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ABSTRACT
Computational models and simulations can be powerful tools for gaining an insight into the complex world of 
the biological mechanisms. Among them the growth processes are perhaps the most challenging and elusive 
to describe, for the different time scales and species specific features involved. Using a recently proposed 
technique for the analysis of experimental datasets (the Phenomenological Universalities Approach: PUN), we 
have succeeded to reproduce, to an excellent level of reliability, many results from experimental ‘in vitro’ and 
‘in vivo’ tumor growth studies (e.g. the ‘multipassaged’ tumors described in the paper). Also the description of 
human growth, with its important implications for monitoring children development and diagnosing metabolic 
diseases, can be approached using the PUN method.
Keywords: best fitting, biological models, complexity, human growth, metabolic diseases, nonlinearity,  
phenomenological universalities, scaling, simulations, tumor growth.

INTRODUCTION1 
Growth of living beings and biological entities (e.g. tumors) has been extensively studied in the past. 
Most of the proposed laws are based on phenomenology, and simply fit experimental data in a (more 
or less) satisfactory manner.

More recently, some efforts have been devoted to find a scientific basis (mainly related to physics) 
for the proposed algorithms. In particular, West and collaborators have published their allometric 
model based on both the principle of energy conservation and the assumption that the development 
of a proper vascular network is the basis for growth in all living beings [1, 2] and its main limiting 
factor, explaining growth saturation.

For most living organisms the vascular network develops according to some ‘optimality  
principles’ [3]: provided eight assumptions are done, regarding network scaling and hierarchical 
structure, constant branching ratio and space-filling properties and assuming that the network should 
minimize the energy losses and maximize exchange surfaces.

The growth law can be written as

 dV/dt = a V3/4 − b V (1)

where V is the volume and a and b are suitable parameters. Note that the term V3/4 can be interpreted 
as an ‘effective exchange surface’, e.g. in the case of a cell assuming nutrients only by diffusion 
through its membrane S = V2/3. This formalism has been extended by Guiot et al. [4] for tumors.

Another very important application is human growth. Height, weight and body mass index (BMI) 
growth charts are universally adopted to monitor children growth and diagnose metabolic diseases, 
and are the basis of the field of auxology. Human growth has been described by a plethora of  different 
algorithms, many of which simply aiming at best fitting average data [5].

PHENOMENOLOGICAL UNIVERSALITIES2 
Mathematical relationships, such as algebraic equations, ordinary differential equations (ODE), par-
tial differential equations (PDE), etc. can be considered as true universalities, since their validity is 
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completely independent from the field of application, be it physics, biology, economics or any other 
science. They are, however, ‘a priori’ (or ‘top-down’ [6]) universalities, even if they are the ultimate 
result of a considerable amount of experimental or observational work, since they no longer contain 
any reference to the experiments and observations from which they have been inferred. In other 
words, they are stated as valid or applicable ‘per se’ and often include the effect of intellectual 
manipulations, such as generalizations or corrections due to analogies, intuition or formal elegance. 
Their usefulness may be immediately appreciated in any kind of ‘top-down’ approach, in which they 
are applied to the solution of the most diverse problems in all fields of science.

In the present context we are concerned with Phenomenological Universalities (PUN), which 
represent an attempt to classify in well defined classes of universality datasets collected in all fields 
of science, based on simple unifying criteria. Thus, apart from their epistemologic interest, PUN’s 
allow to set up a ‘bottom-up approach, in which ‘laws’ or ‘models’ are inferred ‘a posteriori’, i.e. 
directly from data.

To be more specific, we define PUN’s as a tool for solving the following problem:
Given the string of data zi = z(ti), (i = 1,...,I) with t being the time (or any other suitable variable), then:

Find a best fitting function 1. z(t), based not on a given numerical procedure, but on a general 
 formalism independent of the field of application.
From the fitting function obtain a model for the proposed phenomenology.2. 

The above problem can be easily extended to vectorial datasets, such as zki = zk(ti), (k = 1,...,K), in 
which correlations exist among several variables zk, all functions of the same independent variable t, 
which might also be vectorialized. In the case K = 2, the use of a complex notation both for the 
variables and the parameters, allows to use, for the solution of the problem, the same formalism 
developed in the following sections.

