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An exact solution of steady fully developed mixed convection flow of viscous,
incompressible fluid in a vertical channel having temperature dependent viscosity
with asymmetric wall heating is obtained in this article. The Reynold model is used
to capture the variation of viscosity as an exponential function of temperature and the
governing equations are solved analytically. The solutions obtained are graphical
represented and the effects of viscosity variation parameter, mixed convection
parameter and wall temperature difference ratio on fluid velocity and skin-friction
are investigated. In addition, the condition for occurrence of reverse flow at the
channel walls is also established. During the course of numerical computation, it is
found that an increase in viscosity variation parameter increases both fluid velocity
as well as skin-friction at the heated wall. Furthermore,] the magnitude of flow
reversal increases with increase in viscosity variation parameter around the cold
region while the role of wall temperature difference ratio is to minimize the

occurrence of reverse flow.

1. INTRODUCTION

The study of combined natural and forced convection flow
in a parallel-plate vertical channel appears in many practical
engineering applications, including heat exchangers, chemical
processing tools, geothermal energy mining, food processing,
molding and fusing of manufacturing process, dispersion of
chemical contaminants in various processes and in the
chemical industry, transport system for heated or cooled fluids
and many others [1]. Theoretical study of such kind of fluid
flow is very significant in improvement of these applications.
An analytical solution for laminar mixed convection in a
channel with a uniform wall heat flux heated fluid and
downward flow is presented by Lavine [2]. The earliest
analyses of laminar and fully developed mixed convection in
the parallel-plate vertical channel with uniform temperatures
at the boundaries can be found in the work of Tao [3].
Hamadah and Wirtz [4] showed that for mixed convection in
a vertical channel subject to asymmetric heating conditions,
the buoyancy force enhances heat transfer near the hotter wall
and causes a flow reversal near the cooler wall. Barletta [5]
presented a perturbation-based method for analyzing the
effects of viscous dissipation in laminar combined forced and
free convection flows in a parallel-plate vertical channel. Lin
et al. [6] studied mixed convection from an isothermal

horizontal plate moving in parallel or reversely to a free stream.

In their work, they discuss the effect of buoyancy force.

In real life, it is known that physical property such as
viscosity of fluid changes significantly with temperature. For
gases, viscosity increases with increase in temperature, while
for liquid, it decreases as temperature increases. However,
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most of the existing analytical studies assume constant fluid
viscosity. Accurate prediction for flow formation and heat
transfer can be achieved by considering variation of physical
properties with temperature [7-8] especially fluid viscosity.
Shome and Jensen [9] studied a simultaneously developing
laminar flow and heat transfer, with variable viscosity. The
method utilized in their article is a general purpose commercial
program, based on the finite volume method. Jha and Aina [7]
investigated steady fully developed natural convection flow in
a vertical annular microchannel having temperature dependent
viscosity and concluded that increase in viscosity variation
increases velocity of the fluid and skin-friction at the surfaces
of the cylinder. Other relevant research works on mixed
convection flow in a channel with variable viscosity can be
seen in [10-20]

Reverse flow is a situation where fluid flows in opposite
direction to the direction of flow. This phenomena is common
in medical field where some illness are caused as a result of
opposite flow of blood or water molecules [21-22]. The
analysis of flow reversal in mixed convection flow has receive
great attention in the recent past. Sparrow et al. [23] presented
an experimental occurrence of reverse flow. Ostrach [24],
Lietzke [25], Cebeci et al. [26] provided an approximation
analysis for parallel-streamline, bidirectional shear flow in
mixed convection. Aung and Worku [27] and [28] presented
analytical solution for mixed convection flow in a vertical
channel with asymmetric heating of the walls for developing
and fully developed flow respectively. In these works, they
offered conditions under which flow reversal arises. Other
related literatures are [29-32] where temperature dependent
viscosity effects on flow formation are established.



The investigation of exact solution plays a vital role in
checking the accuracy, continuity and convergence of various
numerical computation methods. Exact solutions are therefore
significant in flow formation and heat transfer with
temperature dependent viscosity.

