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The reported studies on mixed convection flow problems have been solved purely by
method of similarity studies. Scaling analysis is an alternate method that can give better
engineering insight of the problem being investigated. Integral solutions are
mathematically simpler to handle as the engineering requirement is that of accurate
solutions only close to the wall. In the present work, scaling and integral solutions are
discussed for a typical mixed convection flow problem already discussed in literature

by similarity technique. Scaling method has been demonstrated and is found in good
agreement with the results obtained from similarity method. The integral solution is
obtained by deriving the integral form of governing equation and solution is discussed
for specific case of Prandtl number = 1. The solution obtained by Integral formulations
is in good agreement with that of similarity method.

1. INTRODUCTION

The effect of heat transfer by developing boundary layer of
a continuous stretching sheet with respect to a given
temperature, moving in a quiescent fluid medium has been
more enticed during the last few decades due to its wide
applications in many manufacturing processes. The
technologies like hot rolling, wire drawing, glass-fiber, and
paper production and polymer extrusion and metal spinning.
The raw material in red hot condition passed through a
different die and extruded to sheet or wires. The stretching
thickness and diameter of the wire depend upon the velocity
of red-hot raw material moving under the die as well as the
pressure applied, on moving red hot raw material. After the
desired thickness or diameter obtained, the next set of
operation is to cool the hot product to get the desired
characteristics. The outcome product feature mainly depends
on the factors like heat transfer rate at the continuous
stretching surface, exponential changing of stretching velocity
and also the temperature distribution. Extruding the wires or
thin sheets in a conducting fluid induces a magnetic field.
Magneto hydrodynamic fluid (MHD) stabilizes the
temperature distribution to maintain the desired characteristics
of extruded wire or sheets. Prime importance is the kinematics
of stretching, and the process of cooling or heating have a
significant effect on the quality of the final product. After the
first investigation of Sakiadis [1], several types of research
examining the cause of flow induced by a surface moving with
fixed velocity [2, 3] have done. Ali [4] investigated the
development of a thermal boundary layer based on power-law
on the stretched surface with suction and injection. Magyari
and Keller [5] carried out their work based on the exponential
stretching surface by similarity solutions and compared the
results with the power-law model. The effect of radiation on
steady MHD boundary layer flow over an exponentially
stretching sheet has been carried out by Ishak [6], and found
that the heat transfer rate enhances with Prandtl number, but
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decline with both magnetic parameter and radiation effect. An
analysis carried out by Patil et al. [7] to study the unsteady
mixed convection flow over a moving vertical surface,
considering heat generation or absorption and concluded that
unsteadiness is caused due to time-dependent free stream
velocity as well as stretching velocity and also buoyancy force
enhances the skin-friction coefficient and local Nusselt
number.

The MHD fluid discovers applications in many types of
stretching sheet issues. However, the study of the magnetic
effect on the heat transfer process is more important. Devi and
Thiagarajan [8] performed similarity solutions to investigate
the flow and heat transfer behavior over a stretching plate
under the impact of a non—linear transverse magnetic field.
Mukhopadhya [9, 10] studied the characteristics of boundary
layer flow and heat transfer on a porous exponential stretching
surface in the effect of the magnetic field by considering
velocity slip and thermal and concluded that horizontal
velocity decreases with increasing slip parameter as well as
with increasing magnetic effect and temperature increasing
with increasing value of the magnetic effect. Costa [11]
performed a time scale-based analysis for studying laminar
convective phenomena and concluded that the method is very
effective to compare the studied situation and obtained
momentum and thermal boundary layer thickness.

Pal [12] has been carried out a similarity solution to
investigate the mixed convection heat transfer on an
exponentially stretching sheet with an exponential temperature
distribution under the influence of the magnetic field and
internal heat generation or absorption. The application of
powerful analytical techniques like scaling and integral
approach has not been reported so far. This study deals with
the application of scaling and integral approach for mixed
convection heat transfer [13] on an exponential stretching
surface and the obtained results comparing with similarity
solutions reported by Pal [12]. The phenomenon of laminar
convective flow can be solved using analytical methods such
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as scale analysis, similarity analysis and integral analysis.
While the similarity solution is purely mathematical, the scale
analysis and integral solutions are based on physical reasoning
and mathematical approximations [13].