Procedure2.1 

Assuming for brevity to have a single dataset z(ti), the problem defined above can be solved by 
searching for a relationship of the kind

 =1 2( , , , ,..., ) 0N
NG a b p p p  (2)

which represents the truncation of a suitable expansion to the N-th term, with N fitting parameters 
pn. In eqn (1) = ,a z  = = ,b a z  with dots denoting differentiation with respect to the independent 
variable, i.e. = d /d .z z t  In general a = a(z,t), but in the following we restrict ourselves to the case 

 a = a(z). The cases a = a(t) and a given by a sum of contributions from two terms, ( )a z  and ( ),a t  
each depending on only one of the two variables, are discussed in Ref. [7].

As a simple but very important example, we consider the sub-case of eqn (2), in which b = b(a). 
Since
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if we truncate the expansion at the N-th term, then we call the corresponding PUN class UN. It 
 follows, in the case N = 2 (i.e. U2):

 =

= = +∑a b g
2

( ) 2

1

N n
n

n

b a a a
 

(5)

Eqn (5), or its generalization to UN with N > 2, has a very simple interpretation (or justification). 
Even if the experimentally measured quantity is z(t), the relevant observable, for what concerns the 
evolution of the system, is a. In a linear approximation we would expect its derivative b to be pro-
portional to a, for reasons of scaling. But our overwhelming experience in all fields of science points 
out to a nonlinear Universe, with the linearity being just an approximation or a special (often ad hoc) 
case. Therefore we should also expect a nonlinear b(a).

One could, of course, in addition to the ‘space’ (a, b), consider others, such as (z, a) or (z, b), 
but we do not do it here, since they would lead to already well explored ODE’s (or PDE’s). 
Other PUN classes in the space (a, b) may also be considered, e.g. the extended UN class EUN, 
for which

 =
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or the VN class, defined by
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(7)

The classes EUN will be considered in the next section.
Obviously such PUN classes are of interest only if some phenomenology described by them may 

be found. For example, EU2 seems to be able to represent the growth of successive implantations of 
tumoral lines in cavies or other lab animals.

The class UN2.2 

The class U1 and its correspondence with the well known (and most extensively used) Gompertz law 
are discussed in Ref. [8] Therefore in the following we limit ourselves to derive the basic formalism 
for the class U2, which includes, as special cases, the well known law for ontogenetic growth of 
West and collaborators [1–3] and its extension to tumoral growth [9]. From the differential equations 

=a b  and eqn (5), it follows:

 ( ) −− = + − 
by y

1

0 1 ta a e  (8)

where y = (g/b)a0 and =0 ( (0))a a z . Then from =z a  and z(0) = 0, which does not represent a real 
restriction (since a translation can be performed), it easily follows:
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A specially relevant case can be obtained by letting z = ln y. Then we have the usual growth 
 equation:

 = ( )y a y y  (10)

with the solution

 

−
 = + − 

gby
1/

1 (1 )ty e
 

(11)

It can be easily proven that y satisfies the ODE

 
= +1 2

p dy
c y c y

dt  
(12)

where p = 1+g, c2 = b/g, c1 = c2(1+y).
In many applications (e.g. in biology, see [10]), a very important interpretation can be attached  

to eqn (12). That is, we may consider c1y p as the energy input, dy/dt the growth of the system and 
c2y the energy consumption (e.g. due to the metabolism). Then saturation (i.e. no further growth:  
dy/dt = 0) follows when c1y p = c2y.

According to the 1st law expressed per unit time, any variation in the internal energy is related to 
the difference between the input energy (1st term of the RHS of eqn (1), accounting for the nutrient/
oxygen inlet from the surface by diffusion, or through the vascular network) and the energy required 
for metabolism, which is normally dependent on the volume of the system. Any positive variation in 
the internal energy can be stored in the system (e.g. by adipose mass) or, alternatively, used for 
growth (LHS of eqn (1)).