The purpose of this work is to present an exact solution of
steady fully developed mixed convection flow of fluid having
temperature dependent viscosity in a vertical channel with
asymmetric heating of the walls. The mathematical model
employed herein represents a generalization of the work
discussed in [28] to include a more realistic physical problem
(temperature dependent viscosity). Analytical solutions of the
momentum and energy equations are presented and the
condition for occurrence of reverse flow is established. These
solutions generally deserve great attention, since it allow one
to gain a deeper knowledge of the underlying physical
situation. Moreover, it is hoped that the results obtained will
not only provide useful information for industrial applications,
but also serve as an improvement to the previous studies.

2. MATHEMATICAL ANALYSIS

Consider a steady fully developed mixed convection flow
in a vertical channel with temperature dependent viscosity
subjected to asymmetric heating of the channel walls. The
fluid flow is induced by combined effect of constant pressure
gradient (forced convection) and temperature difference of the
walls and the fluid (Natural convection). A schematic
geometry of the problem under investigation is shown in Fig.
1, where x —axis is parallel to the gravitational acceleration g
but in the opposite direction, while y —axis is the flow
direction. The wall (y = H) is assume to be heated with
temperature (T,) greater than the surrounding fluids having
temperture (T,) and the wall (y =0) is heated to a
temperature (T).

& dp
dx

&
¥
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Jr:ﬂ _':|?=H

Figure 1. Schematic diagram of the problem

Using Boussinesq’s approximation and considering
thermally and hydrodynamically fully developed region of
flow formation with temperature dependent viscosity and
constantly applied pressure gradient, in the absence of viscous
dissipation, the governing momentum and energy equations,
describing the present physical situation can be written in
dimensional form as follows:

Conservation of momentum
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da

d d

o (ll ﬁ) + 9poBo(T —Ty) = ﬁ ©
Conservation of energy

d2T

o 2

The boundary conditions for the velocity and temperature
field in dimensional form are as follows:

at
at

u=0,
u=0,

y=0
y=H ®)

The mathematical model used in the present work to capture
the viscosity variation with temperature is the exponential

model proposed by Reynolds [33, 34]

= po exp[—b(T — To)] (4)
where p, is the viscosity when temperature is T, while the
coefficient b determines the strength of dependency between
the viscosity (1) and temperature (T).

Introducing the following dimensionless quantities [28] in
Equations (1)- (4),

_Y g (T-TY) -y — _ N
U—u,,Q—(TZ_TO),Y—H,B—b(T1 TO)’P_pu’Z’
.= (T1—To)  Gr= gB(T—To)H? Re = u'_H’ a= ar ’
(T2-To) v2 v ax
X :% )

Using equation (5), equations (1 - 4) can be written in
dimensionless form as:

da

avy _ Gr
E(exp[—BB]E) = —594'0( (6)
dze
vz ™

subject to the following dimensionless boundary conditions

at
at

GZO—T
6=1

U Y=0
U Y=1

0;
0, (®)

All physical quantities used in the above equations are
defined in the nomenclature. where o measures the degree of
asymmetric heating.

Integrating Eq. (7) and applying boundary conditions (8)
gives:
6Y)=0A-op)Y +or 9)

The expression for temperature distribution in Eqg. (9) is
exactly the same as those obtained by Aung and Worku [28].

Substituting Eq. (9) into the moment momentum  Eq.
(1) and solving it using the boundary condition (8) gives:

v =-= L,(Y) + 071, (V)] exp(B6) +
al;(Y) exp(BO) — %exp(BQ) +C,

[(1—20T)

(10)

where I, (Y) and I,(Y) are variables and C;, C, are constants
defined in appendix.



For purely forced convection flow (%: 0), Eq. (10)
becomes:
(Y) [11(Y) alz]e p(BH) +a14 (11)

In the case of symmetric heating of channel walls (o, = 1),
the velocity profile becomes:
U(Y) = exp(B) [2Y(Y - 1) + =v(1 - Y)] (12)
where a« and a, are pressure gradients obtained for
asymmetric and symmetric heating of channel walls
respectively and these pressures are obtained using the
conservation law;
[, u)dy = [ dy (13)

On solving for the pressure gradient in equation (13), we
obtained,;

a= 1 Gra
_azo Re 21

(14)

a, == — 12exp(-B) (15)
The parameter of interest is critical values of mixed
convection parameter ( ) and the skin-frictions (7) at the

channel walls. The temperature solution as well as rate of heat
transfer is exactly the same as discussed by Aung and Worku
[28] and hence not considered in the present article.

