑ √𝑝𝑙𝑚𝑗 𝑉{�̂�𝑙𝑘𝑚} + ∑ √𝑝𝑙𝑚𝑚=1 𝑉{�̂�𝑙𝑘𝑚} + 𝜎
2
 

(20) 

 

4.1.2 Zero forcing (ZF) 

ZF is defined as 𝐕 = �̂�(�̂�H�̂�)
−𝟏

 as stated in the study [11]. 

The main purpose here is to try to minimize intracellular 

interferences. 

In the case of ZF, 𝔼[𝐯𝑗𝑘
𝐻𝐡𝑗𝑘] = 1 due to its reverse channel 

structure. The estimation of the noise term is as follows. 

 

𝜎2𝔼 [‖𝒗𝑗𝑘‖
2
] =

𝜎2

(𝑀 − 𝐾)𝑉{�̂�𝑗𝑘𝑚}
 (21) 

 

Following these estimations, the SINR statement for ZF is 

derived as in Eq. (22). 

 

𝑆𝐼𝑁𝑅𝑗𝑘
𝑍𝐹,𝑢𝑙 = 

√𝑝𝑗𝑘

∑ ∑ √𝑝𝑙𝑚𝔼 [|�̂�𝑗𝑘
𝐻 𝒉𝑗𝑚|

2
] − √𝑝𝑗𝑘 +

𝜎2

(𝑀 − 𝐾)𝑉{�̂�𝑗𝑘𝑚}
𝐾
𝑚=1

𝐿
𝑗=1

 (22) 

 

4.2 Spectrum efficiency for downlink 

 

In this section, the statements obtained from the estimations 

in uplink are taken considering the Massive MIMO downlink 

system. The signal vector transmitted in 𝐱𝑙  ∈ 𝐶
𝑀 BS l can be 

calculated with the 𝐰𝑙𝑚  ∈ 𝐶
𝑀precoding vector as follows. 

 

𝒙𝑙 = ∑ √𝑝𝑙𝑚

𝐾

𝑚=1

𝒘𝑙𝑚𝑠𝑙𝑚 (23) 

 

here, s𝑙,𝑚  denotes the load symbol for user m in cell l and 

𝔼[|s𝑙𝑚|
2] = 1. 𝑝𝑙𝑚 is the transmitter power of user m. The y𝑗𝑚 

signal received in user m in the cell j is expressed as follows.  

 

𝑦𝑗𝑚 =∑𝒉𝑙𝑗𝑚
𝐻

𝐿

𝑙=1

𝒙𝑙 + 𝑛𝑗𝑚 (24) 

 

here, 𝐡𝑙𝑗𝑚 is the channel vector, n𝑗𝑚 is the noise vector. Eq. 

(24) is developed as follows using Eq. (23).  

 

𝑦𝑗𝑚 = √𝑝𝑙𝑘∑∑𝒉𝑙𝑗𝑚
𝐻

𝐾

𝑘=1

𝒘𝑙𝑘𝑠𝑙𝑘

𝐿

𝑙=1

+ 𝑛𝑗𝑚 (25) 

 

Similar to the study [38], this statement is rewritten as 

follows.  

 

𝑦𝑗𝑚 = √𝑝𝑗𝑚 𝑠𝑗𝑚𝔼[𝒉𝑗𝑗𝑚
𝐻 𝒘𝑗𝑚]

+ (𝒉𝑗𝑗𝑚
𝐻 𝒘𝑗𝑚

− 𝔼[𝒉𝑗𝑗𝑚
𝐻 𝒘𝑗𝑚])√𝑝𝑗𝑚 𝑠𝑗𝑚

+√𝑝𝑙𝑘 ∑ 𝒉𝑙𝑗𝑚
𝐻 𝒘𝑙𝑘𝑠𝑙𝑘

𝑙,𝑘≠𝑗,𝑚

+ 𝑛𝑗𝑚 

(26) 

 

here, it is assumed that channel gain 𝔼 [|𝐡𝑗𝑗𝑚
𝐻 𝐰𝑗𝑚|

2
] , its 

variance var[𝐡𝑗𝑗𝑚
𝐻 𝐰𝑗𝑚]  and interference power 

∑ 𝔼 [|𝐡𝑙𝑗𝑚
𝐻 𝐰𝑙𝑘|

2
]𝑙,𝑘≠𝑗,𝑚  are known. The SINR definition is 

specified in the study [39] as follows. Based on this definition, 

it is obtained as in SINR Eq. (29) for downlink. as follows.  