This interpretation, which implies that eqn (12) is an expression of the energy conservation of the 
system (or of the First Principle of Thermodynamics), is very intriguing, since it suggests that, as a 
direct result of the nonlinearity of eqn (5), fractality follows (since in general p is not integer, unless 
the energy input is uniformly distributed over the whole system). If the energy enters the system 
through its external (e.g. spherical) surface, then p = 2/3. In the model of West and collaborators p = 
3/4. In a recent model by Guiot et al. [11] the exponent p varies between a first avascular phase of 
tumoral growth and the onset of angiogenesis.

It is interesting to remark that in the next PUN class U3, eqn (12) becomes

 = + −1 2 3 4

p
p dy dy

c y c c c y
dt dt

 (13)

that is an additional term c3(dy p/dt) appears as a fractal-like dimensioned contribution to the growth. 
The coefficients c1, c2, c3 and c4 are not reported here for brevity.

From eqn (11), by defining

 
−= −g 1u y  (14)

and

 = − bt 1 te  (15)
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it follows

 = ytu  (16)

that is, the scaling invariance, which was lost in eqn (10), due to its nonlinearity, is regained by 
means of the adoption of the fractal-dimensioned variables u and t.

The class EUN2.3 

In Section 2.1, eqn (6) may be ‘justified’ as a plausible generator of PUN classes on aesthetical 
grounds, since it completes the power expansion of b(a), which in the UN formalism (see eqns 3–5) 
lacks the n = 0 term a. A correlation between the classes EUM and UN, with N = M + 1, may be 
easily obtained by defining:

 ==

= = −∑ ∏a a
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(17)

where rn are the roots of f(a), including possibly multiple ones and complex conjugate (c.c.) pairs.
In the case EUM, from b(a) = f(a) = da/dt it follows:
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whereas, in the case UN, from b(a) = a f(a) = da/dt it follows:
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The integral I can be easily evaluated, starting from the formula [12]:
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where the prime denotes derivation with respect to a and

 [ ]−= ′ 1
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(21)

It follows for EUM, apart from an integration constant:
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For the evaluation of J we can apply eqn (20) to the function g(a) = a f(a) and let n = 0, M with  
r0 = 0. Then
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where q0 = 1/f(0) and qn = pn/rn for n = 1, M.
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It follows for UN (with N = M + 1 and apart from an integration constant):

 ==
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(24)

It is important to recall that, in case of c.c. pairs of roots,

 ln(x + iy) = ln(r exp(i F)) = ln r + i F 

where  and = +2 2r x y  F = arctg y/x (0 ≤ F < π),
So that, instead of logarithms of complex numbers, it is possible to express the results in terms of 

arctg of real numbers [12, idem, eqn 2.172, p. 68].
In order to obtain the solution z(t), or y(t) = exp z(t), one must integrate the ODE dz/dt = a(t). The 

prerequisite for this, of course, is the inversion of the relationship t(a), given by eqns (22) and (24) 
for EUM and UN, respectively.

This can be easily done up to M or N = 2. The results are summarized in Tables 1 and 2 for EUM 
and UN, respectively.

Table 1: Solutions for the PUN classes EUM, M = 0,1,2.

b(a) a(t) z(t)

EU0 a a t + a0 ½ a t2 + a0 t
EU1 a + b a r + (a0 − r) B r t + 1/b (a0 − r) (B − 1)
EU2 a + b a + g a2 a0 (p − q E)/(1 − E) p t − 1/g ln((1 − E)/(1 − E0))

The following notations have been used: a0 = a(0); B = ext(b t); E0 = (1 − p)/(1 − q); E = E0 exp(g 
(p − q)t), r = a/b, p and q are the roots of the equation b(a) = 0 for EU2.

Table 2: Solutions for the PUN classes UN, N = 0, 1, 2.

b(a) a(t) z(t)

U0 0 a0 a0 t
U1 b a a0 B a0 (B – 1)/b
U2 b a + g a2 a0 B/(1 + F − F B) −1/g ln(1 + F (1 – B))

The following notations have been used: a0 = a(0); B = ext(b t); F = g a0/b. The reported solutions 
are, of course, in agreement with the ones found in Section 2.2.