It is of great importance to know the values of( ) for

which the velocity changes direction (reverse flow). Most
Engineering and medical systems are designed in such a way
to avoid reverse flow.

The critical values of ( ) can be obtained from the turning
point of the velocity:

du du

— = and — = (16)
arly=o arly=1

G G 1+

Gr — as2 and Gr _ (+aqp) (17)
Rely=9  azolaizazi—aiil Rely=1 azo0z2

The skin-friction () at the channel walls is defined as the
drag force by which the fluid hits the surfaces of the channel
walls and are given as follows:

T =u (18)
Tp = exp(—BQ)z—z o (19)
7o = F, + F,C, (20)

=u (21)
T, = exp(—BB)z—z - (22)
T, =F+FCG (23)
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where a,, a,as, ..., F;, F,, F5 are constants defined in appendix

3. RESULTS AND DISCUSSION

The exact solutions obtained in Eqgs. (10-23) is seen to be
controlled by mixed convection parameter (%) , wall

temperature difference ratio (o) , viscosity variation
parameter (B) and constant pressure gradient («). In order to
have a deeper understanding of the present work, MATLAB
program is written to compute and generate line graphs for
velocity, skin-friction at both walls and pressure gradient for

different values of governing parameters. The ( ) represents

a measure of the effects of the buoyancy in comparison with
that of inertia of the external force on fluid flow. Outside the
mixed convection region, either the pure forced or the free
convection analysis can be used to describe accurately the flow
or the temperature field. Forced convection is the dominant

G . .
mode of transport when (R—: - 0), whereas, free convection is

the dominant mode when (%—mo). For the numerical

validation of our results, we have chosen physically
meaningful values of the parameters entering the problem.

Mixed convection parameter ( 500 < ( ) < 500) so that it

can capture the occurrence of reverse flow, viscosity variation
parameter (—1.5 < B < 1.5) and wall temperature difference
ratio as (0 < oy < 1).

Table 1 presents the critical values of ( ) for different
values of wall temperature difference ratio and viscosity
variation parameter. It is observed that the critical (%)

decreases with increase in viscosity variation parameter but
increases with increase in wall temperature difference ratio. It
is interesting to note from the depicted graphs that, reverse

flow occur for mixed convection parameter ( ) outer the

range of values given in this Table 1. Table 2 on the other hand
gives numerical comparison between the velocity profiles of
present work and [28]. As expected, it is noticed that as
viscosity variation parameter tends to zero (B — 0), fluid
velocity corresponds to the findings of [28].

Figure 2 depicts combined effect of mixed convection

parameter ( ) and viscosity variation parameter (B) on

velocity of the fluid at for the case of asymmetric wall heating
(or = 0). It is observed that fluid velocity decreases with
increase in viscosity variation parameter as well as mixed
convection parameter at the region closer to the cold wall
while the reversed case is noticed at the region closer to the
heated wall. As expected, point of inflexion is seen around the
center of the channel, whose location in the channel is
dependent on viscosity variation parameter. In addition, the
minimum and maximum magnitude of velocity is observed at
the region closed to the cold and heated wall respectively
which is strongly dependent on mixed convection parameter

(%) This is true since less dense fluid moves freely than

denser ones.

Figure 3 shows velocity profile varying wall temperature
difference ratio and viscosity variation parameter at constant
mixed convection parameter. It is evidence that as wall
temperature difference ratio (o) and viscosity variation
parameter increases, fluid velocity near the wall (Y = 0)
increases and decreases respectively. The effect of wall



temperature difference ratio is to eliminate the occurrence of
reverse flow at the wall (Y = 0). The reversed trend is noticed
for velocity profile close to the heated wall.