 

𝑆𝐼𝑁𝑅 =
𝔼[|𝑈𝑠𝑒𝑓𝑢𝑙 𝑆𝑖𝑔𝑛𝑎𝑙|2]

𝑣𝑎𝑟[𝑃𝑖𝑙𝑜𝑡 𝐶𝑜𝑛𝑡. 𝐼𝑛𝑡𝑒𝑟𝑓. ] +

𝑣𝑎𝑟[𝐼𝑛𝑡𝑒𝑟𝑓. 𝑝𝑙𝑢𝑠 𝑁𝑜𝑖𝑠𝑒 𝑇𝑒𝑟𝑚𝑠]

 
(27) 

 

𝑆𝐼𝑁𝑅𝑗𝑚 =
√𝑝𝑗𝑚|𝔼[𝒉𝑗𝑗𝑚

𝐻 𝒘𝑗𝑚]|
2

√𝑝𝑗𝑚𝑣𝑎𝑟[𝒉𝑗𝑗𝑚
𝐻 𝒘𝑗𝑚] +

√𝑝𝑙𝑘 ∑ 𝔼 [|𝒉𝑙𝑗𝑚
𝐻 𝒘𝑙𝑘|

2
]𝑙,𝑘≠𝑗,𝑚 + 𝜎2

 
(28) 

 

In here, var[𝐡𝑗𝑗𝑚
𝐻 𝐰𝑗𝑚] = 𝔼 [|𝐡𝑗𝑗𝑚

𝐻 𝐰𝑗𝑚|
2
] −

|𝔼[𝐡𝑗𝑗𝑚
𝐻 𝐰𝑗𝑚]|

2
, ∑ 𝔼 [|𝐡𝑙𝑗𝑚

𝐻 𝐰𝑙𝑘|
2
]𝑙,𝑘≠𝑗,𝑚 =

∑ 𝔼 [|𝐡𝑙𝑗𝑚
𝐻 𝐰𝑙𝑘|

2
]𝑙,𝑘 − 𝔼 [|𝐡𝑗𝑗𝑚

𝐻 𝐰𝑗𝑚|
2
]. Therefore SINR is; 

 
𝑆𝐼𝑁𝑅𝑗𝑚

=
√𝑝𝑗𝑚|𝔼[𝒉𝑗𝑗𝑚

𝐻 𝒘𝑗𝑚]|
2

√𝑝𝑗𝑚 ∑ 𝔼 [|𝒉𝑙𝑗𝑚
𝐻 𝒘𝑙𝑘|

2
]𝑙,𝑘 − √𝑝𝑙𝑘|𝔼[𝒉𝑗𝑗𝑚

𝐻 𝒘𝑗𝑚]|
2
+ 𝜎2

 
(29) 
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It is seen that the available rate depends on the channel 

vector and the precoding vector. Therefore, the precoding 

vector should be chosen well for high intracellular and 

intercellular interference with low signal gains. 

 

 

5. ACHIEVEING SPECTRUM EFFICIENCY 

EQUATIONS 

 

In this section, the derivation of spectrum efficiency 

equations is discussed. Contrary to the general belief in the 

literature, closed form expressions are derived from different 

distributions of users. Since different distributions of users are 

taken into account, three different interference levels that are 

taken into account when deriving closed form statements of 

spectrum efficiency are described as follows. These 

environments generally emerge with the classical pathloss 

model method. Studies on pathloss models are also available 

in the researches [35, 38]. In addition, the statements of the 

processing schemes for spectrum efficiency equations that are 

considered according to these three different interference 

levels are given below. 

 

5.1 First environment 

 

This situation actually symbolizes the concept of an ideal 

environment. So, given a particular cell in a multi-cell system, 

users in other cells are far from BS. Therefore, there is no 

interference. But this situation is almost impossible. But it is 

theoretically stated in terms of comparison. 

 

5.2 Second environment 

 

It is an interference level where the averages of the users in 

all cells are taken into account, assuming that they have similar, 

close positions. It is estimated that this will be the most 

suitable level for the system under consideration. 