Many plots obtained for U1, U2 (and its generalizations UN/TM, obtained when = + ( , ) ( ) ( ))a t z a t a z
may be found elsewhere [7]. No plots of EUM growth curves have been reported so far. Figure 1 
accounts for the first four members of the family.

Therefore, in the next section, we present some representative examples, in the spirit of building 
up an ‘Atlas of PUN classes’ helping experimentalists to select a suitable class for novel datasets. We 
wish to recall that an extremely beautiful and comprehensive ‘Atlas of Functions’ [13] has been 
recently compiled for the ‘mathematical universalities’.
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NOTABLE APPLICATIONS OF THE PUN CLASSES UN: TUMOR GROWTH3 
The PUN class U0 describes a simple exponential growth law, which properly applies to 
tumoral cells keeping on replicating with a constant duplication time in the absence of mechan-
ical or nutritional restrictions. Contrary to expectations, such a model is not totally unrealistic. 
In fact, U0 represents the first phase of any ‘in vitro’ experiment, and also the initial phase of 
all tumors.

Such an unrestricted growth may last for days, months or even years provided a healthy, nutrient 
rich environment is available, as in the biological model of the Multi Passage Tumor (MPT), where 
tumors grow following the subcutaneous implantation on the back of a lab animal (usually mice) of 
~106 tumor cells (from cell cultures or surgical resection). Tumor cells are then passaged from one 
mouse to another by harvesting them from a growing tumor and implanting a given number of them 
into another healthy animal. Once the tumor has grown above a certain volume, it is harvested again 
[14, 15]. For example, McCredie et al. reported the case of a spontaneous mammary tumor in a C3H 
mouse, from which the first syngenic transplant was done in 1946 and which has been serially trans-
planted into the C3H/HeJ strain, reaching in 1971 the 900th generation.

As shown in Figure 2, tumors grow at a larger rate in each successive transplant, i.e. the growth 
curves become progressively steeper, which can be explained by observing that, being the new 
seed reimplanted each time after a short time T (e.g. 10 days) into a new healthy, nutrient rich 
environment; thus we can assume at each ‘passage’ an experimental growth law with approxi-
mately the same rate c. The tumor mass, after n passages in which the same amount m0 of tumor 

Figure 1:  Some examples of different behaviors for the universal classes EUN and the corresponding 
class UN.
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is reimplanted, and at a time from the beginning of the whole procedure equal to t = nT + ∆t, will 
be given by [17]:

 m(t) = m0 (1 + exp(ncT)(exp(c∆t) − 1)) (25)

Eqn (25) shows that the exponential trend is corrected by a term, which accounts for the real age 
of the tumor and increases at each transplant, thus accelerating the growth.

If we follow the tumor growth curve for a longer time (even ‘in vitro’), a necrotic core will develop, 
due to the ‘screening’ of the nutrients flow from the cells of the outer layers, so that a saturation level 
is reached. This corresponds to the PUN class U1, predicting a saturation value:

 ∞ = b0 0exp( / )V V c  (26)

which is normally seen in MTS and is normally described using the Gompertz law [17]. Most aggres-
sive tumors overcome nutrients deprivation by means of angiogenesis, and the neo-vascular network 
partly supports growth, as discussed by Guiot et al. [18], following the model of West and collabora-
tors [1–3]. Often this third phase is complemented, in ‘in vivo’ or ‘ex vivo’ tumors by the processes 
of tumor invasion and metastasis. Starting from West’s law (1), a generalized expression for growth 
is then:

 dV/dt = a S − b V (27)

where S is the embedding layer acting as boundary with the host (i.e. the effective ‘surface’ from 
which nutrients come and waste products are removed), and V the volume, to which the energy 
 consumption for metabolism is assumed to be proportional. Note: S is not in general a 2D surface.

