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Human muscles and the central nervous system (CNS) play the key role to control the 

human movements and activities. The human CNS determines each human motion 

following three steps: estimation of the movement trajectory; calculation of required 

energy for muscles; then perform the motion. In these three step tasks, the human CNS 

determines the first two steps and the human muscles conduct the third one. This paper 

efforts the use of model predictive control (MPC) algorithm to simulate the human CNS 

calculation in the case of gait motion. We first build up the human gait motion 

mathematical model with 5-link mechanism. This allows us to apply MPC to calculate the 

optimal torques at each joint and optimal trajectory for muscles. Outcomes of simulations 

simultaneously are compared with the real human movements captured by the Vicon 

motion capture technology which is the novelty of this study. Results show that tracking 

errors are not excessed 7%.  
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1. INTRODUCTION

Human gait motions are performed consequently by the 

central nervous system (CNS), muscles, and limbs. In recent 

years, there are many researches on modeling human gait 

motions for mimicking the real human trajectories and/or the 

walking patterns, even though, each person has its inimitable 

gait motion and/or the gait of each individual person is unique. 

Most of design and development of human gait are based on 

the intuition, followed by experimental verifications [1]. These 

approaches are usually costly, unsustainable and ineffective. 

In the fields such as Medicine, Psychology and especially 

Biomechanics, investigation on human motion gaits can 

resolve many problems [2, 3]. for example, a doctor can check 

his assumptions about a disease of the limbs without costly 

testing experimentations on patient. The real human gait 

modeling can also simplify the process of checking orthotic 

devices and artificial limbs or using humanoid robot. These 

parts are normally tested empirically and expensively. 

The cyclic motion of human gait is involving of two phases: 

the stance phase and the swing phase. Discussion on the phases 

and their occurrence is out of scope of this study (which is 

mostly related to medical field), but the basic understanding 

can improve the intuitive considerate of the problem [4]. This 

study aims to develop a simple but flexible solution to control 

the human gait used by MPCs. Thanks to computer based 

numerical solutions which has increasingly provide 

optimization-based control algorithm. MPC has lots of 

advantages in different fields. Simulations of this method can 

be regulated with different MPC parameters and objective 

functions. Real data are obtained by the motion capture Vicon 

cameras which this device has not been simultaneously used 

to capture and compare with the mathematical model. We first 

start reviewing some recent developments on modeling human 

as well as issues related to new productions of orthoses and 

prostheses for human climbs.  

A new modeling based on a kinematics of human body from 

data achieved by a camera of optoelectronic system for 

measuring three dimensions is developed by Vergallo et al. [5], 

where sophisticated software is used to convert the images of 

human walking based on appropriate protocols to describe the 

human motions in each joint. A human gait model used the 

biomechanical principles of Lagrange method for reproducing 

the properties of human walking is presented in the paper [6], 

where anthropometric data are used to simulate the human 

walking dynamics. Comparisons of the model simulations and 

the real camera measurements show that the model can 

reproduce accurate characteristics of the gait motions. Several 

approaches involving the use of three-dimensional cameras 

and image processing have been introduced. However, a less 

expensive method for using the infrared depth camera for 

modeling the human gait is presented in spaces with low or no 

light conditions with passive sensors [7]. The cost for this 

method is low but the advantages and precision of this method 

are still unclear. A PhD dissertation on dynamic modeling of 

human gait using a model predictive control approach is 

presented by Sun [8], where a plant model for the human gait 

dynamics is built and a control feedback with PID and MPC is 
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designed for simulating the human gaits. This control-based 

simulation method provides unlimited flexible gaits. However, 

the disadvantage of this method is unable to ensure the 

stability and robustness of the model. 

Majority of numerical researches are used the Lagrange 

equations to describe the motions of limbs and modeling the 

gaits as the position of a 5-link, 7-link, or 9-link mechanism. 

However, there are limitations from these methods that they 

are unable to include constraints of dynamic equations such as 

the mass density and centers. For example, some good results, 

which are almost matching the experimental data, are achieved, 

but paths of some point motions are totally incorrect, and the 

computations are very difficult [9]. Therefore, a predictive 

modeling of human walking over a complete gait is presented 

[10]. The shortcomings of mentioned study are the lack of 

constrained conditions and fails to develop an objective 

function, that is able to minimized the energy cost. 

A completed control function for arm swing and human 

walking is developed by Pontzer et al. [11] with a proposal that 

the arm acts as a passive mass damper and powered by the 

movement of the human lower body. While Mohammed et al. 

[12] develops the recognition of gaits using wearable sensors. 

This paper monitors the human walking through the analysis 

of the human center of force and predicts any abnormal 

walking pattern. Identification of different gaits is detected 

from characteristics of gait phases. 

In this research, a mathematic model describing the path of 

movement of the anthropomorphic mechanism is developed 

for analyzing solutions, which is close (but not sufficient) to 

the real. Then, MPC algorithms are designed to calculate the 

optimal energy for muscles. It is assumed that the human 

walking is a 5-link mechanism model and the CNS is trying to 

predict and calculate the lower extremities (feet, shins, hips, 

and body) to perform the movements. MPC is used to calculate 

the optimal controller torques for muscles. MPC algorithms 

for nonlinear models and different MPC computational 

schemes are mainly referred in the paper [13] where the 

NMPC performances using a terminal region scheme, NMPC 

with quasi-infinite scheme, and NMPC without soften state 

constraints scheme are simulated and compared. In this paper, 

the NMPC algorithms with soften state constraints are used for 

calculated the optimal torques in joints. For simulating the 

human dynamics in MATLAB, Simulink, some mechanical 

mechanisms in the paper [14] are used for building the human 

plant. Latest human gait engineering studies are referred to in 

the papers [15-18]. Other control strategies beside NMPC [19], 

also can be considered, such as Adaptive Control Strategy, 

fuzzy based control [20], tracking control based on NMPC or 

neural network, but based on the simplicity of the MPC, it’s 

the most convenient method for the human gait motion 

investigation. 

The structure of this paper is as follows: Section 2 briefs the 

mathematical modeling; Section 3 designs MPC controller 

model; Section 4 designs the plant model; in Section 5 results 

of simulation are provided; And finally, conclusions and 

recommendations are withdrawn in Section 6. 

 

 

2. MATHEMATICAL MODEL 
 

The mathematical model of 5-link mechanism is shown in 

Figure 1. This model is used for MPC controller to calculate the 

optimal controller torques for each joint. Five weighty links are 

OC, OB, OD, DE, and BE. Link OC is the body. ODE and OBA 

are feet. Each leg consists of the thigh and lower leg, so that the 

link OB and OD are hips and unit’s BA and DE are shins. Two 

legs are considered of the same weight and length. 