2. PROBLEM DESCRIPTION

A two-dimensional steady flow of an electrically
conducting with MHD and incompressible viscous fluid over
an impermeable vertical surface shown in Figure 1 is
stretching with velocity wu, varying exponentially with
reference velocity u, and a given temperature distribution T\,.
The X-axis is considered alongside the elongating of the plane
wall and as well as towards the direction of motion. The Y-
axis is perpendicular to the X-axis and it is along the direction
of applied magnetic field B,. It is assumed that the induced
magnetic field of the flow is small in comparison with the
applied magnetic field which correlates to negligible magnetic
reynolds number.

T 1. &

0y (x) = upe*’* T *

quiescent fluid

T (x) =T, + (T - T, )e/2t 4

T
t s

4

Impermeable stretching sheet

X

L,

Slit

Figure 1. Schematic representation of heat transfer over an
exponential stretching sheet with mixed convection boundary
condition

The general continuity, energy and momentum equation
with the consideration of Boussinesq approximation can be
expressed as [12]:

ou  ov
—+—=0 (1)
ox oy
2 BZ
ua—u+va—u:va—l:+gﬁ(l'—Tm)—a o ()
ox oy oy P
or  oT 0T oBW?
U—+V—=a—5 +——
" v 3)
2
+L[£] +i(‘|’ _Tw)
pPC\ 0y ) pe,
The boundary condition are considered as follows [12]:
u=u,(x),v=0T=T,(x), aty=0 4)
u=0T 5T asy—>ow (5)

The stretching velocity u,(x) and the exponential wall
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temperature distribution 7,,(x) are defined as [12]:

u, (X)=u,e""

(6)

T, (x)=T, +(T,-T, )" )

where ‘7,” and ‘a’ denotes the temperature distribution

parameters on the exponentially stretching wall.
The parameters are non-dimensionalized as below [12]:

X Tw (X)_Tw

3. SCALING ANALYSIS

Applying Scaling transformation to the Eq. (1) and
considering along x —» L and y = § or §7.

6_u~UW_(X) and @—vl
oX L oy o
)
u,(x) v
L o

For two dimensional flows the x and y convective time
scales are of same order of magnitude. Eq. (9) will be utilized
for the flow analysis in the present work.

Ul Y oor o Vo
L o L ¢

(10)

3.1 Forced Convection

3.1.1 Velocity Boundary layer

Moving magnetic force term to left hand side and neglecting
the effect of buoyancy the momentum Eq. (3) can be written
as:

du oBlu du
U—+V—+—:VW

o p (an

Referring to the mass continuity scaling Eq. (9) we conclude
that the two inertia term are of same order of magnitude.

(12)

Using scaling rule and scaling transformation Eq. (11)
becomes:

uy(x) oBgu,(x) W, (x)

T » 52 (13)
Dividing the Eq. (13) through friction scale vug’z(x) and using
scaling rule, inertia ~ friction force.
5% v
[ (14
0



5~LRe’2e 2 (15)
where, Re = uVLL is Reynolds number.

For purely forced convection exponential induced magnetic
force as stretching surface passing through electrical
conducting quiescent fluid is balanced by frictional force due

to viscous shear between stretching surface and quiescent fluid.

(Induced magnetic field ~ friction force).

X

oB2ue® e
s (16)
vpl?
ot~ —L (17)
0
1
5? Vo v 2
IRV TE R L 22 (18)
L© oB;L oB;L
S~LHa* (19)
272 E
where, Ha = (%)2 is Hartmann number.
Comparing the Eq. (15) and Eq. (19):
Hat ) S A%
| ~(e7 (20)
Re %
2
'::3 ~ e Q1)
M~ e* (22)

where, M is effect of magnetic field:

_Ha® _ Hartmann number
Re  Reynold number

From the Figure 1 W.K.T §7<<¢ or Pr >>1 and it is mixed
convection problem. So both natural and forced convection
took place.