Table 1. Critical values of (2—:) for different values of wall
temperature difference ratio and viscosity variation parameter

Ot B Gr Gr
Re|Y=0 Rely_q
-15 159.9254 143.7272
0.0 0.001 73.1316 70.8331
0.5 55.1088 56.9915
1.5 32.0699 35.6842
-15 230.0338 211.6011
0.2 0.001 86.5221 93.6526
0.5 65.7627 67.5489
1.5 34.9774 38.0243
-15 352.9748 331.9203
0.4 0.001 119.9384 119.8921
0.5 83.7020 85.3977
1.5 40.6458 43.2240
-15 609.3373 585.1824
0.6 0.001 178.5456 178.5858
0.5 119.8442 121.4549
1.5 53.0865 55.2778
-1.5 1402.4 1374.5
0.8 0.001 357.2031 356.3468
0.5 228.7769 230.3077
1.5 92.3767 94.2482

Table 2: Numerical comparison of present work velocity
with those obtained by Aung and Worku [28]

Y Gr

o Velocity profiles
Re Aung and Worku Present(B — 0)
[28]
0 0.9600 0.9599
0 0.4 0.9600 0.9599
0.8 0.9600 0.9599
0.2
0 0.1600 0.1599
100 0.4 0.4800 0.4798
0.8 0.8000 0.7993
0 1.4400 1.4400
0 0.4 1.4400 1.4401
0.8 1.4400 1.4398
0.4
0 1.0400 1.0404
100 0.4 1.2000 1.1998
0.8 1.3600 1.3594
0 1.4400 1.4399
0 0.4 1.4400 1.4401
0.8 1.4400 1.4400
0.6
0 1.8400 1.8400
100 0.4 1.6800 1.6801
0.8 1.5200 1.5198
0 0.9600 0.9601
0 0.4 0.9600 0.9601
0.8 0.8 0.9600 0.9601
0 17600 17601
100 0.4 1.4400 1.4404
0.8 1.2000 1.1999
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Fig. 2 Velocity profile for different values of B and Gr/Re at cT:O.O
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Fig. 4 Velocity profile for different values of Gr/Re and 6 at B = 0.5

Figure 4 reveals the influence of mixed convection
parameter and wall temperature difference ratio on velocity
profile at fixed value of viscosity variation parameter
(B =0.5). It is observed that fluid velocity decreases and
increases with increase in mixed convection parameter and
wall temperature difference ratio respectively at the wall with
variable temperature. The reversed case is noticed at region
closer to the heated wall.



300 T T T T T T

—*—B=-15
B=0.5
—+—B=15

200

100 -

To
.k

-100 [~

100, 0, -100

-300 -

400 c c r c c r c c
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
G

Fig. 5 Skin-friction for different values of O B and Gr/Re at Y=0

-10

T

-15

-20

-25

Gr/Re = 100, 0, -100

30 c c c c c c c c
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.9

[e2
T
Fig. 6 Skin-friction for different values of B, o and Gr/Re at Y=1

60 T T T T T T T

40

20

-20

-dP/dX

40
B=15,05,-05-15

-60

-80

100 . . . L .
50 60 70 80 90
Gr/Re
Fig. 7 Pressure gradient for differnet values of B, Gr/Re and or

0 10 20 30 40 100

Figure 5 illustrates the effect of viscosity variation
parameter, mixed convection parameter and wall temperature
difference ratio on skin-friction at the channel wall Y = 0. It
is noticed that viscosity variation parameter as well as wall
temperature difference ratio enhances skin-friction for positive
values of B and has an opposing effect for negative values of
B. Figure 6 on the other hand exhibits the effect of these
governing parameter on the skin-friction at the heated wall
(Y = 1). Itis easy to observe that skin-friction increases with
increase in B. From Figures 5 and 6, the role of mixed
convection parameter is to decrease skin-friction at both walls.
This can be attributed to the fact that increase in mixed
convection parameter increases the buoyancy force which in
turn reduces the drag effect at the wall surfaces.
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Figure 7 plots the gradient of pressure parameter (a) as a
function (%) B and (o7). Itis realized from this figure that

that pressure gradient decreases with increase in mixed

. G - - .- -
convection parameter (R_:) as well as viscosity variation ratio

(B) for all (o). This could be attributed to the fact that the
pressure is applied in perpendicular direction to buoyancy and
hence results in adverse pressure gradient.

