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This paper mainly explores the consensus control of multi-agent robot system with
repetitive motion under the constraints of a leader and fixed topology. To realize the
consensus control, a fractional order iterative learning control (FOILC) algorithm was
designed under the mode of distributed open-closed-loop proportional-derivative alpha
(PD"). The uniform convergence of the algorithm in finite time was discussed, drawing
on factional calculus, graph theory, and norm theory, resulting in the convergence
conditions. Theoretical analysis shows that, with the growing number of iterations, each

agent can choose the appropriate gain matrix, and complete the tracking task in finite time.
The effectiveness of the proposed method was verified through simulation.

1. INTRODUCTION

The multi-agent robot system can complete large and
complex fieldwork through communication, coordination, and
cooperation. The efficiency and performance of the system are
much better than those of a single robot. As a result, the multi-
agent robot system has been widely used in mobile robot
handling, three-dimensional (3D) printing, and welding [1, 2].

The consensus control, as a representative problem of the
collaborative control of the multi-agent robot system, aims to
design a suitable control algorithm to regulate the state or
output of each robot in a finite time. The coordination and
consensus between multiple agents have attracted much
attention from the academia, yielding fruitful results [3-6].
However, most consensus control methods for multiple agents
are based on integer-order descriptions of the agents, that is,
the differential equations of the robots are of integer-order [7,
8].

In complex natural environments (e.g. material mechanics,
motor systems, and robots), it is more accurate to describe
robot dynamics with fractional calculus than integer calculus
[9, 10]. Strictly speaking, the integer-order system is a special
case of the fractional-order system. Therefore, many scholars
engaging in multi-agent robot system have turned their
attention from the integer-order model to the fractional-order
model [11-14].

Yu et al. [11, 12] pioneered the study of consensus control
of fractional-order multi-agent system (FOMAS), and judged
the convergence of factional multiple agents with a leader.
Later, Bai et al. [13] explored the consensus control of
FOMAS in fixed reference states and time-varying reference
states. Ma et al. [14] introduced consensus control to fractional
dynamics, and developed a consensus control algorithm based
on relative output measurements. By graph theory and
Lyapunov method, Yu et al. [11, 12] defined the criteria for
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the consensus control of nonlinear FOMAS with a leader, put
forward the stability theory on fractional differential systems,
and derived the matrix inequalities based on the theory. Yu et
al. [15] presented the necessary and sufficient conditions for
the consensus control of FOMAS with leaders, and designed
an observer to solve the consensus problem. Chai et al. [16]
and Sun et al. [17] realized consensus control of FOMAS with
adaptive control, and sliding mode control, respectively.

Most of the above studies focus on the consensus control
with gradual convergence. However, the FOMAS with
repetitive motions, such as the coordinated operation of
multiple manipulators on a production line, generally require
the control algorithm to converge within a finite time. The
methods of the above research cannot satisfy this requirement.

Among the current control methods, iterative learning
control can complete the tracking task in a finite time. This
method has been applied to various models of integer-order
multi-agent system (IOMAS) [18-20]. But there is little report
on the fractional-order iterative learning control (FOILC) of
FOMAS. To make matters worse, the actual FOMAS often
face state delays induced by digital signal processors (DSPs),
communication processors, and other processors. Hence, it is
of engineering significance to solve the consensus control of
FOMAS with state delay.

Considering the state delay in FOMAS, this paper proposes
several methods to solve the consensus control of FOMAS
composed of robots, namely, FOLIC algorithms under the
mode of open-closed-loop proportional-derivative alpha (PD®),
closed-loop PD, and, open-loop PD® Based on graph theory,
norm theory, and fractional -calculus, the finite-time
convergence of the proposed algorithms was theoretically
proved for FOMAS with state delay. Finally, the open-closed-
loop PD* FOLIC algorithm was verified to be the most
effective consensus control method for FOMAS with state
delay through numerical simulation.
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2. PRELIMINARIES
2.1 Graph theory

For a multi-agent system of n fractional agents, the
communication links between the multiple agents constitute a
network. The network can be expressed as a directed weighted
graph G={V, E, M}, where V={vi,~,v,} is the set of nodes
(agents), and E€ V<V is the set of edges (communication links).
Let I={1, 2,~, n} be the index set of the nodes. Then, the
adjacency matrix of the network can be described as M=(aix)nxn,
where aj; is the weight of the edge between node 7 and node .
If node i transmits information to node £, then a;>0; otherwise
aix=0. It was also assumed that no node in the network commits
self-connection: a;=0 for i€l.