 

5.3 Third environment 

 

This situation represents the worst attempt to encounter 

similar to the logic in the definition of a very good 

environment. It symbolizes the situations in which users in 

other cells are closest to BS. It is aimed to make an objective 

comparison by showing the most ideal and worst case. 

An interference level equation must be created in order to 

express the above interference levels that will occur due to a 

multi-cell structure. The point to be considered here is the 

relationship with the base stations in other cells. The equation 

below indicates the level of interference. 

 

𝛼𝑡𝑜𝑡𝑎𝑙 = 1 + 𝑝𝑎𝑟𝑡𝑠 (∑𝜶𝒋𝒍𝑐𝑎𝑠𝑒
− 1) (30) 

 

here, for any user in cell l, the ratio of channel variance in base 

station j to channel variance in base station 1 is considered as 

𝜶𝒋𝒍. Therefore, this statement is expressed as follows. 

 

𝜶𝑗𝑙𝑐𝑎𝑠𝑒 = 𝔼 {(
|𝑑𝑗(𝒛)|

|𝑑𝑙(𝒛) + 𝒃𝑗|
)

𝜅

} (31) 

 

here, the positions of users with z, and the positions of base 

stations are represented with b. Detailed explanations 

regarding the determination of these locations can be found in 

[40, 41]. κ is pathloss exponent. The value of 𝜶𝒋𝒍  varies 

according to the environments mentioned above. The basic 

reason in Eq. (30); since one center cell is accepted, 1 is 

subtracted from the sum of each element in the interference 

vector and then multiplied by the number of cells considered, 

that is parts. The expression -1 here indicates that the central 

cell has been removed. Then this center cell was added as +1. 

In the assumption below, the estimation of the interference 

level for the first, second and third environment conditions is 

specified. 

 

𝜶𝑗𝑙𝐹𝑖𝑟𝑠𝑡𝐸𝑛𝑣. = 𝑚𝑖𝑛 𝔼 {(
|𝑑𝑗(𝒛)|

|𝑑𝑙(𝒛) + 𝒃𝑗|
)

𝜅

} (32) 

 

𝜶𝑗𝑙𝑆𝑒𝑐𝑜𝑛𝑑𝐸𝑛𝑣. = 𝑚𝑒𝑎𝑛 𝔼 {(
|𝑑𝑗(𝒛)|

|𝑑𝑙(𝒛) + 𝒃𝑗|
)

𝜅

} (33) 

 

𝜶𝑗𝑙𝑇ℎ𝑖𝑟𝑑𝐸𝑛𝑣. = 𝑚𝑎𝑥 𝔼 {(
|𝑑𝑗(𝒛)|

|𝑑𝑙(𝒛) + 𝒃𝑗|
)

𝜅

} (34) 

 

As can be seen from these equations, considering the 

particular cell, the absence of any interference (less than 

negligible) for the first environment where the users in other 

cells are far from BS is determined by finding the minimum 

value of the expression specified in Eq. (31). Similarly, for the 

third environment, that is, when the interferences are too high, 

the maximum value of the expression specified in Eq. (31) is 

taken. The average value of this expression is used for the 

second environment. Thus, SE equations calculated according 

to SINR values in the previous section will be rewritten 

according to these interference levels considering MRC and 

ZF. While these processes are being carried out, the uplink 

system has been considered. By making similar approaches, 

SE expressions can be performed for downlink. 

The SINR expression given in the equation Eq. (16) for the 

uplink system is rearranged taking into account the reasons 

stated in the study [15] and the status of the above mentioned 

interference levels with MRC and ZF approaches [11] as 

follows. 