Figure 2:  Results from Steel [14]. Up to 10 transplants of cells from the tumoral line rat fibroadenoma 
have been performed, but the curves corresponding to only three of them have been 
reported [9] in logarithmic scale. As discussed in the text, the averaged growth curves 
become increasingly steeper with successive passages, due to the aging of the newly 
transplanted tumor cells. By rescaling the time, we obtain a plot (b), in which all the 
curves are collapsed into a unique one.
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This stage of tumor growth corresponds to the PUN class U2. The class U2 includes, besides 
Gompertz as a special case, all the growth models proposed to date in all fields of research, i.e. 
besides the already mentioned model of West and collaborators [1–3], also the exponential, logistic, 
thetalogistic, potential, von Bertalanffy, etc. (see for a review De Vladar [19]).

The choice of the specific ‘strategy’ for maximizing the exchange surface depends on many factors, 
according to the characteristics of the host and the ‘molecular weapons’ available.

This encompasses the possibility that the tumor evolves by changing the ‘degree of fractality’ of 
its nutrient input system and may imply that the fractal parameter p varies dynamically through 
tumor growth [11, 20], which requires resorting to the PUN class U3.

NOTABLE APPLICATIONS OF THE PUN CLASSES EUN: HUMAN GROWTH4 
Understanding human growth, and particularly some phases, such as the perinatal and the juvenile 
ones, has always been challenging. Simple curves based on well established assumptions, and 
widely applied to other fields (such as the Gompertz curve) are inadequate, and therefore purely 
phenomenological curves, selected on the basis of their ‘fitting’, were traditionally used.

Contrary to most mammals, the growth curve of some ‘social’ species, such as elephants, lions, 
primates and men, cannot be described by a simple curve, but requires at least two Gompertz- or 
logistic-like curves (or three for humans, see for instance [21]), describing the early growth and the 
juvenile phases separately.

According to Devenport [22], the human growth rate exhibits three maxima: one intrauterine, a 
second around the 6-th year and the third around the 16-th year, possibly activated by the secretions 
of the pituitary gland or the anterior lobe of the hypophysis.

In addition to the above main accelerations, many authors have pointed out that short-term oscil-
lations are detectable looking at longitudinal data. In the classical paper of Butler et al. [23], 135 
children were monitored at six monthly intervals from 2 to 18 years of age.

Longitudinal studies made apparent a cyclic, rhythmic pattern, as a cycle of spurts and lags 
occurring from the age of 2 until adolescence.

Actually, in the historical paper of Wales [5] even very short time cyclicities, such as the postural 
changes in height throughout the day, due to spinal disc compression, are reported. Variations in height 
velocity have been described with the season of the year, possibly modulated through the higher central 
nervous system and secretion of melatonin and other hormones with circadian rhythmicity.

All the above effects cannot obviously be deduced by phenomenologic models. Moreover, being 
the algorithms different and selected ‘ad hoc’, to compare the results from studies performed in dif-
ferent institutions, or between normal vs. pathological growth (normally described by different 
growth charts) is virtually impossible. The PUN model, and in particular the EUM family seems, on 
the contrary, to be able to describe the growth using few, unifying variables.

Figure 3 represents the various types of growth which can be found in human growth reported in 
the variables dz/dt vs. z.

Actually, in many phases of human growth (as, for instance, fetal growth [24], see Figure 4) the 
relationship a vs. z exhibits some non-monotonicity, i.e. some ‘spurts’. Contrary to UN, the EUN 
family, proved to account for such spurts.

The analysis of the obtained results (starting from some existing data concerning the human body 
growth) suggests that the use of the similitude ‘phases space’ ( , )z z  allows the identification of the 
main types of growth stages, which can be reproduced by the EUM universality class.

Further work is needed to estimate the parameter values which best fit the various human growth 
phases and to better exploit all the model features, and possibly to explore its implications for 
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diagnosing various growth pathologies. For instance, by assuming that different ‘clones’ of cells 
can be activated at different times (e.g. by hormones, such as GH or sexual hormones), the EUM 
curves can be further modulated to better resemble the realistic human growth curves.

By comparison between any specific individual growth curve and the collection of many repre-
sentative ones, the numerical evaluation of the timing and the amplitude at the onset of the ‘growth 
spurts’ could eventually lead to a better diagnostics of some hormonal disorders as well as to a better 
monitoring of the related therapies.
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