3.1.2 Thermal boundary formation by forced convection i.e.
(8r)r.c

For thin thermal boundary layer 61<<d of considerably
greater scope for fluid in the class of Prandtl number of order
I(example: air) or greater than 1(example: water or oil).
Thermal boundary layer thickness is assumed smaller than the
velocity boundary layer thickness. Velocity inside the thermal
boundary layer is less than stretching velocity of wall surface
().

5,

u ~uw(x).§ (23)

Once again referring to the mass continuity, scaling Eq. (9)
becomes:

(6 ) ~LPr/iRe e (24)
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O _pr% 2k (Pr>1) (25)
o O;
For 01<<¢, the Nusselt number vary as:
N, ~ Pr’s Re’2eX/2 (Pr » 1) (26)

3.2 Free convection

3.2.1 Thermal boundary layer formation by natural convection

Consider the governing equations of continuity, momentum,
and energy. In the steady-state, the heat conducted from the
wall surface into the fluid is swept and move upwards as an
enthalpy stream. Eq. (27) signifies a balance between
longitudinal convection and transverse conduction (dominant
terms for free convection from energy Eq. (3)).

u£ V£ _O.’AT
L' s & 27)
—_—

convection conduction

where, AT=T,-T, is the scale of the variable T-T .
In the expression (14) u(AT/L)and v(AT/8;) same order
of magnitude, by scaling rule [10] we can write it as,

u£~aAT ’8

L& (28)
al

U, (X)~— (29)

By considering Boussinesq approximation and retaining the
dominant term for free convection in the momentum Eg. (2).
After applying the scaling rule and scaling transformation [13]

S0 Lm0 g e
S N A

t

(30)
Buyoancy

Inertia Friction

Referring to mass conservation scaling (4) signifies that the
two inertia terms are of order, u2 (x)/L the buoyancy force is

the dominant term because, without it, there would be no free
convection. Dividing the expression (30) through the

buoyancy scale g.p(T,-T, )e™/*and substituting Eq. (29) to

eliminate vertical velocity scale u,(x), we can write:

[at]z 1 K val' 1 .
5t) Lp, -T.e*) & Tgpm T )e e T (31)
Inen%uyoancy Friction, fuoyancy
4 . 2 4 —ay
[L] e %.X.O’73 ) [Lj .Lza 1 (32)
o v 9B, -T )L o) 9B, -T)L
LY LY x
(} Ra™“Pr, [J Rae 2.1 (33)
5 5,



9B(T,-T,)L
av )
For higher Pr f|yid, i.e., Pr>>1.

where, Ra =

(5,)~LRaie (34)
%o,
0, (x) ~ ER8Z 35)
L
N, ~ Ra’%e”™% (36)

The velocity boundary layer (3) is driven by a much thinner
thermal boundary layer (87), and its inertia constrains it. Thus
momentum Eg. (2) signifies a balance of inertia and friction
force in the layer of thickness 3,

W0 v, ()

L 5?

(37

After eliminating the vertical velocity scale u,, (x)between Eq.
(37) and (35) yields
5~ LRa’prize (38)
3.2.2 Mixed convection heat transfer
If the medium is natural convection, the thermal layer
thickness between heat-exchange entities is of order as

quiescent fluid provision the buoyant wall jet of thermal
boundary(67)y ¢ then from Eq. (34).

—-aX

(6 ) c~LRae® Pr>1

On the contrary if the medium is forced convection the wall
and fluid reservoir are serrated by a thermal layer thickness of
order (Eq. (24)).

(6 kc-L Pr/aRe¥2e2pr>1
T /FC

The smaller of the two distances decides the type of
convection mechanism. Because the wall dissipate heat to the
nearby heat sink (faster mixing), the criterion for
transformation from forced to free convection is

If (87)nc>(01)pc governed by natural convection.