 

𝑆𝐼𝑁𝑅𝑗𝑘
𝑀𝑅𝐶,𝑢𝑙

=
𝐵

∑

(𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) +

(𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) − (𝜶𝑗𝑙𝑐𝑎𝑠𝑒

(1) )
2

)

𝑀
) +

(∑ 𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(1) 𝐾𝑙 +

𝜎2

𝜌
) (∑ 𝜶𝑗𝑙𝑐𝑎𝑠𝑒

(1)
𝑙 +

𝜎2

𝐵𝜌
)

𝑀

𝑙

 

(35) 

 
𝑆𝐼𝑁𝑅𝑗𝑘

𝑍𝐹,𝑢𝑙

=
𝐵

∑

(𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) +

(𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) − (𝜶𝑗𝑙𝑐𝑎𝑠𝑒

(1) )
2
)

𝑀 − 𝐾
) +

(∑ 𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(1) 𝐾 (1 −

𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(1)

∑ 𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(1)

𝑙 +
𝜎2

𝐵𝜌

)𝑙 +
𝜎2

𝜌
)(∑ 𝜶𝑗𝑙𝑐𝑎𝑠𝑒

(1)
𝑙 +

𝜎2

𝐵𝜌
)

𝑀

𝑙

 

(36) 

 

These statements are substituted in the spectrum efficiency 

equation given below. 
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𝑆𝐸𝑗𝑘
𝑢𝑙 = 𝐾 (1 −

𝐵

𝑆
) {𝑙𝑜𝑔2(1 + 𝑆𝐼𝑁𝑅𝑗𝑘)} [𝑏𝑖𝑡/𝑠/𝐻𝑧

/𝑐𝑒𝑙𝑙] 
(37) 

 

5.4 Determining user locations 

 

In this study, uniform distribution is thought for user 

terminals in a cell as in Figure 3. The radius of the cell is 

determined as 𝑟𝑚𝑎𝑥 and the minimum distance between users 

and BS is 𝑑𝑚𝑖𝑛. The location of any k user is shown as x𝑘  ∈
 ℝ2. This is determined by the BS, which is supposed to be at 

the center. User locations are selected from the distribution of 

users, expressed as 𝑓(x), as in the study [42]. 

 

𝑓(𝑥)

= {

1

𝜋(𝑟𝑚𝑎𝑥
2 − 𝑑𝑚𝑖𝑛

2)
, 𝑑𝑚𝑖𝑛 ≤ ‖𝑥‖ ≤ 𝑟𝑚𝑎𝑥

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
(38) 

 

 
 

Figure 3. User locations distribution 

 

5.5 Upper limit of spectrum efficiency 

 

Since the first studies that Massive MIMO was put forward, 

its asymptotic analysis has been carried out continuously. An 

unlimited number of antenna arrays are mentioned in 

Marzetta's work [43]. In subsequent studies, a limited number 

of antennas was considered. However, upper limit analyzes are 

also performed, which include the situation where the number 

of antennas in the base station M goes to infinity. 

The main purpose in upper limit analysis is not to examine 

their behavior, but to have knowledge about performance 

evaluations in practice. Therefore, an upper limit analysis was 

carried out in this study. It is aimed to have information about 

the results to be obtained for the situation where M goes to 

infinity. Because this result is an indicator that can never be 

achieved. But how close we come to this goal matters. 

When Eq. (35) ve Eq. (36) are examined, it is seen that the 

SINR value must be maximized in order to perform the upper 

limit analysis. Since M is assumed to go to infinity, SINR in 

both equations will express the same limit. This expression is 

is given as Eq. (39). 

The spectrum efficiency equations, the above analyzes of 

which are obtained for MRC and ZF, can be performed for a 

certain number of antennas and number of user terminals. This 

section shows that the number of antennas in the base station, 

that is to say M, goes to infinity, is the upper limit for spectrum 

efficiency. In the SINR in Eq. (37), the spectrum efficiency 

expression is rewritten as follows if M goes to infinity. 

 

𝑆𝐸𝑗𝑘 = 

𝐾 (1 −
𝐵

𝑆
){𝑙𝑜𝑔2(1 +

𝐵

∑ (𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) )𝑙

)} [𝑏𝑖𝑡/𝑠/𝐻𝑧/𝑐𝑒𝑙𝑙] 
(39) 

 

The result obtained here is one of the main contributions of 

this study. Because, thanks to this upper limit equation, the 

ideal number of users will be realized in the next section. As a 

matter of fact, the ideal number of users in the specified system 

model will be determined when the number of antennas in the 

base station goes to infinity. In the following section, 

necessary expressions and results are shown to determine the 

ideal number of users. transpose. 