Let N={k: ax>0} be the set of neighboring nodes of node 7,
and D=diag{d;, i=1,,N}, where d; = ¥.¥_, a;, is the sum of
the elements in row i of adjacency matrix M. Hence, the
Laplacian matrix of graph G can be obtained as L=D-M. For
two nodes i and £, if a set of subscripts {ki,~, ki} satisfies
Qjge, >0, ay, >0, , ag, >0, then there exists an
information transmission channel between the two nodes, such
that node & can receive the information from node i. Node i is
globally reachable if there is a path for it to reach any other
node in the graph.

Lemma 1. For an FOMAS of n autonomous individuals, if
the edges forma directed weighted network, and if there is at
least one globally reachable node, then the rank of the
Laplacian matrix L of the directed weighted graph is N-1, with
a zero eigenvalue corresponding to the eigenvector &y=c[1,
"',I]T.

2.2 Fractional calculus and norm theory

The fractional calculus adopted for this research can be
defined as follows:

Definition 1. In the interval [#, f], the a-order fractional
derivatives of function f{¢) can be defined as:

D “f(t

. Dy —— [ -0 f (e )

1"()

where, a>0; 1) is gamma function I' (@) = fgo e tteldt.

In the interval [fy,f], the a-order fractional Riemann-
Liouville and Caputo derivatives on the function f{f) can be
expressed as:

a d[ll]+1 al-a+.

WD f(t)_W[ DT £ (1) 2)
a al—a+. d

Dy f(t)=, D/ l{dt[“]*l ()} 3)

where, a is any positive real number; [a] is the integer part of
a.
Lemma 2. For the continuous function f{x(¥), #), there exist:

{%D[“X(t)= O W

x(t) = x(0)
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Then, the equivalent Volterra nonlinear integral equation
for the initial value problem can be expressed as:

X(t) = x(0) + T (5)

(1a) f: (t—7)" f(x(c), 2)d7

Let R be any set of real numbers, C be any set of complex
numbers, and N be the set of natural numbers. For a vector
x = [x1,%3,-,%x,]T € R™, the [, norm can be represented as
x|, with 1<p<oco. In fact, when p equals 1, 2, and oo, there exist
ly = Zes [l [xl, = VT2, and |x|.. = max |x]. Then,

matrix A € R™"™ |A| represents the matrix norm, and p(4)
characterizes the spectral radius of matrix 4. In addition, the
Kronecker product is denoted as ®, and the mxm identity
matrix as .

2.3 FOMAS model with state delay

Suppose the FOMAS with leader contains N agents,
numbered as 1, 2, 3..., N. Each agent can be modeled as:

Dx; ;(t) = Ax ; (t—7)+Bu;(t)
(6)

yi,j (t) = CXi,j (t)

where, ¢t€[0,7] (if t€[-h,0], then x;;(t)=y(?); a€(0,1); i is the
number of iterations; D%;(¢) is the a -order derivative of x;(?);
x; j(t) € R™ is the vector of the j-th agent; u; ;(t) € R™" and
yij(t) € R™? are the input and output, respectively; A, B and
C are constant matrices.