 

 
 

Figure 1. Model of 5-link mechanism 

 

Joint O connecting the body OC with hips OB and OD will 

be referred as hip joint, joints B and D, connecting the thigh OB 

and OD with shins BA and DE, will be referred as knee joints. 

All joints are assumed to be ideal, i.e. friction in their neglect. 

This mechanism has seven degrees of freedom. In describing the 

situation as six generalized coordinates, we choose the 

following works: coordinates x, y of hip О and five angles ψ, 

α_1, α_2, β_1, β_2, between the links and the vertical. These 

angles and directions of their reference are shown in Figure 1: ψ 

– the angle between the body and the vertical, α_1 and β_1 – the 

angles between the hips and the vertical, β_1, and β_2, – the 

angles formed by the vertical tibia. The angle is positive when 

the relevant unit deviates from the vertical direction in the 

opposite clockwise direction. 

For this simplified model of 5-link, human feet have a small 

part of all mass, and we may assume that the feet do not have a 

strong influence on the movement of other parts of human. The 

following equations are used directly in the system for 

calculation. 

Lagrange equation: 

 
𝑑

𝑑𝑡
∙
𝜕𝐿

𝜕�̇�𝑖

−
𝜕𝐿

𝜕𝑞𝑖

= 𝑄𝑠  (1) 

 

where, Qs - generalizes non conservative force, and 

 

𝐿 = 𝑇 − 𝑉 (2) 

 

where, L - Lagrangian; T – kinetic energy; V - potential energy; 

Kinetic energy: 

 

𝑇 =
1

2
(𝑚𝑣2 + 2𝑚(𝜈𝜔)𝑝 + 𝛩𝜔2)  (3) 

 

where, m - mass of link; v - absolute velocity; v - pole velocity; 
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w - angular velocity; p - radius vector of the center of mass; 𝛩 

- Inertia moment relative to pole. 

 

𝜈 = (
�̇�
�̇�
0
) (4) 

 

𝜔 = �̇� (
𝑠𝑖𝑛(𝜓)

𝑐𝑜𝑠(𝜓)
0

) (5) 

 

Kinetic energy of link OC point O is a pole, so: 

 

𝑇𝑂𝐶 =
1

2
(

𝑚𝑘(�̇�
2 + �̇�2) −

2𝐾𝑟�̇�(�̇� 𝑐𝑜𝑠(𝜓) + �̇� 𝑠𝑖𝑛(𝜓)) + 𝐽�̇�2) (6) 

 

where, 𝐾𝑟 = 𝑚𝑘𝑟; mk - Mass OC; 𝑟 - distance from O to OC 

mass center; 𝐽 - inertia moment OC relative point O. 

In finding the kinetic energy for the body OC and hips OB 

and OD, a pole will take at the point O. Similarly, for parts of 

BA and DE, the pole point B and D are chosen. For kinetic 

energy of link OB, point O is chosen as a pole, so: 

 

𝑇𝑂𝐵 =
1

2
(𝑚𝑎(�̇�

2 + �̇�2)

+ 2𝑚𝑎𝑎𝛼1̇(�̇� 𝑐𝑜𝑠(𝛼1)

+ �̇� 𝑠𝑖𝑛(𝛼1)) + 𝐽𝑎
0𝛼1̇

2) 

(7) 

 

where, 𝑚𝑎 - mass OB; 𝑎 - distance from O to OB mass centre; 

𝐽𝑎
0 - inertia moment OB relative point O. 

Kinetic energy of link BA point B: 

 

𝑇𝐵𝐴 =
1

2
(𝑚𝑏(�̇�

2 + �̇�2

+ 2𝛼1̇𝐿𝑎(�̇� 𝑐𝑜𝑠(𝛼1) + �̇� 𝑠𝑖𝑛(𝛼1))

+ 𝐿𝑎
2 𝛼1̇

2)

+ 2𝐾𝑏𝛽1̇(�̇� 𝑐𝑜𝑠(𝛽1) + �̇� 𝑠𝑖𝑛(𝛽1))

+ 𝐽𝑏𝛽1̇
2
) 

(8) 

 

where, 𝐾𝑏 = 𝑚𝑏𝑏; mb - mass BA; b - distance from B to BA 

mass center; 𝐿𝑎 - length of OB; Jb - inertia moment BA relative 

point B. 

TOD and TDE can be taken from TOB and TBA by changing 

indexes from 1 to 2: 

 

𝑇 = 𝑇𝑂𝐶 + 𝑇𝑂𝐵 + 𝑇𝐵𝐴 + 𝑇𝑂𝐷 + 𝑇𝐷𝐸

=
1

2
𝑀(�̇�2 + �̇�2) +

1

2
𝐽�̇�2

− 𝐾𝑟�̇�(�̇� 𝑐𝑜𝑠(𝜓) + �̇� 𝑠𝑖𝑛(𝜓))

+ ∑[
1

2
𝐽𝑎𝛼𝑖̇

2 +
1

2
𝐽𝑏𝛽�̇�

2
2

𝑖=1

+ 𝐾𝑎𝛼𝑖̇ (�̇� 𝑐𝑜𝑠(𝛼𝑖) + �̇� 𝑠𝑖𝑛(𝛼𝑖))

+ 𝐾𝑏𝛽�̇�(�̇� 𝑐𝑜𝑠(𝛽𝑖) + �̇� 𝑠𝑖𝑛(𝛽𝑖))

+ 𝐽𝑎𝑏𝛼𝑖̇ 𝛽�̇� 𝑐𝑜𝑠(𝛼𝑖 − 𝛽𝑖)] 

(9) 

 

where, 

 

𝑀 = 𝑚𝑘 + 2𝑚𝑎 + 2𝑚𝑏 – total mass (10) 

 

𝐾𝑎 = 𝑚𝑎𝑎 + 𝑚𝑏𝐿𝑎 (11) 

 

𝐽𝑎 = 𝐽𝑎
0 + 𝑚𝑏𝐿𝑎

2  (12) 

𝐽𝑎𝑏 = 𝐾𝑏𝐿𝑎 = 𝑚𝑏𝑏𝐿𝑎 (13) 

 

Potential energy: 

 

𝑉 = 𝑔 [𝑚𝑘(𝑦 + 𝑟 𝑐𝑜𝑠(𝜓))

+ ∑(𝑚𝑎(𝑦 − 𝑎 𝑐𝑜𝑠(𝛼𝑖))

2

𝑖=1

+ 𝑚𝑏(𝑦 − 𝐿𝑎 𝑐𝑜𝑠(𝛼𝑖) − 𝑏 𝑐𝑜𝑠(𝛽𝑖)))]