 

 

6. NUMERICAL RESULTS FOR DETERMINATION 

OF IDEAL USERS 

 

In this section, simulation of the spectrum efficiency 

equation analyzed was performed. Here, MRC and ZF linear 

processing states are taken into account. Basically, considering 

all the values for the M antenna number, the ideal user number 

U was tried to be found. In addition, the pilot reuse factor 𝑓 

was taken into consideration while performing these 

operations, thus maximizing the spectrum efficiency. Table 1 

lists some of the parameters that were used in the simulation. 

This some parameters have been tested with Matlab and 

Monte-Carlo simulation. There are various codes related to 

these. Some of them are mentioned in [4]. These parameters 

are generally used in Massive MIMO systems in studies such 

as [4, 41, 42]. 

 

Table 1. Some parameters used in simulation 

 
Parameter Value 

Coherence Block Length, S 400 

Coherence Time 2 ms 

Coherence Bandwith 200 kHz 

SNR, 
𝜎2

𝜌
 5 dB 

Path Loss Exponent, κ 3.8 

Parts (Number of Cells) 6 
 

For some positive integers 𝑓 (eg 1, 3, 4, 7,…), which are 

called pilot reuse factors, B = 𝑓𝐾 equation is accepted [44]. 

When B = 𝑓𝑈  is replaced with this equation Eq. (39), the 

following statement is obtained. 

 

𝑆𝐸𝑗𝑘 = 𝐾 (1 −
𝑓𝑈

𝑆
) {𝑙𝑜𝑔

2
(1 +

𝑓𝑈

∑ (𝜶𝑗𝑙𝑐𝑎𝑠𝑒
(2) )𝑙

)} [𝑏𝑖𝑡/𝑠

/𝐻𝑧/𝑐𝑒𝑙𝑙] 

(40) 

 

If analytical operations are carried out to find the point at 

which the spectrum efficiency will be maximum, the ideal 

number of users will be 𝑈 =
𝑆

2𝑓
. Therefore, it will be 

understood for which pilot reuse factor the spectrum efficiency 

in the ideal number of users to be achieved is realized. This 

point is another major contribution of this study. 

The figures below show the results obtained according to 

the situations determined as first environment, second 

environment and third environment respectively. 
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Figure 4 and Figure 5 show the spectrum efficiency and 

corresponding ideal user numbers under MRC and ZF for the 

first environment. As can be seen from the figures, spectrum 

efficiencies are similar for MRC and ZF in smaller ranges of 

antenna numbers in the base station. But it requires a different 

number of user terminals. Spectrum efficiency is much better 

than others, due to the model of the first environment. Because 

it is considered as the maximum point that can be obtained. It 

is an important comparative inference.  

 

 
 

Figure 4. Ideal number of users with maximizing spectrum efficiency for MRC (for first environment) 
 

 
 

Figure 5. Ideal number of users with maximizing spectrum efficiency for ZF (for first environment) 
 

 
 

Figure 6. Ideal number of users with maximizing spectrum efficiency for MRC (for second environment) 
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Figure 7. Ideal number of users with maximizing spectrum efficiency for ZF (for second environment) 

 

 
 

Figure 8. Ideal number of users with maximizing spectrum efficiency for MRC (for third environment) 

 

 
 

Figure 9. Ideal number of users with maximizing spectrum efficiency for ZF (for third environment)  

 

Figure 6 and Figure 7 were performed under MRC and ZF 

for second environment. This is an environment that includes 

situations that may be encountered in practice. It is modeled 

accordingly and its expressions are derived. Therefore, 
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different results are seen depending on the number of antennas 

in base stations. Some jumping points are shown in the figures. 

These points show the most suitable pilot reuse factor selection 

of the system. In that, according to the formula 𝑈 =
𝑆

2𝑓
, it is 

the determination that the appropriate pilot reuse factor 𝑓 is 

used according to the ideal number of users. 

In this environment, there are both intracellular and 

intercellular interferences. It is a situation that can be 

encountered practically. MRC and ZF are important in 

increasing spectrum efficiency by eliminating these 

interferences. In addition, different new processing schemes 

may be tried in the future. 

Spectrum efficiency results are not the point here. The basic 

expression emphasized is the determination of the ideal 

number of user terminals in obtaining spectrum efficiency 

results and the selection of the pilot reuse factor used. 