Formula (6) can be written in the multi-agent vector form as

DX .()=( ®A) X (t-7)+(1y ®B)u(t)
(7)
{ (1) =1, ®C)x (1)
where, x;() = [x,1 ()7, x;2(8)7, -, x5y (O] 5 w(®) =
[ul, (0, ul, (&), - uly (®)]" ; yi() =
[YIL (), YT (), -, yTn (®)]" ; &(t) =

[ (DT, &), & n()T]T; © is the Kronecker product.
Here, the desired trajectory y4(f) is generated by the leader in

formula (6) within the time interval [0, 7. Then, the leader can
be defined as:

{D”xd (t) = Ax, (t—7) + Bu, (1) 5
o) =Cx, 0 ®

where, u4(?) is the desired input.

Due to the limitations on communication or sensors, the
leader can only communicate with some of the multiple agents.
Let G{V, E} be the communication network, and zero be the
serial number of the leader. Then, the entire graph containing
the leader can be expressed as G = {0 U V,E}, where E is the
corresponding edge in the new graph. Our main task is to
design an FOILC algorithm to ensure that each agent
converges to the desired trajectory in the new graph G.

The distributed error & ;(f) can be defined as:

gi,j (t) = ZkeNJ aj,k (yi,k (t) - yi,j (t))

9
+d, (y, )~ ¥, ) )



where, a;; is the weight of the (j, k)-th neighborhood of the
adjacency matrix M; N; is the domain set of the j-th agent; dx
is the sum of the elements in row i of the adjacency matrix. If
d=1, then the j-th agent can receive information from the
leader, i.c., (0,j) € E; if d=0, then the j-th agent cannot
receive information from the leader. The error can be
expressed as e;;(t)=ya(f)-yi (t).
Then, the open-closed PD* FOILC can be designed as:

ui+1,j(t) =U )+, iv].(t).f_]"m i,j(a)(t)

(@) (10)
+1, i+1,j(t)+rD2 i+1, ®

From formula (9) and the error expression, the distributed
error can be further defined as:

610 =2y Ak O -6 ) +dee ;O (11)

Let x;(6) = [, ()7, %1207, iy (O], eu(®) =
[ei (D), ei (), en(®)]” , and $i(t) =
[ ()T, & ()T, , & n()T] be the column vectors. Then,
formula (11) can be rewritten as:

GO =(L+D)®1,)e (1) (12)

where, L is the Laplacian matrix of graph G; D=diag{d;, i=1,
-, N}.

From formula (12), the controller in formula (10) can be
written as a matrix vector:

ui+1(t) =y (t) + ((I— + D) ®FP1)ei (t)
+(L+D)®Ip)e” (1)
+(L+D)®TI,)e (1)

+H(L+ D) ®Tpo)e.. " (1)

(13)

For convenience, the root locus of matrix L+D can be
defined as 4;, j=1, 2,, N.

3. CONVERGENCE ANALYSIS

Several assumptions were put forward to facilitate the
convergence analysis.

Assumption 1. During the repeated runs on the interval [0,7],
the initial state of each agent (6) is the desired initial state. That
is, for all k, x;x(0)=x4(0) holds.

Remark 1. To ensure tracking performance, the initial state
in Assumption 2 must be established in the design of iterative
learning control. However, if the assumption does not hold, it
is impossible to achieve desired tracking without an optimal
initial condition. The iterative learning control of the initial
state is detailed by Shiping [21].

Assumption 2. The graph G contains a spanning tree with
the leader being the root.

Remark 2. Assumption is a prerequisite for the consensus
control of FOMAS, in which all followers can reach the leader.
Otherwise, the isolated agents cannot track the leader’s
trajectory, for the control inputs are inaccurate due to the
absence of data.
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Theorem. Assumptions 1 and 2 hold for the FOMAS agent

(7). Under the conditions of graph G and controller (13), if the
gain matrices I pi1, I p2, I'p1, and I'p; satisfy:

(O T@ = NO* U ® Dl > 0;

(2)0<p1<1,0<p2<1,%<1;
2

where, p1 =|I = ((L+ D) ® Ip1) I, @ O)(I, @ B)|| + By,

pz = [lI +((L + D) & Ipx) (I ® O)(In @ B)|| = B2, B
I(+D)BTp) (n@OIHI(A+D)BT D) @OV U@L | (pya-1() @)
n

r@-®*1Un®4All1
B)||1,i = 1,2; I is the unit matrix; p is a constant; H=L+D (L
is the Laplacian matrix; D = diag{d;,i = 1,---,N}), then,
with the growing number of iterations, the control u;(¢) and
output y;«(¢) of each agent will converge to the desired values
uq(f) and yu(f).
Proof. Suppose