= 𝑔 [𝑀𝑦 + 𝐾𝑟 𝑐𝑜𝑠(𝜓)

− ∑(𝐾𝑎 𝑐𝑜𝑠(𝛼𝑖) + 𝐾𝑏 𝑐𝑜𝑠(𝛽𝑖))

2

𝑖=1

] 

(14) 

 

In this paper, MPC algorithms are used to find the optimal 

trajectory based on the minimization of an objective function 

and subject to constraints. Therefore, from Eq. (1), we find T 

and V, next we need to find QS by following some elementary 

expressions: 

 

𝛿𝑊 = (𝑅1𝑥 + 𝑅2𝑥)𝛿𝑥 + (𝑅1𝑦 + 𝑅2𝑦)𝛿𝑦

− (𝑞1 + 𝑞2)𝛿𝜓

+ ∑[(𝑞𝑖 − 𝑢𝑖)𝛿𝛼𝑖

2

𝑖=1

+ (𝑢𝑖 − 𝑃𝑖)𝛿𝛽𝑖

+ 𝑅1𝑥𝛿(𝐿𝑎 𝑠𝑖𝑛(𝛼𝑖) + 𝐿𝑏 𝑠𝑖𝑛(𝛽𝑖))
− 𝑅1𝑦𝛿(𝐿𝑎 𝑐𝑜𝑠(𝛼𝑖)

+ 𝐿𝑏 𝑐𝑜𝑠(𝛽𝑖))]

= ∑[𝑅𝑖𝑥𝛿𝑥 + 𝑅𝑖𝑦𝛿𝑦 − 𝑞𝑖𝛿𝜓

2

𝑖=1

+ (𝑞𝑖 − 𝑢𝑖

+ 𝑅1𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼𝑖)

+ 𝑅1𝑦 𝐿𝑎 𝑠𝑖𝑛(𝛼𝑖))𝛿𝛼𝑖

+ (𝑢𝑖 − 𝑃𝑖

+ 𝑅1𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽𝑖)

+ 𝑅1𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽𝑖))𝛿𝛽𝑖] 

(15) 

 

where, 

 

𝑄𝑥 = 𝑅1𝑥 + 𝑅2𝑥 (16) 

 

𝑄𝑦 = 𝑅1𝑦 + 𝑅2𝑦 (17) 

 

𝑄𝜓 = −𝑞1 − 𝑞2 (18) 

 

𝑄𝛼1
= 𝑞1 − 𝑢1 + 𝑅1𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼1) + 𝑅1𝑦 𝐿𝑎 𝑠𝑖𝑛(𝛼1) (19) 

 

𝑄𝛼2
= 𝑞2 − 𝑢2 + 𝑅1𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼2) + 𝑅1𝑦 𝐿𝑎 𝑠𝑖𝑛(𝛼2) (20) 

 

𝑄𝛽1
= 𝑢1 − 𝑃1 + 𝑅1𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽1) + 𝑅1𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽1) (21) 

 

𝑄𝛽2
= 𝑢2 − 𝑃2 + 𝑅1𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽2) + 𝑅1𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽2) (22) 

 

The derivatives of these variables can be described as 

follows: 

Derivative 
∂L

∂z
: 
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𝜕𝐿

𝜕𝑥
=

𝜕(𝑇 − 𝑉)

𝜕𝑥
= 0 (23) 

 
𝜕𝐿

𝜕𝑦
=

𝜕(𝑇 − 𝑉)

𝜕𝑦
= −𝑔𝑀 (24) 

 
𝜕𝐿

𝜕𝜓
=

𝜕(𝑇 − 𝑉)

𝜕𝜓
= 𝐾𝑟(�̇��̇� 𝑠𝑖𝑛(𝜓) − �̇��̇� 𝑐𝑜𝑠(𝜓)

− 𝑔 𝑠𝑖𝑛(𝜓)) 

(25) 

 
𝜕𝐿

𝜕𝛼𝑖

=
𝜕(𝑇 − 𝑉)

𝜕𝛼𝑖

= 𝐾𝑎(𝛼𝑖̇ �̇� 𝑠𝑖𝑛(𝛼𝑖)

− 𝛼𝑖̇ �̇� 𝑐𝑜𝑠(𝛼𝑖) + 𝑔𝑠𝑖𝑛(𝛼𝑖))

− 𝐽𝑎𝑏𝛼𝑖̇ 𝛽�̇� 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖) 

(26) 

 
𝜕𝐿

𝜕𝛽𝑖

=
𝜕(𝑇 − 𝑉)

𝜕𝛽𝑖

= 𝐾𝑏(𝛽�̇��̇� 𝑠𝑖𝑛(𝛽𝑖)

− 𝛽�̇��̇� 𝑐𝑜𝑠(𝛽𝑖) + 𝑔𝑠𝑖𝑛(𝛽𝑖))

− 𝐽𝑎𝑏𝛼𝑖̇ 𝛽�̇� 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖) 

(27) 

 

Derivative 
∂L

∂ż
: 

 
∂L

∂ẋ
=Mẋ-Krψ̇ cos(ψ) +Kaαi̇ cos(αi) +Kbβ

i
̇ cos(β

i
) (28) 

 
∂L

∂ẏ
=Mẏ-Krψ̇ sin(ψ) +Kaαi̇ sin(αi) +Kbβ

i
̇ sin(β

i
) (29) 

 
∂L

∂ψ̇
=Jψ̇-Kr(ẋ cos(ψ) +ẏ sin(ψ)) (30) 

 
∂L

∂αi̇
=Jaαi̇ +Ka(ẋ cos(αi) +ẏ sin(αi)) +Jabβ

i
̇ cos(αi-βi

) (31) 

 
∂L

∂β
i
̇
=Jbβ

i
̇ +Kb(ẋ cos(β

i
) +ẏ sin(β

i
))+Jabαi̇ cos(αi-βi

) (32) 

 

Derivatives: 
𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
: 

 
𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 𝑀�̈� − 𝐾𝑟�̈� 𝑐𝑜𝑠(𝜓) + 𝐾𝑟�̇�

2 𝑠𝑖𝑛(𝜓)

+ 𝐾𝑎𝛼𝑖̈ 𝑐𝑜𝑠(𝛼𝑖) − 𝐾𝑎𝛼𝑖̇
2 𝑠𝑖𝑛(𝛼𝑖)

+ 𝐾𝑏𝛽𝑖
̈ 𝑐𝑜𝑠(𝛽𝑖) − 𝐾𝑏𝛽𝑖

̇ 2 𝑠𝑖𝑛(𝛽𝑖) 