If (87)nc<(87)pc governed by forced convection.

For Pr>1
4

Gr, Ra’s
el = prs (39)

Re” | Re’2pPr”

where,
T,-T)C a
Gq::géiﬁjril—gi@.Gre%éezxzé?% (40)

v e

To establish the Buoyancy effects on a forced convection
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flow, the main parameter to be considered is the term
Gr,/Re’ . This term is essentially the ratio of buoyancy scale

to the inertia scale. The buoyancy force arises from the density
difference as a result of a temperature gradient in the fluid

Gr :(Grl.eﬁ% e ) / R? . The problem of ascertaining the

forced-convection effect on a purely free-convection flow, on
the contrary, is found to depend upon the parameter Re/ Gr?

[14]. Tt is worth knowing that the significant governing
parameter changes when proceeding from the purely forced
convection flow as counter approaching from the purely
natural convection flow. For the forced convection process,
the parameter is Gr,/Re’ in contrast for the free convection

mechanism, the parameter is Re/ Grll/ % [14]. The purpose of

this scaling approach is to know how the heat transfer and skin
friction effected by mixed flow regime.

Applying scaling transformation, we can write energy Eq.
(3) as:

0, (0T VAT K AT B ()
L s e 8T p

ATY o (41)
aX
L[_J Q11 e
PCx \ O; pC,
Claiming flow kinetic energy is balanced by enthalpy
difference:

AT _ 0By, (x)

()T e (42)

Substituting exponential varying of parameters like
temperature and velocity with the reference temperature and
velocity in the Eq. (42) and simplifying:

U, AT oBZuZe™ ue” oBluze*
- ’ X 43
L PG P, (T, -T, )e™2 )
u, oBse*Ec @)
L ™

where, Ec =(u})/(c,(T,-T,)) is Eckert number, further
simplifying the Eq. (44).

Ece* ~ 22 ¢
oBIL
Ec e* ~U0p£ 12 Ve
L oB2L v us)
EceX ~Bb_ W%
v oBZL’
Ece* ~ 18 o™
Ha’
2
e ~ Ec|_|—aeX (46)
Re



We can substitute the value of ea% from Eq. (8) into Eq.
(46):

(47)

The Internal heat generation/absorption by stretching
surface lead to a change in enthalpy of quiescent fluid. In the
Eq. (41) Claiming internal heat generation/absorption and
enthalpy change are of same order of magnitude [13].

X

Q A7 U A7 (48)
PCs
L v
L (49)
uc, UL
QL*
e =
7c, Re (50)
eX ~1 (51)
_oQUr . . .
where, A= R dimensionless heat generation/absorption
7€, Re

P
parameter [15].

By substituting the value of e* from the Eq. (8) into the the
Eq. (51), we can write:

(52)

The Eq. (52) signifies heat generation/absorption parameter
is a function of stretching velocity of vertical plate. The
physical insight of this study is the local skin friction acting on
the surface in contact with the ambient fluid of constant
density [15], by scaling transformation [13], which can be
defined as:

(53)

WX

~’UUWT(X)Re5é

LU0 Lu,(x) Ly

L Lu,(x) (54)

WX

Substituting the Eq. (14) in the Eq. (54) and simplifying:

2
T Ny

WX 2
L

uZ (x)Re;? (55)

Now using the Eq. (15) we can further simplify the Eq. (55):

-1/2

T ~ PUL (X)Re; (56)

The non-dimensional skin friction coefficient Cy; can be
written as:
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(57)

Now substituting the Eq. (56) in the Eq. (57) and
simplifying by scaling transformation, the new Eq. (58)
signifies non-dimensional skin friction coefficient same scale
of magnitude of local Reynolds number based on surface
velocity.