{5Xi,j (t):Xd (t) - Xi,j (t)
(14)

§ui,j (t)=u, (t) - U ®

where, 0xi(¢) and du;(¢) are the vector form of dx;;(¢) and du; (?),
respectively. If 7€[-7,0] (t>0), then:
5%, ()=0 (15)

Hence,

6% (=) ll,= I, (max| 5%, (s-7) *ds]**
=[[ (max| 5%, () *ds]*”

=1, (max|ox ) praspe (10

<[f (max |ox,,(5) ) ds]”
=loxl,

Following the definition of error and Assumption 1:

e (1) =y (1) -y (1)

= (1, ®C)(x{ (t) — x{“ (1))
= (1, ®C)SX (1)

= (1, ®C)(I, ® A5, (t—7)
+(1, ®C)(1, ® B)Su, (t)

(17)

From Lemma 1, we have:

X, (t) = ,(0) +

1 J-t(t—s)‘“((ln®A)xi(s—r)
I'(a)*°+(1, ® B)u,(s))ds

1
I'(a)

=X O +— [ (t=5)" (1, @ A)x (s-2)ds  (18)

1

+mjo (t—s)**(1, ® B)u,(s)ds

Thus, we have:



ox; () = x4 () =% (t)
_ 1 (=) (1, ® A)S X (s~ 1)
" [(a)?o+(1, ® B)Su,(s))ds
1
o)
1
P
(o)

J;(t—s)“’l(ln®A)5xi(s—r)ds (19)

] ; (t—s)""(1, ®B)ou,(s)ds

Taking the norm on both sides of formula (19), the
following can be derived from Definition 1:

1O, @A) LI sx O 1l
+[1©) (1, ®@B) L]l su, () Il (20)
I'(a)

6% @ l,<

Ifr(a) — [|()* 1, ® A)||; > 0 holds, we have:

IO, ®B)
L@~ (1, @A)

6% (®)[],< Tou®ll, @

Then, the following can be derived from formulas (7) and
(14):

Ol ®= oy, t)-((L+D) ®FPl)ei ®

~(L+D)®I,)e” (1) (22)
~(L+D)®T,)e,; (1) —(L+D)® Iy, e, (1)

Taking formulas (17) and (18) into formula (22):

Su.,(t) =5u (t)— (L+D)® I"))(1, ®C)Sx, (t)
~(L+D)®I,,)(1, ®C)(I, ® A)Sx, (t—7)
~((L+D)®I,,)(1, ®C)(I, ® B)Su(t)
~(L+D)®T,,)(1, ®C)5x.., (1)
~(L+D)®I,,)(1, 8C)(1, ® A)SX,,,(t—7)
-(L+D)®I7,)(1, ®C)(I, ® B)ou, ,(t)

(23)

Sorting formula (23):

(1+((L+D)®Iy,)(1, ®C)(I, ® B)) Sy , (t)
=(1-((L+D)®Ip,)(1, ®C)(I, ® B))Su, (t)
~((L+D)®I,)(1, ®C)5x, (t)
~((L+D)®I,,)(1, ®C)(I, ® A)Sx, (t—7)
~(L+D)®T,,)(1, ®C)5x,., (1)
~(L+D)®I,)(1, ®C)(1, ® A5, ,(t—7)

24

Taking the norm on both sides of formula (24):

[1+((L+D)®Ip,)(1, ®C)(1, ®B))|

1—(L+D)®Ty,)
19U 0= ((In ®C)(1, ©B) | +ﬁ1]
15U, +4 16U O,

(25)

where,

I(L+D)®I%,)(1,®C)l
+[(L+D)®TIy,)
(1, ®C)(A, @A) I a1 :
L(@)-O 1, @A), 107 @Bk
I((L+D)®I%,)(1,®C) |l
_+I((L+D)®17,)(1, ®C)(1, @ A) ||
r'@-1o1,A) |,