(33) 

 
𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 𝑀�̈� − 𝐾𝑟�̈� 𝑠𝑖𝑛(𝜓) − 𝐾𝑟�̇�

2 𝑐𝑜𝑠(𝜓)

+ 𝐾𝑎𝛼𝑖̈ 𝑠𝑖𝑛(𝛼𝑖) + 𝐾𝑎𝛼𝑖̇
2 𝑐𝑜𝑠(𝛼𝑖)

+ 𝐾𝑏𝛽𝑖
̈ 𝑠𝑖𝑛(𝛽𝑖) + 𝐾𝑏𝛽𝑖

̇ 2 𝑐𝑜𝑠(𝛽𝑖) 

(34) 

 
𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 𝐽�̈� − 𝐾𝑟(�̈� 𝑐𝑜𝑠(𝜓)

+ �̈� 𝑠𝑖𝑛(𝜓) − �̇��̇� 𝑠𝑖𝑛(𝜓)

+ �̇��̇� 𝑐𝑜𝑠(𝜓)) 

(35) 

 
𝑑

𝑑𝑡

𝜕𝐿

𝜕𝛼𝑖̇
= 𝐽𝑎𝛼𝑖̈ + 𝐾𝑎(�̈� 𝑐𝑜𝑠(𝛼𝑖)

+ �̈� 𝑠𝑖𝑛(𝛼𝑖) + �̇�𝛼𝑖̇ 𝑠𝑖𝑛(𝛼𝑖)
− �̇�𝛼𝑖̇ 𝑐𝑜𝑠(𝛼𝑖))

+ 𝐽𝑎𝑏𝛽𝑖
̈ 𝑐𝑜𝑠(𝛼𝑖 − 𝛽𝑖) − 𝐽𝑎𝑏𝛽𝑖

̇ (𝛼𝑖

− 𝛽𝑖) 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖) 

(36) 

𝑑

𝑑𝑡

𝜕𝐿

𝜕𝛽𝑖
̇
= 𝐽𝑏𝛽𝑖

̈ + 𝐾𝑏(�̈� 𝑐𝑜𝑠(𝛽𝑖)

+ �̈� 𝑠𝑖𝑛(𝛽𝑖) + �̇�𝛽𝑖 𝑠𝑖𝑛(𝛽𝑖)
− �̇�𝛽𝑖 𝑐𝑜𝑠(𝛽𝑖)) + 𝐽𝑎𝑏𝛼𝑖̈ 𝑐𝑜𝑠(𝛼𝑖 − 𝛽𝑖)

− 𝐽𝑎𝑏𝛼𝑖(𝛼𝑖 − 𝛽𝑖)̇ 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖) 

(37) 

 

And finally, full Lagrange equations for this 5–link 

mechanism: 

 

𝑀�̈� − 𝐾𝑟�̈� 𝑐𝑜𝑠(𝜓) + 𝐾𝑟�̇�
2 𝑠𝑖𝑛(𝜓)

+ 𝐾𝑎𝛼𝑖̈ 𝑐𝑜𝑠(𝛼𝑖) − 𝐾𝑎𝛼𝑖̇
2 𝑠𝑖𝑛(𝛼𝑖)

+ 𝐾𝑏𝛽𝑖
̈ 𝑐𝑜𝑠(𝛽𝑖) − 𝐾𝑏𝛽𝑖

̇ 2 𝑠𝑖𝑛(𝛽𝑖)
= 𝑅1𝑥 + 𝑅2𝑥 ,   (𝑖 = 1,2) 

(38) 

 

𝑀�̈� − 𝐾𝑟�̈� 𝑠𝑖𝑛(𝜓) − 𝐾𝑟�̇�
2 𝑐𝑜𝑠(𝜓) + 𝐾𝑎𝛼𝑖̈ 𝑠𝑖𝑛(𝛼𝑖)

+ 𝐾𝑎𝛼𝑖̇
2 𝑐𝑜𝑠(𝛼𝑖)

+ 𝐾𝑏𝛽𝑖
̈ 𝑠𝑖𝑛(𝛽𝑖) + 𝐾𝑏𝛽𝑖

̇ 2 𝑐𝑜𝑠(𝛽𝑖)
= 𝑅1𝑦 + 𝑅2𝑦 − 𝑀𝑔,   (𝑖 = 1,2) 

(39) 

 

−𝐾𝑟�̈� 𝑐𝑜𝑠(𝜓) − 𝐾𝑟�̈� 𝑠𝑖𝑛(𝜓) + 𝐽�̈� − 𝐾𝑟𝑔 𝑠𝑖𝑛(𝜓)
= −𝑞1 − 𝑞2,   (𝑖 = 1,2) 

(40) 

 

𝐾𝑎�̈� 𝑐𝑜𝑠(𝛼𝑖) + 𝐾𝑎𝑦̈ 𝑠𝑖𝑛(𝛼𝑖) + 𝐽𝑎𝛼𝑖̈

+ 𝐽𝑎𝑏𝛽𝑖
̈ 𝑐𝑜𝑠(𝛼𝑖 − 𝛽𝑖)

+ 𝐽𝑎𝑏𝛽𝑖
̇ 2 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖)

+ 𝐾𝑎 𝑔𝑠𝑖𝑛(𝛼𝑖)
= 𝑞𝑖 − 𝑢𝑖

+ 𝑅1𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼𝑖)
+ 𝑅1𝑦 𝐿𝑎 𝑠𝑖𝑛(𝛼𝑖),   (𝑖 = 1,2); 

(41) 

 

𝐾𝑏�̈� 𝑐𝑜𝑠(𝛽𝑖) + 𝐾𝑏�̈� 𝑠𝑖𝑛(𝛽𝑖) + 𝐽𝑏𝛽�̈� + 𝐽𝑎𝑏𝛼𝑖̈ 𝑐𝑜𝑠(𝛼𝑖 − 𝛽𝑖)

− 𝐽𝑎𝑏𝛼𝑖̇
2 𝑠𝑖𝑛(𝛼𝑖 − 𝛽𝑖) + 𝐾𝑏 𝑔𝑠𝑖𝑛(𝛽𝑖)

= 𝑢𝑖 − 𝑃𝑖

+ 𝑅1𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽𝑖)
+ 𝑅1𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽𝑖),   (𝑖 = 1,2) 

(42) 

 

These equations describe the dynamics of 5-link model, but 

the model has limited movement as point A or E being fixed 

on the surface: 

If point A fixed, we have kinematic equations for x and y: 

 

𝑥 = 𝑥𝐴 − 𝐿𝑎 𝑠𝑖𝑛(𝛼1) − 𝐿𝑏 𝑠𝑖𝑛(𝛽1) (43) 