C; ~Re/”? (58)

where, Re, = )

v

4. INTEGRAL SOLUTION

As a part of this work, an attempt to solve a mixed
convection boundary layer flow problem having a constant
magnetic field, internal heat generation/absorption, viscous
dissipation and buoyancy effect is made. The problem is
solved using an integral technique [15]. The thermo-physical
properties of the fluid in the flow domain are assumed to be
constant except density. The conduction in axial direction is
neglected. By applying the first principle the momentum and
energy equations can be derived using integral approach.

4.1 Integral formulation of momentum equation
Considering an element of dimension dxxJ across the

boundary layer along x-direction. Figure 2 depicts total forces
acting on a differential fluid element.

d(p
(M\ + 34.\ dx]dA [)($+ (d\ )dX
I
l Irlnugnenc
% A |
=
iy dx

M, l l dp
aw /)g(jxdv [[7 + %j dé

po
Figure 2. Forces acting on a differential element dxxo

The applying Newton’s second law to the differential
element yields, XF, = M, (out) - M, (in).
where,
> Fy=sum of all the x-direction (Fy) forces acting externally
on the element
M.(in) = momentum of entering fluid element in x-direction
M. (out) = momentum of leaving fluid element in x-direction
Shear stress at the wall,

B ﬂau(x,O)

Ay (39)

WX



Magnetic force on the fluid,

S5

Fagnetc = I dy dx (60)

0
Momentum of entering fluid element in x-direction,
5
M, = p[u’dy (61)
0
Weight of the element,

J
dw = dx pgdy (62)
0

d(ps
p5+(p+ pjd& ps - (dp )dx—rodx—
X
Fmagnetic —dw (63)
:(Mx+%dxj—M
dx

By substituting Eq. (59), (60), (61) & (62) into Eq. (63),
gives:

oy

= dij'uzdy

0 ,0 d
(64)

Using Boussinesq approximation for a relation between
temperature and density changes, the final integral form of the
momentum equation is expressed as follows:

(— 6u(a);0) ﬂgf(T ~T.)dy - BO”udyJ

0

(65)
=— [u’dy
de;

4.2 Integral formulation of energy equation

The energy balance on the differential element is shown in
Figure 3.

(I:'. +did.\']d,\‘

\ dx

jl[’_l] dy T &

cy

] __j:
y |d q *;
dE, T

I dE,
E,

Figure 3. Energy balance on the differential element dxxd

& 5 2 o au'y
dE, +dE,+ [ q'dy dx+ [ —dy dxqj{—j dy dx
0 0 o 0 ay

(66)

where, energy entering the element due to conduction,

oT(x,0
dE, =k ar(x.0) (67)
oy
Energy entering the outer edge of the boundary layer,
d o
de, =C T — | pu dydx 68
=G l pu dy (68)
Current density,
j=0oByu (69)
Energy entering the control volume,
5
= [ pC,uT dy (70)
0

Therefore, the integral form of energy equation is

a0 FQT-T) . oBY . u Flau)
T +£ rC, dy+PCJUdy pij &) % (71)

0

: T
= u(T =T,)dy
ax 3

4.3 Integral solution

Consider the problem stated in section scaling part. In this
section, both the linear as well as quadratic profiles are
considered for both velocity and temperature. In this mixed
convection problem, the thermal boundary layer is assumed to
be equal to the hydrodynamic boundary layer for simplicity.
However, the momentum and energy equations are solved
separately.

4.3.1 Linear velocity and temperature profile
Boundary conditions considered for a case of linear velocity

profile are as follows, u(x,0)=U,, = er% , U(x,0)=0.

On simplifying, linear velocity profile is given by:
u=U,e’t (1—%) (72)

Boundary conditions considered for a case of linear
temperature profile are as follows:

T(x,0) =T, +(T,~T,)e”2 T(x,8,) =T, .