1“1, ®B)l|

By

B,

Thus, the following can be derived from formula (25):

I1-((L+D)®Iy,)
(1,®C)(1,®B)[[+4
I1+(L+D)®I,)
(1,®C)(1,®B) |5,

16U, (1] ,<
(26)

I18u,@®)1l,= 211 su, )1,
P

2

According to the Theorem, % = p < 1 holds. Then, the

2
following can be derived from formula (26):

Su. Ol <Al U O 1l,< A lsu®l, (27)

Obviously, with the growing number of iterations, if i — oo,
then:

lim|| 54,0 |,= 0 28)

According to formulas (20) and (28), we have:

lim|| 6, (t)11,=0 (29)
That is:
e Ol <1, ®CIlll 6%, I, (30)
Hence,
limil .. (t),=0 (1)

Formula (31) indicates that the FOMAS error converges to
Zero.

Q.E.D.

For the controller (13), the open-closed-loop PD* FOILC
algorithm will degenerate into an open-loop PD* FOILC
algorithm, if learning gains 7 p,=0 and 7 p,=0:

U, =u®)+(L+D)®I7)e(t)

(@) (32)
+(L+D)® I, )e " (t)

Corollary 1. For the controller (13), if Assumptions 1-2 hold,
if distributed open-loop PD* updating rule (32) is applied to
the controller, and if matrices A, B, and C, as well as the
learning gains /'pi and I p; satisfy:



PIT-((L+S)®I,CB)[|+5 <1 (33)

LIPS CIHITDICAID |1 pva
where, £ = o= aveni, 1O Uy @ Bl then

lim||ej41(t)[l, = 0. That is, the output yi(#) converges
i—oo
uniformly to the desired trajectory ya(f) as i—oo.

Similarly, for the controller (13), the open-closed-loop PD*
FOILC algorithm will degenerate into a closed-loop PD*®
FOILC algorithm, if learning gains 7 p1=0 and 7 p;=0:

ui+l(t) =y ®+(L+D) ®FP2)ei ®

H(L+D)®T,,)e) (1) G

Corollary 2. For the controller (13), if Assumptions 1-2 hold,
if distributed open-loop PD* updating rule (32) is applied to
the controller, and if matrices A, B, and C, as well as the
learning gains I'pi and I'p; satisfy:

1 <1
I1-((L+S)®L,CB)|l-p

p= (35)

L+SIIAITP CIHITDI CAID |1 pva-
where, p = 2 ioe raveni, 1O Uy @ Blly, then

{LTQ| le;+1(t)|l, = 0. That is, the output yf{f) converges
uniformly to the desired trajectory yq(¢) as i—oo.

Remark 3. Under the conditions of the Theorem, and
Corollaries 1 and 2, the convergence condition of the control
law in the sense of Lebesgue-p norm depends on the learning
gains and the intrinsic properties of the FOMAS.

Remark 5. Since the directed graph G is a connected graph,
and the matrix L+S is positive definite, matrix -(L+S) is a
Hurwitz stable matrix. Thus, the gain matrices I pi1, I p1, I r2,
I'p; to satisfy the conditions in formula (13), (32) or (34).

4. SIMULATION

To verify the effectiveness of the proposed algorithms, an
FOMAS with state delay was set up as Figure 1, where 0 is the
leader, 1-4 are the followers, and dotted lines are the links
between the agents.