 

𝑦 = 𝑦𝐴 + 𝐿𝑎 𝑐𝑜𝑠(𝛼1) + 𝐿𝑏 𝑐𝑜𝑠(𝛽1) (44) 

 

�̇� = −𝐿𝑎𝛼1̇ 𝑐𝑜𝑠(𝛼1) − 𝐿𝑏𝛽1̇ 𝑐𝑜𝑠(𝛽1) (45) 

 

�̇� = −𝐿𝑎𝛼1̇ 𝑠𝑖𝑛(𝛼1) − 𝐿𝑏𝛽1̇ 𝑠𝑖𝑛(𝛽1) (46) 

 

New equations for T, V and 𝛿𝑊 in (9, 14) for (43 to 46): 

 

𝑇 =
1

2
𝐽�̇�2 +

1

2
𝑀(𝐽𝑎 − 2𝐿𝑎𝐾𝑎 + 𝐿𝑎

2𝑀)𝛼1̇
2 +

1

2
𝐽𝑎𝛼2̇

2

+
1

2
𝑀(𝐽𝑏 − 2𝐿𝑏𝐾𝑏 + 𝐿𝑏

2𝑀)𝛽1̇
2

+
1

2
𝐽𝑎𝛽2̇

2
+ 𝐿𝑎𝐾𝑟 𝑐𝑜𝑠(𝜓 − 𝛼1) �̇��̇�1

+ 𝐿𝑏𝐾𝑟 𝑐𝑜𝑠(𝜓 − 𝛽1) �̇��̇�1

− 𝐿𝑎𝐾𝑎 𝑐𝑜𝑠(𝛼1 − 𝛼2) 𝛼1̇𝛼2̇

+ (𝐽𝑎𝑏 − 𝐿𝑎𝐾𝑏 − 𝐿𝑏𝐾𝑎

+ 𝐿𝑎𝐿𝑏𝑀)𝑐𝑜𝑠(𝛼1 − 𝛽1) 𝛼1̇�̇�1

− 𝐿𝑎𝐾𝑏 𝑐𝑜𝑠(𝛼1 − 𝛽2) 𝛼1̇�̇�2

− 𝐿𝑏𝐾𝑎 𝑐𝑜𝑠(𝛼2 − 𝛽1) 𝛼2̇�̇�1

+ 𝐿𝑏𝐾𝑏 𝑐𝑜𝑠(𝛽1 − 𝛽2)�̇�1�̇�2 

(47) 
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𝑉 = 𝑔[𝑀𝑦𝐴 + 𝐾𝑟 𝑐𝑜𝑠(𝜓) + (𝐿𝑎𝑀 − 𝐾𝑎) 𝑐𝑜𝑠(𝛼1)
− 𝐾𝑎 𝑐𝑜𝑠(𝛼2)
+ (𝐿𝑏𝑀 − 𝐾𝑏) 𝑐𝑜𝑠(𝛽1)
− 𝐾𝑏 𝑐𝑜𝑠(𝛽2)] 

(48) 

 

𝛿𝑊 = −(𝑞1 + 𝑞2)𝛿𝜓

+ (𝑞1 − 𝑢1 − 𝑅2𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼1)

− 𝑅2𝑦𝐿𝑎 𝑠𝑖𝑛(𝛼1))𝛿𝛼1

+ (𝑞2 − 𝑢2 − 𝑅2𝑥𝐿𝑎 𝑐𝑜𝑠(𝛼2)

− 𝑅2𝑦𝐿𝑎 𝑠𝑖𝑛(𝛼2))𝛿𝛼2

+ (𝑢1 − 𝑃1 − 𝑅2𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽1)

− 𝑅2𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽1))𝛿𝛽1

+ (𝑢2 − 𝑃2 − 𝑅2𝑥𝐿𝑏 𝑐𝑜𝑠(𝛽2)

− 𝑅2𝑦𝐿𝑏 𝑠𝑖𝑛(𝛽2))𝛿𝛽2 

(49) 

 

Above equations can be presented in the matrix forms: 

 

𝐵𝑙𝑧�̈� + 𝑔𝐴 𝑠𝑖𝑛(𝑧𝑖) + 𝐷(𝑧)𝑧�̇�
2 = 𝐶(𝑧)𝜔    (50) 

 

where, 

 

𝑧i =

[
 
 
 
 
φ
α1

α2

β1

β2]
 
 
 
 

, sin(𝑧𝑖) =

[
 
 
 
 
sinφ
sinα1

sinα2

sinβ1

sinβ2]
 
 
 
 

, zi̇
2 =

[
 
 
 
 
 
φ̇2

α1̇
2

α2̇
2

β1̇
2

β2̇

2
]
 
 
 
 
 

, ω =

[
 
 
 
 
 
 
 
u1

u2

q1

q2

P1

P2

R2x

R2y]
 
 
 
 
 
 
 

. 

 

𝑇 = 𝑇(𝑧, �̇�) =
1

2

̇
�̇�𝐵(𝑧)�̇� (51) 

 

where, 

 

B(z)=

[
 
 
 
 
 
 

J LaKr cos(φ-α1) 0 LbKr cos(φ-β
1
) 0

LaKr cos(φ-α1) Ja-2LaKa+La
2M -LaKa cos(α1-α2) (Jab-LaKb-LbKa+LaLbM) cos(α1-β

1
) -LaKb cos(α1-β

2
)

0 -LaKa cos(α1-α2) Ja -LbKa cos(α2-β
1
) Jab cos(α2-β

2
)

LbKr cos(φ-β
1
) (Jab-LaKb-LbKa+LaLbM) cos(α1-β

1
) -LbKa cos(α2-β

1
) Jb-2LbKb+Lb

2M -LbKb cos(β
1
-β

2
)

0 -LaKb cos(α1-β
2
) Jab cos(α2-β

2
) -LbKb cos(β

1
-β

2
) Jb ]

 
 
 
 
 
 

 

 

𝑉 = 𝑉(𝑧) = 𝑔(𝑀𝑦𝐴
̇ − ∑ 𝑎𝑖𝑖𝑐𝑜𝑠𝑧𝑖

5

𝑖=1

) (52) 

 

where, 𝑎𝑖𝑖  are diagonal elements of A: 
 

𝐴 =

[
 
 
 
 
−𝐾𝑟 0 0 0 0
0 𝐾𝑎 − 𝐿𝑎𝑀 0 0 0
0 0 𝐾𝑎 0 0
0 0 0 𝐾𝑏 − 𝐿𝑏𝑀 0
0 0 0 0 𝐾𝑏]

 
 
 
 

 

Matrix D(z) is skew-symmetric matrix 𝑑𝑖𝑗(𝑧) = −𝑑𝑗𝑖(𝑧) . 