4. CONCLUSIONS

An exact solution of steady fully developed mixed
convection flow in a vertical channel with temperature
dependent viscosity and flow reversal is presented in this
article. The role of viscosity variation parameter, mixed
convection parameter and wall temperature difference ratio on
fluid velocity and skin-friction is investigated. This study
agrees with the findings of Aung and Worku [27] in the
absence of viscosity variation parameter (B — 0). The main
conclusions of the present work are:

1. Viscosity variation parameter and mixed convection
parameter increases the velocity along the heated wall while
the reversed trend is found along the cooled wall.

2. Magnitude of reverse flow increases with increase in
viscosity variation parameter (B) at the cold wall while the
opposite result is noticed at the heated wall.

3. Wall temperature difference ratio enhances fluid velocity
at the region closer to the cold wall while the contrary result
occurs at the region closer to the heated wall.

4 Reverse flow occurrence at the channel walls can be
minimized by increasing wall temperature difference ratio.

5. Skin-friction at the heated wall increases with increase in
viscosity variation parameter and wall temperature difference
ratio but decreases with increase in mixed convection
parameter .

6. The position of inflexion point in velocity profile is
dependent on viscosity variation parameter.
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NOMENCLATURE

viscosity variation parameter
g acceleration due to gravity (ms=2)

Gr Grashof number

H spacing between the duct walls (m)

D pressure (Pa)

P dimensionless pressure

or wall temperature difference ratio

Re Reynolds number

T temperature (K)

u' axial velocity (ms~1)

U dimensionless axial velocity

X,y axial and transverse coordinate respectively (m)
X dimensionless axial coordinate

Y dimensionless transverse coordinate

a dimensionless pressure gradient defined in (5)
B thermal expansion coefficient (K1)

U dynamic viscosity (Pa s)


http://www.ingentaconnect.com/content/asp/jon

Uo dynamic viscosity at T = T,
v kinematic viscosity (m?s~1)
Po density (Kgm™3)
6 dimensionless temperature
T skin-friction
Subscripts
0 value at duct entrance (i.e at x = 0)
1 value on cool wall (i.e at y = 0)
2 value on hot wall (i.e aty = H)
m bulk value.
Appendix
Y 1 Y2
a=(r-DB LM =-(2+75), LM =-(=+
2Y 2 % _ L _ i _
Tt )b @ =0 =~ L) =-25, L) =
1 1 1 2 2
—(a—1+a—12) , 12(1)——(‘1—14'?4'@), a, =

[(I_ZGT) 1,(0) + UT11(0)] exp(Bor) , as = [(1_2UT) L)+

orly (D] exp(B), a, = L()exp(Bor), as = ,(1)exp(B)
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1
g = A — A3z, A7 = 45— 04, Ag = a—l[eXD(B)—
exp(Bor)] ag = ayexp(B) — azexp(Bor) , ajo =
asexp(Bor) —asexp(B), , I{(1) =L(Dexp(—ay)

5O Do ay , 6 =L [Ear+aa)

; LGRS HOIES

Gr
C,=—|—aq+ aa ]
2 aiag LRe 9 10 f» ( :
_ 1-oT
iy = [—2 aie +

1
Llexp(—a,) — 1] ,
1pos
TTals] exp(Bor), a;3 = a;sexp(Bor) , a6 = _a_1[12 -
(0] = 5[5 ~ HO] + 5 [exp(-ar) — 1],
_ [exp(-aq)-1]exp(Bor)

a,?
_ a11019—Q17+d;13

Q19 ) Azp = Qg + Q12019 + Aqyg ,

_ (or+1)

az1 20 22 +az; —ay1 +a12071

FO) =~ ) == 2+ 5] F =
~ [P LO + o k(D] B~ o) + [SP O]} +

2 2
_ B(or-1)

G 1-
al,(0)B(1—oy) , F, = R =[S L +

orh(D] B = op) + [R50 + o (D]} +
al,(DB( - o7) + al} (1)