Figure 8 and Figure 9 are performed under MRC and ZF for 

the third environment. The third environment is the worst of 

all in terms of interferences. When evaluated in terms of pilot 

reuse factor, it is observed that the value of f is needed to be at 

a high level in the worst environment. This environment is a 

situation with the highest levels of interference, which is not 

likely to be encountered in practice. However, the first 

environment and third environment situation is an important 

result in terms of evaluating the second environment situation. 

These results allow comparisons to be made more efficiently. 

The figures above show the spectrum efficiency is 

maximized for all three cases and the result of the 

corresponding ideal number of users. While the upper graphic 

in the figures shows the spectrum efficiency in response to the 

number of antennas in the base station, the lower graphic 

shows the corresponding ideal number of users. The results 

were carried out with MRC and ZF in each case. 

As can be seen from the figures, when spectrum efficiencies 

are examined, it is understood that the first environment is very 

good and the third environment is very bad. Indeed, this 

confirms the expressions presented as Eq. (30) and Eq. (31). 

Also, for the first case, it is understood that ZF is better than 

MRC in terms of spectrum efficiency. Because while defining 

the first case, it is thought to be an ideal environment without 

intercellular interference. But there is intracellular interference. 

Thus, intracellular interference reduction, which is one of the 

aims of ZF, is achieved and a much better spectrum efficiency 

is provided compared to MRC. 

If we recall Eq. (40), which is the main contribution of the 

study, considering the number of antennas in the base station 

as infinite, the ideal number of users can be expressed as 𝑈 =
𝑆

2𝑓
, the ideal number of users for first environment is = 200, 

𝑓 = 1; 𝑈 = 67, 𝑓 = 3 for the second environment and 𝑈 =
50, 𝑓 = 4 for the third environment. 

From the results, an improvement of about 50-100 times 

was observed in spectrum efficiency according to the 

requirement of 2.25 bit/s/Hz/cell of IMT-Advanced. In 

addition, the results we obtained seem to be more efficient in 

terms of ideal number of users-spectrum efficiency metric than 

the study [11]. 

The main purpose in this study is not to explain how 

spectrum efficiency is achieved. The main goal is spectrum 

efficiency is achieved in which ideal number of users U and in 

which pilot reuse factor. One of the desired situations here is 

to achieve the highest value of U. The jumping points seen 

when the figures are examined show the pilot reuse factors that 

MRC and ZF have changed to ensure the ideal number of users 

and to maximize spectrum efficiency. 

 

 

7. CONCLUSIONS 

 

This study investigated the answer to what the ideal number 

of users should be, along with the number of antennas in the 

base station to maximize spectrum efficiency in multi-user 

Massive MIMO systems. Spectrum efficiency equations 

depend on the locations of the user terminals. Because this 

situation actually makes it difficult to determine the ideal 

number of users. Therefore, in this study, new spectrum 

efficiency expressions were created in which we can 

determine the ideal number of users according to the status of 

the user locations. These statements, which will help 

determine the ideal number of users while maximizing 

spectrum efficiency, have been verified by simulation under 

MRC and ZF processing. 

Analytically obtained results were performed under MRC 

and ZF processes. The analysis brings the ideal number of 

users closer to 
𝑆

2𝑓
, regardless of linear processing. However, 

the effect of the pilot reuse factor, which is changed 

momentarily to maximize spectrum efficiency, should not be 

forgotten. In addition, this study has been examined except for 

the effect of any hardware failure or other parameters. Among 

the future studies, it is considered to examine the effects such 

as hardware failure. 
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NOMENCLATURE 

M Total number of base station antenna 

B bandwidth 

H 

R 

channel matrix 

correlation matrix 

�̂� estimation channel matrix 

l cell 

j base station 

k user 

w pre-coding vector 

P total transmit power 

x transmitted data 

y received signal 

d( z ) channel variance 

IM complex numbers 

h channel response 

n noise vector 

slm symbol of user m in cell l 

𝐳 positions of users 

b positions of base stations 

V detector matrix 
𝜌

𝜎2
SNR 

Greek symbols 

(.)T transpose 

(. )H conjugate transpose (Hermitian) 

κ pathloss exponent 

CN complex gaussian distribution 

𝝋 covariance matrix 

𝔼 expected value 

V{. } variance 

Subscripts 

Hz hertz 

m meter 

dBm decibel milliwatts 
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