Elements of matrix D(z) is Christoffel symbols of the first kind 

for matrix B(z). 

 

 

D(z) =

[
 
 
 
 
 
 

0 LaKr sin(φ-α1) 0 LbKr sin(φ-β
1
) 0

-LaKr sin(φ-α1) 0 -LaKa sin(α1-α2) (Jab-LaKb-LbKa+LaLbM) sin(α1-β
1
) -LaKb sin(α1-β

2
)

0 LaKa sin(α1-α2) 0 -LbKa sin(α2-β
1
) Jab sin(α2-β

2
)

-LbKr sin(φ-β
1
) -(Jab-LaKb-LbKa+LaLbM) sin(α1-β

1
) LbKa sin(α2-β

1
) 0 -LbKb sin(β

1
-β

2
)

0 LaKb sin(α1-β
2
) -Jab sin(α2-β

2
) LbKb sin(β

1
-β

2
) 0 ]

 
 
 
 
 
 

 

 

and, 

 

C(z) =

[
 
 
 
 

0 0 -1 -1 0 0 0 0

-1 0 1 0 0 0 -Lacosα1 -Lasinα1

0 -1 0 1 0 0 Lacosα2 Lasinα2

1 0 0 0 -1 0 -Lbcosβ
1

-Lbsinβ
1

0 1 0 0 0 -1 Lbcosβ
2

Lbsinβ
2 ]
 
 
 
 

 

 

Next, the above system is linearized at 𝑦�̇� = 𝑥�̇� = 0; 𝑦�̇� ≠
0; 𝑥�̇� ≠ 0. If movement 𝑧𝑖 and 𝑧i̇ are small, we can linearize 

movement equations around point 𝑧i = 0,  𝑧i̇ = 0 , (i =
1,… ,5) . These equations describe the state of equilibrium 

when w(t)=0. This state corresponds to the vertical 

arrangement of all parts of the mechanism (5-link stands on 

one leg). Note that reporting a five-link mechanism is pivotally 

mounted end of the supporting leg can have 25=32 the 

equilibrium position. This follows from the fact that the 

mechanism of equilibrium each of the links can be a vertical 

angle equal to zero or 180°. 

Then, the movement equations have the form: 

 

𝑧�̈�𝐵𝑙 + 𝑔𝐴𝑧𝑖 = 𝐶𝑙𝜔 (53) 

 

From matrix B(z) and C(z) we can get B1 and C1: 

 

Bl =

[
 
 
 
 
 

J LaKr 0 LbKr 0

LaKr Ja-2LaKa+La
2M -La∙Ka (Jab-LaKb-LbKa+LaLbM) -LaKb

0 -LaKa Ja -LbKa Jab

LbKr (Jab-LaKb-LbKa+LaLbM) -Lb∙Ka Jb-2LbKb+Lb
2M -LbKb

0 -LaKb Jab -LbKb Jb ]
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Cl =

[
 
 
 
 

0 0 -1 -1 0 0 0 0

-1 0 1 0 0 0 -La -Laα1

0 -1 0 1 0 0 La Laα2

1 0 0 0 -1 0 -Lb -Lbβ
1

0 1 0 0 0 -1 Lb Lbβ
2 ]
 
 
 
 

 

 

Note that the matrix B under the sign of the cosine of the 

included angle difference. While the absolute value of each of 

the corners may be small, for example, may not exceed 30°, 

angle difference may be large. The validity of such a 

linearization depends on the stride length. For large steps 

linearization is not applicable. 

With w(t)=0 we can get equations of linearized motion for 

5-link model: 

 

𝐵𝑙𝑧�̈� + 𝑔𝐴𝑧𝑖 = 0    (54) 

 

𝑧�̈� + 𝑔𝐵𝑙
−1𝐴𝑧𝑖 = 0    (55) 

 

A boundary value problem for the system (54) or (55) is 

formulated as follows: find a solution z(t)=0 of the system (54), 

which at the time t=0 and t=T passes through specified in the 

configuration space of the point z(0) and z(T). We can use the 

linear non-singular transformation with constant coefficients: 

 

𝑇 = 𝑇(𝑧, �̇�) =
1

2

̇
�̇�𝐵(𝑧)�̇� (56) 

 

In normal coordinates at (55) after transformation at (56), 

we have the form: 

 

𝑇 = 𝑇(𝑧, �̇�) =
1

2

̇
�̇�𝐵(𝑧)�̇� (57) 

 

where, Ω is diagonal 5×5 matrix: 

 

𝛺 =

[
 
 
 
 
𝜆1 0 0 0 0
0 𝜆2 0 0 0
0 0 𝜆3 0 0
0 0 0 𝜆4 0
0 0 0 0 𝜆5]

 
 
 
 

,  

 

and 𝜆𝑖 are roots of characteristic equation of Ω: 

 

𝑑𝑒𝑡(𝐵𝑙𝜆 + 𝑔𝐴) = 0  (58) 

 

The matrix R is known resulting in a symmetric positive 

definite matrix Bl to the unit and the symmetric matrix A - to 

the diagonal. So for matrix R we have equations: 

 

𝑅𝑇𝐵𝑙𝑅 = 𝐸  (59) 

 

𝑅𝑇𝑔𝐴𝑅 = 𝛺 (60) 

 

From the law of inertia of quadratic forms, we have among 

the numbers 𝜆i as positive (negative) as positive (negative) 

eigenvalues of a matrix A.  

So, in matrix A we have 3 negative and 2 positive elements 

and denote: 

 

𝜆i = 𝜔i
2 > 0 for 2  𝜆𝑖  and 𝜆𝑖 = −𝜔i

2 < 0 for 3 𝜆i 

 

It means we have 2 equations: 

�̈�𝑖 + 𝜔𝑖
2 ∙ 𝑥𝑖 = 0 𝑓𝑜𝑟 𝑖 = 3,5 (61) 

 

�̈�𝑖 − 𝜔𝑖
2 ∙ 𝑥𝑖 = 0 𝑓𝑜𝑟 𝑖 = 1,2,4  (62) 

 

Vectors of the initial and final conditions: 

 

𝑥(0) = 𝑅−1𝑧(0), 𝑥(𝑇) = 𝑅−1𝑧(𝑇) (63) 

 

And decision of this Eq. (9): 

 

𝑥𝑖(𝑡) =
𝑥�̇�(0)

𝜔𝑖

𝑠𝑖𝑛(𝜔𝑖𝑡) + 𝑥𝑖(0) 𝑐𝑜𝑠(𝜔𝑖𝑡) (64) 