From Figure 1, the adjacency matrix M and D;, can be
respectively defined as:

o O - O
= = O O
o O O -
o O O

D=diag[l 1 2 1]

Then, the Laplacian matrix can be obtained:

1 0 -1 0
-11 0 O
L=D-M=
0 -1 2 -1
0 -1 0 1| S=diag[L0,1,0]

Here, each FOMAS agent with state delay can be described
as:

" |04 2 ~ 0
D xj(t)_{ . _6:|Xj(t h)+[Juj(t), 36)
y; (1) =[0 1.2]x;(t),

The desired trajectory of the agent can be described as
yq(t) = 2t? + 3t3 + sin(2nt), t € [0,1] During the
simulation, the fractional derivative was set as 0a=0.85. For
each agent, the initial state and initial input in each iteration
were set to zero: uo,(t)=0, x;;(0)=0, and j=1, 2, 3, 4.

Figure 1. The structure of FOMAS
4.1 Case 1: Open-closed-loop PD* FOILC algorithm

According to the Theorem, the gain matrices were selected
as I'pm=1.2, I'p1=0.25, I',=1.6, and I p;=1.1. Then, we have
p1=0.876 and p,=0.963, which satisfy the conditions in the
Theorem. To verify the robustness of open-closed-loop PD*
FOILC algorithm to state delay, the delay time was set to 0.1
and 0.5, that is, h=0.1 and h=0.5. The simulation results with
h=0.1 and h=0.5 are recorded in Figures 2 and 3, respectively.
Figures 2(a)-(c) and 3(a)-(c) present the tracking results in the
5t 10%, and 50" iterations, respectively; Figure 2(d) and
Figure 3(d) show the absolute maximum error of each iteration.
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Figure 2. The simulation results with h=0.1s
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It can be seen that, with the growing number of iterations,
each agent gradually tracked the desired trajectory. When
h=0.1, the maximum errors of the four followers were 0.0009,
0.0012, 0.0011, and 0.0015 at the 50™ iteration, respectively.
When h=0.5, the convergence speed was slower than that
under h=0.1. Concerning the convergence speed of each agent,
agents 1 and 3 converged faster than agents 2 and 4, because

the former two can directly receive the information from the
leader.

4.2 Case 2: Open-loop PD* FOILC algorithm

According to Corollary 1 and controller (32), the gain
matrices were defined as /»=1.2 and /p=0.25. Similar to
Case 1, the delay time was set to 0.1 and 0.5, namely h=0.1
and h=0.5. The simulation results with h=0.1 and h=0.5 are
recorded in Figures 4 and 5, respectively. Figures 4(a)-(c) and
4(a)-(c) present the tracking results in the 5%, 10", and 50*
iterations, respectively; Figure 5(d) and Figure 5(d) show the
absolute maximum error of each iteration.

It can be seen that, with the growing number of iterations,
the multiple agents gradually tracked the desired trajectory.
With the increase in delay time, the convergence speed slowed
down. In the same iteration, the open-loop PD* FOILC
algorithm performed poorer than the open-closed-loop PD®
FOILC algorithm. This means the inclusion of the closed-loop
control in the latter algorithm improves the control effect and
speeds up the convergence.
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Figure 4. The simulation results with h=0.1s
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Figures 6(a)-(c) and 7(a)-(c) present the tracking results in
the 5%, 10", and 50" iterations, respectively; Figure 6(d) and
Figure 7(d) show the absolute maximum error of each iteration.

The simulation results show that the closed-loop PD*®
FOILC algorithm converged slower than the open-closed-loop
PD* FOILC algorithm and open-loop PD* FOILC algorithm.

In nature, many physical systems have fractional-order
dynamic features. But the integer calculus theory in this
research is merely a special case of fractional-order calculus
theory. It can only approximate the actual fractional-order
system. However, the theory of fractional calculus can reveal
the nature of the object truthfully and accurately. The proposed
fractional-order controller can achieve a good control
performance, which highlights the significance of the research
results.

5. CONCLUSIONS

This paper proposes an open-closed-loop PD* FOILC
algorithm for FOMAS with state delay. Based on norm theory,
graph theory and fractional calculus, the convergence of the
proposed algorithm was analyzed in details, and the
convergence conditions were summarized. Through
theoretical analysis, the proposed algorithm was found to
iteratively minimize the error of each agent in FOMAS with
state delay. Finally, the algorithm was proved effective
through numerical simulation.
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