On simplifying, linear temperature profile is given by:

T =T, +(T,-T,)e"2 [1—%} 73)

T

Upon substituting the linear temperature and velocity
profiles into the Eqns. (64) and (71) and integrating,



2
Ker/L +ﬂg(T0 _Too)e AL é"‘ O-Bo er%' é
) 2 p 2

(74)
- V)
dx 3
s 07 C, 2
&ZUSQZXL(S‘_T_&;(;%_
pC, 3 pC, & (73)

=U, (T, —Tw)%[%ei[H:]]

Required non-dimensional numbers are given as follows:

1
2122
Hartmann Number, Ha = {%j .
y7,
U 2
Eckert Number, ECc= ——2% .
Cp(To _Tw)
T
Grashoff Number, Gr = M .
1%
L
Reynolds Number, Re = Yy .
v
Prandtl Number, Pr = Y
a
Dimensionless heat generation or absorption parameter,
__Qv
uC,Re’
o
Non-dimensional hydrodynamic boundary layer, 5= T
. . - &
Non-dimensional thermal boundary layer, 6; = T
Dimensional less parameters, X = T’ § i

On simplification using Eqns. (74) and (75) and the
following ordinary differential equations (ODE) are obtained,

~do 3Ha® ; 3Gr (s-2)z2 3
S—+ e — e? 5 =—e™"
dx [ 2 Re 2Re? Re (76)
J— S ™ 2 RVl p—
5 do; N 1+§—§/1 (3-)x  Ha’Ec e(l—%)x 5T2
dx 2 2 Re
] (77)
:( 3 . 8Ec e(l_%)xj
PrRe Re

4.3.2 Quadratic velocity and temperature profile
Boundary conditions considered for a case of quadratic
velocity profile are as follows:

u(x,0)=U, =U0e%, u(x,0)=0, M;O

On simplifying, the quadratic velocity profile is given by,
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_uei y.,y
u=U,ze [1 25+ 5} (78)

Boundary conditions considered for a case of quadratic

temperature profile are as follows:

T (X,6,)

T(60) =T, +(T,—T,)e”2, T(x&)=T,, 5

=0.

On simplifying, the quadratic temperature profile is given
by,
2
-2 l + y_z
o O

After substituting the quadratic velocity and temperature
profiles into the Eq. (64) and Eq. (71) and integrating,

T=T, +(T,-T,)e"2 (1 (79)

2
KUOe/L +49(T,-T,)e Y é+ﬂuoe/L é
S 3 p 3

(80)
:i(USQZXE]
dx 5
20 7 et QL) i O
o; oC, 3
+O'BOZU(f e2%_5_T_/1U02 eZXLi 81)
oC, 5 pC, 30;
d(s =
=U,(T,-T )—| Le" 2
g3t

On further manipulating Eq. (80) and Eq. (81), we obtain
the following ODEs in non-dimensional form,

d5 5Ha® ; 5Gr (%72) 10
e - 5 =g

dx [ 3 Re 3 Re (82)
J— S 2 _a/\x | —
Tdé;T"' ———ﬂ (3-yx _Ha ECe(IA) 5Tz

X 2 Re
i} (83)

:[ 10 5 4Ece(1%)x]

PrRe Re

By substituting 5° = z or 87 = z, Eqns. (76), (77), (82) and
(71) are further simplified into following form:

dz
—+Pz=
i Q (84)
where, P and Q are functions of ‘x’
The general solution to Eq. (83) is given by:
z><|.F:IQI.F.dx+C (85)
where, |.F =ejp .

The solution for both non-dimensional hydrodynamic
boundary layer and thermal boundary layer over the



exponentially stretching surface can be expressed as an infinite
series. The series solutions are given by:

[Ha ox_ 36r e(%Z)x}
a/ _
j € 05 dx+C;
5(L|near) (86)
PRI
e[ Re (%_2)
[10Ha2ex 10Gr (%2«
3Re a/_
<2 20 Ie 127) dx+C,
5(Quadratic) =— (87)
3Re { ax oM’ % 10Gr (32
o 3Re 3(%72)
J( ° eii_@e(k%);jepdx+cs
52 RePr Re
5T(Linear) = eP
where,
(88)
- a/)-1)x 2 N "
P (2ra)yx > peltel i 2HATEC [
(E— j Re(l—ﬁj
2 2
I( 20 o BEC %);]e“dx+c4
52 RePr Re
5T(Quadratic) = eq
where,
(89)
q=|(2+a)x 10 (gpax  2HaEc (i3

The integrations in the Eqns. (86)-(89) have been performed
after doing a series expansion of the exponential term/s and the
same is computed using a computer code. The integration
constants have been evaluated using the following boundary
conditions.