 

𝑥�̇�(0) = 𝜔𝑖

𝑥𝑖(𝑇) − 𝑥𝑖(0) 𝑐𝑜𝑠(𝜔𝑖𝑇)

𝑠𝑖𝑛(𝜔𝑖𝑡)
 (65) 

 

After substitution (13) in (12) we have: 

 

𝑥𝑖(𝑡) =
𝑥𝑖(𝑇) 𝑠𝑖𝑛(𝜔𝑖𝑇) + 𝑥𝑖(0) 𝑠𝑖𝑛(𝜔𝑖(𝑇 − 𝑡))

𝑠𝑖𝑛(𝜔𝑖𝑡)
   𝑖

= 3,5 

(66) 

 

For (10) we have analogical decision: 

 

𝑥𝑖(𝑡) =
𝑥𝑖(𝑇) 𝑠ℎ(𝜔𝑖𝑇) + 𝑥𝑖(0) 𝑠ℎ(𝜔𝑖(𝑇 − 𝑡))

𝑠ℎ(𝜔𝑖𝑡)
  𝑖

= 1,2,4  

(67) 

 

Eqns. (66) and (67) are used to test the mathematical model 

in Figure 1 and compared to the experimental data obtained by 

the real motion capture cameras. Experimental data for real 

human movement is setup in the next section. 

 

 

3. PRACTICAL DATA ACQUISITION 

 

The aim of this study is to create the experimental data for 

real human movement and compare with the mathematical 

model. Vicon motion capture system is implemented for data 

acquisition. The Vicon system consists of 10 optical cameras 

(VERO Compact, economical, super-wide mobile camera @ 

1.3/2.2 megapixels) providing the exact movements of 

markers placed on the body. 

In order to calibrate the cameras, first, calibration process 

has been performed (Figure 2). This process designates to 

capture the system’s volume. The tracker can determine the 

lens properties, orientations and positions of all Vera cameras. 

 

 
 

Figure 2. Calibration of the Vicon Motion Tracker 
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In this study, 18 markers are placed on the legs into the 

following positions: 

• LHIP (Left HIP) - left hip;  

• LKNE (Left KNEe) - left knee;  

• LKNI Left Inner KNee) - left inner knee;  

• LSHN Left SHIN (lower leg) - left shin;  

• RHIP (Right HIP) - right hip;  

• RKNE (Right KNEe) - right knee;  

• RKNI (Right Inner KNee) - right inner knee;  

• RSHN (Right SHiN (lower leg)) - right shin;  

• LANK (Left ANKle) - left ankle;  

• LHEL (Left HEeL) - left on the heel;  

• LMT5 Left 5th MetaTarsal (outside of the foot) - left at 

the beginning of the little toe;  

• LMT1 (Left 1st MetaTarsal (inside of foot)) - left at the 

beginning of the big toe;  

• LTOE (Left TOE (front of the foot)) - left toe;  

• RANK (Right ANKle) - right on the ankle;  

• RHEL (Right HEeL) - right on the heel;  

• RMT5 (Right 5th MetaTarsal (outside of the foot)) - 

right at the beginning of the little toe;  

• RMT1 (Right 1st MetaTarsal (inside of foot)) - right at 

the beginning of the big toe;  

• RTOE (Right TOE (front of the foot)) - right toe.  

Figure 3 collections, show the mathematically modelling 

movement of a person based on the balanced energy (Eq.1 to 

67) compared to the experimental data collected from Vicon. 

 
3.1 Right hip angles 

 
3.2 Left hip angles 

 
3.3 Right shin angles 

 
3.4 Left shin angles 

 

Figure 3. Motions of model vs. experiment 

 

It can be seen that the linearized model leads only to the 

correct end results. Only the dynamic motions of left shin 

angles in Figure 3.4 are coincided with the experimental data. 

All other mathematical model trajectories are not like the real 

motions because there is lack of controlled objective function 

and constraints. Therefore, in the next part, we develop MPC 

as the CNS to generate the optimal torques at each joint and 

subject to constraints to simulate the human gait motions. 

 

 

4. DESIGN OF MODEL PREDICTIVE CONTROL  

 

The MPC algorithms for nonlinear (NMPC) are referred to 

[10]. The general expression for this linearized continuous 

time in state space is: 

 

�̇�(𝑡) = 𝔸𝐶𝑥(𝑡) + 𝔹𝐶𝑢(𝑡)    (68) 

 

𝑦(𝑡) = ℂ𝐶𝑥(𝑡) + 𝔻𝐶𝑢(𝑡)    (69) 

 

where, x(t) represents the states, u(t) represents the inputs, y(t) 

represents the output, 𝔸𝐶 , 𝔹𝐶 , ℂ𝐶 , 𝔻𝐶  are the model state 

matrices in continuous time.  

For computer calculation, the above continuous time system 

can be discretized (sampling interval T0= 0.01 sec) as: 
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𝑥(𝑘 + 1) = 𝔸𝐷𝑥(𝑘) + 𝔹𝐷𝑢(𝑘)    (70) 

 

𝑦(𝑘) = ℂ𝐷𝑥(𝑘) + 𝔻𝐷𝑢(𝑘)    (71) 

 

where, x(k) represents the discrete states, u(k) represents the 

discrete inputs, y(k) represents the discrete output, 𝔸𝐷, 𝔹𝐷, ℂ𝐷, 

𝔻𝐷 are the state matrices in discrete form. 

For simplification, we assign the state prediction, x(k), equal 

to the input prediction horizon, u(k), or 𝑁𝑥(𝑘) = 𝑁𝑢(𝑘) = 𝑁. 

Then, the objective function of this MPC is: 

 

𝐽(𝑥(𝑘), 𝑢(𝑘)) = 

1

2
∑ [𝑥(𝑘)𝑇𝑄𝑥(𝑘) + 𝑢(𝑘)𝑇𝑅𝑢(𝑘)]

𝑁−1

𝑘=𝑁0

+
1

2
𝑥(𝑁)𝑇𝑄𝑓𝑥(𝑁) 

(72) 

 

where, Q is the weighting matrix for the predicted states along 

the prediction horizon, R is the weighting matrix for the 

control inputs, and Qf is the weighting matrix for the final 

predicted states at the final time step. N is the horizon 

prediction length for both inputs and states. 

Constraints for inputs are setup such as the maximum input 

torques and the limited joint angle at ankles, knees, hips: 

 

min (𝑢(𝑘)) < 𝑢(𝑘) < max (𝑢(𝑘))  (73) 

 

Similarly, constraints for states are also setup as: 

 

min (𝑥(𝑘)) < 𝑥(𝑘) < max (𝑥(𝑘))  (74) 

 

Example of constraints for hip of a healthy human is 

illustrated in Figure 4. 