5(0,y)=0, &:(0,y) =0.

5. RESULTS AND DISCUSSION
5.1 Scaling analysis

The following are the comparison of results obtained in the
present study (scaling analysis) and similarity solutions
reported by Pal [12].

1. Velocity distribution decreases with increasing value of
Hartmann number [12].

i.e. Scaling analysis approach predict, similar variation from

vV u v o % 4
Eq. (10): —~—%=>—~—=>—~Ha".
o L u, L u,

2. Decreases in velocity as X value increment in the
boundary layer however, significant nearby the stretching wall
[12].

i.e. Scaling analysis approach outcome, the same relation
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Y _Retz ez,

w

voou,
from Eq. (9): 571 >
3. The value of Eckert number (E;) is directly influence to
upsurge the temperature in flow region [12].
i.e Scaling analysis approach concludes the same relation
from Eq. (47), as Eckert number (Ec) increases the
temperature in the flow region increases.

T (%)-T

~ ~ Ec e
TO-Too

4. The thermal boundary layer thickness inverse function of
a, X and Gr [12].
i.e Scaling analysis approach concludes the same relation

from Eq. (34): 5. ~ LRa’%e 7% ~ L(Gr, Pr)’* e % .
5. The effect of Hartmann number (H,) is direct function of

the temperature distribution [12].
i.e Scaling analysis approach concludes the same relation

T, (x)-T 2
u(¥) o - ge o
T,-T Re

©

from Eq. (47):

6. Skin friction coefficient directly proportional to the
temperature distribution parameter (a) [12].

Form scaling analysis approach concludes the same relation
from Eqns. (46) and (58):

2
e¥*/2 ~ ECI_FL , C, ~Re;/]/2, :>Rex%~ea%, ~.C, ~,
€

7. The local Nusselt number increases with increment the
magnetic field force [12].

From scaling analysis approach concludes the same relation
from Eqns. (21) and (26):

H
N, - Pr’* Re/2e*/2 Ra - Nu~Ha Pr’
e

8. The result of increasing the scale of Prandtl number (Pr)

is to increase Nusselt number (Nu) [12].

Scaling analysis approach concludes the same relation from

Eq. (26): Nu ~ Pr}/3 Re/]/2 e% .

5.2 Integral solution

T T T T
Pr = 1.0, Gr/Re* = 1, Ec=0.001, Ha>/Re=1.0
* Quadratic velocity and temperature profile
** Dulal Pal (ref [9])

*** Linear velocity and temperature profile

L
0.6

I
0.5
Non dimensional "x"

0.2 0.7 0.8

Figure 4. Comparison of local Nusselt number variation
along non-dimensional ‘x” with different ‘a’ value

An analytical study of the convective heat transfer
coefficient for an exponentially continuous stretching surface
in a steady flow region with exponential temperature variation
at the wall is carried out. The study has been conducted by
considering the influence of buoyancy force, magnetic field,
internal heat generation/absorption and viscous dissipation
effects. The analysis is restricted to Pr=1. Effect of parameters
such as Grashoff number, Ha?/Re, Eckert number and ‘a’ on



local Nusselt number and coefficient of friction (Eq. (66)) over
the exponentially stretching surface has been analyzed. A
comparative study of the effect of ‘a’ on local Nusselt number
have been shown in Figure 4.

The Nusselt number obtained from the present integral
method and similarity solution results of Dulal Pal [12] are
compared in Figure 4. There is an exponential upsurge in the
Nusselt number along the non-dimensional distance is
observed from the present method. At any ‘x’, with the
increase in ‘a’ shows, there is a heat transfer from the surface
to the ambient. The difference in the Nusselt number from the
present method with that of Dulal Pal [12] can be attributed to

the solution method used in the corresponding study.