For the simplification, we set the horizon prediction length as 

N=50 for all simulations. A design MPC blocks in Matlab 

Simulink is developed and shown in Figure 5. 

MPC designs and calculations are referred in the paper [9]. 

This MPC block is used as the internal model to control the 

external human plant model. The external human plant model 

is developed and presented in the next part. 

 

 

5. DESIGN OF PLANT MODEL 

 

The model of human plant is designed as five segments 

including shin, thigh on each side and a hard shell, which 

replaces the human body above the waist. The same pair of 

stop - two further segments can be added to the system. This 

simplification of the 5-link mechanism is taken since the 

movement of foot has little effect on the general movement of 

the low weight, and the calculation of the foot rotation 

considerably complicates our system. The blocks of human 

plant are developed in Matlab/Simulink and shown in Figure 

5. 

The inputs of this plant model are torques, which are 

supplied to actuators to set the rotation of the block links. The 

plant model has 5 bodies linked to each other through 4 

rotational connections. This plant model describes the 

movement in one plane only. This simplification is permissible 

since movement in other planes significantly less. The human 

plant in Matlab Simulink is shown in Figure 6. These 

mechanical blocks are taken in the library of Matlab Simulink. 

The above external plant model and the MPC internal model 

are used to verify the human CNS to perform the human 

motions. Simulation results are presented in the next part. 

 

 
 

Figure 4. Human hip constrains 
 

 
 

Figure 5. Human plant blocks 
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Figure 6. Human mechanical blocks 

 

 

6. SIMULATION RESULTS 

 

Human gait motions based on MPC are simulated and 

compared to the experimental data obtained by the Vicon 

motion capture cameras in ITMO University and partly in 

Technical University of Liberec. Mass units, moments of 

inertia, and the relative location of the centers of mass are 

estimated by the empirical equation (75) depending on the 

total mass (M) and the human height (H). The lengths of the 

links, the start and end positions are calculated with MPC 

controller. 

 

𝑌 = 𝐵0 + 𝐵1𝑀 + 𝐵2𝐻     (75) 

 

where, Y - segment mass, 𝐵0, 𝐵1, 𝐵2 are coefficients given in 

Table 1.  

 

Table 1. Coefficients of mass 

 
Segment B0 B1 B2 

Shin -1.592 0.0362 0.0121 

Hip -2.649 0.1463 0.0137 

Upper body 10.3304 0.60064 0.04256 

  

As referred in the paper [9], the first MPC is tested with zero 

terminals, x(N)=0. The MPC objective function in (72) 

becomes: 

 

𝐽(𝑥(0), 𝑢) =
1

2
∑ [𝑥(𝑘)𝑇𝑄𝑥(𝑘) + 𝑢(𝑘)𝑇𝑅𝑢(𝑘)]

𝑁−1

𝑘=𝑁0

 (76) 

 

Simulation results of (76) are shown in Figure 7. 

 
7.1 Sagittal plane right hip angle 

 
7.2 Sagittal plane left hip angle 
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7.3 Sagittal plane right shin angle 

 
7.4 Sagittal plane left shin angle 

 

Figure 7. Model Predictive Controller with zero terminals 

 

 
8.1 Sagittal plane right hip angle 

 
8.2 Sagittal plane left hip angle 

 
8.3 Sagittal plane right shin angle 

 
8.4 Sagittal plane left shin angle 

 

Figure 8. Model Predictive Controller with softened state constraints 

 

MPC with zero terminals, x(N)=0, shows that, the models in 

Figure 7.1 and 7.3 do not follow the experimental motions. 

The model motions in Figure 7.2 and 7.4 have two peaks while 

the real experimental data has only one. Figures from 7.1 to 

7.4 show that the mean of angle errors for the right and left hip 

is 6.2546° and 7.5277°, correspondingly. The mean of angle 

errors for right and left shin is 8.3327° and 7.9761°, 

correspondingly.  

Next, another MPC controller with softened state 

constraints is developed: 

 

𝐽(𝑥(0), 𝑢) = (77) 
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1

2
∑ [𝑥(𝑘)𝑇𝑄𝑥(𝑘) + 𝑢(𝑘)𝑇𝑅𝑢(𝑘)]

𝑁−1

𝑘=𝑁0

+ 

∑ [(𝑘)𝑇𝑀(𝑘) + 2(𝑘)𝑇(𝑘)]

𝑁−1

𝑘=𝑁0

 

 

In (77), a penalty term of softened state constraints, 

∑ [(𝒌)𝑻𝑴(𝒌) + 𝟐(𝒌)𝑻(𝒌)]𝑵−𝟏
𝒌=𝑵𝟎

, is added with a positive 

definite and symmetric matrix, M, and usually large 

values, (𝒌). These terms help to penalize the violations of the 

state constraints, as (𝒌)  are the state violation values. 

Simulation results of MPC with softened constraints are 

shown in Figure 8. 

Figure 8.1 to 8.4 show that the performances of the MPC 

with softened state constraints are better than the MPC with 

zero terminals. The mean of angle errors for the right and left 

hip is 4.8226° and 4.6601°, correspondingly. The mean of 

angle errors for the right and left shin is 3.95° and 4.145°. 

These values are much smaller than the MPC with zero 

terminals. Therefore, MPC with softened state constraints can 

be used well to predict the human gait motions. MPC with 

softened state constraints can also maintain the stability of the 

system and always keep the tracking errors at low levels. 

 

 

7. CONCLUSIONS 

 

The study has developed the mathematical model of human 

gait and MPCs as the CNS to simulate the human motions. 

Simulation results show that the system can generate the 

kinematic motions of normal persons. Tracking errors 

compared with experiments by VICON cameras, are not 

excessed 7%. The discrepancies can be caused by several 

reasons: Firstly, the model is highly simplified representation 

of the human body. Secondly, rotation occurs not only in the 

sagittal plane but also in the frontal and longitudinal planes. 

Thirdly, human movement must be considered in three 

separate intervals - singly, two-supporting and single support 

on the other foot, otherwise the inevitable errors due to non-

equivalence of the support, can occur. Simulations show that 

the system with MPC can be used for study of different 

individual gaits for the diagnosis of diseases and for 

autonomous imaging of human gait. Further studies with 

different MPC algorithms and parameters by varying the 

weighting matrices, lengths of prediction, constraints are 

needed to perform in the next phase of this research, 

furthermore, applying non-linear based signal processing [21] 

combined with other innovative technologies like virtual and 

augmented reality [22] can extend the concept to the advanced 

phase. 
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