_ A
Re, &

TWX

C, =
1 .2
L

(90)

Skin friction coefficient results presented in Table 1 shows
better agreement with the results of Dulal Pal [12] for all ‘a’
value. Quadratic velocity and temperature profile assumption
result in less error in the calculation of skin friction coefficient
that the linear profile assumption.

Table 1. Comparison of coefficient of friction variation with ‘a’ at Pr=1, Gr=0.5xRe?, Ha=0.2, and x=0.5

Cr<Re"S % Error
“ Pal [9] Quadratic profile Linear profile Quadratic profile Linear profile
-5 -1.14 -1.19 -1.10 4.31 -3.24
-1.1 -1.16 -1.18 -1.09 1.69 -5.95
05 -1.17 -1.16 -1.08 -0.75 -8.38
00 -1.17 -1.14 -1.07 2.24 -9.80
1.0 -1.16 -1.11 -1.03 -4.46 -11.74
6. CONCLUSION [5] Magyari, E., Keller, B. (1999). Heat and mass transfer in
the boundary layers on an exponentially stretching
Scaling and Integral solutions have been applied to the continuous surface. Journal of Physics D: Applied
problem of flow over a flat vertical plate with mixed Physics, 32(5): 577-585. https://doi.org/10.1088/0022-
convection boundary condition. It has been demonstrated via 3727/32/5/012
scaling that the mathematical rigor required is less and also [6] Ishak, A. (2011). MHD boundary layer flow due to an
gives better engineering insight into the problem. The solution exponentially stretching sheet with radiation effect. Sains
obtained by scaling analysis is in good agreement with that of Malaysiana, 40(4): 391-395.
similarity method reported in the literature. Integral [7] Patil, P.M., Anilkumar, D., Roy, S. (2013). Unsteady
formulation of the mixed convection problem is derived and thermal radiation mixed convection flow from a moving
the solution is obtained for a specific case of Pr = 1. vertical plate in a parallel free stream: Effect of
Perturbation analysis was used to get solution of this problem. Newtonian heating. International Journal of Heat and
The results obtained from the integral solution are in good Mass Transfer, 62: 534-540.
agreement with that of similarity solution. The advantage of https://doi.org/10.1016/j.ijheatmasstransfer.2013.03.027
using the integral solution is the reduction in mathematical [8] Devi, S.A., Thiyagarajan, M. (2006). Steady nonlinear
rigor required to solve the problem. hydromagnetic flow and heat transfer over a stretching
surface of variable temperature. Heat and Mass Transfer,
42(8): 671-677. https://doi.org/10.1007/s00231-005-
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NOMENCLATURE

Temperature distribution parameter in the stretching
wall

Applied magnetic field perpendicular to the sheet
Local skin friction coefficient

Specific heat of fluid

Eckert number

Grashoff number

Gravitational acceleration

Hartmann number

Characteristic length of the vertical sheet
Nusselt number

Prandtl number

Internal heat generation or absorption
Local Reynolds number

Fluid temperature

Ambient temperature

Reference temperature

Wall temperature

Fluid axial velocity

Reference velocity

Vertical surface velocity

606

V' Fluid transverse velocity

X Non-dimensional co-ordinate along the sheet

oy Co-ordinates alongside and perpendicular to the sheet

> respectively

Greek symbols

o Thermal diffusivity

p  Thermal expansion coefficient

0  Hydrodynamic boundary layer thickness

or Thermal boundary layer thickness

— Non-dimensional hydrodynamic boundary layer

6 thickness

&y Non-dimensional thermal boundary layer thickness

J Non-dimensional heat generation or absorption
parameter

u  Fluid viscosity

v Kinematic viscosity

p  Fluid density

Twy Local shear stress

o  Electrical conductivity of fluid

Subscripts

x  Local

w  Condition on stretching surface

o  Reference

o Ambient condition





