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Abstract

Most commonly uncertainty occurs because of vagueness, imprecision, partial information
etc. To deal with this type of uncertainty, initially fuzzy set theory (FST) was explored and later,
interval valued fuzzy set (IVFS) and intuitionistic fuzzy set (IFS) were developed and
successfully applied in different areas. Although, IFS ascribes a membership degree and a non-
membership degree separately in such a way that sum of the two degrees must not exceed one,
but one of the important and integral part i.e., degree of neutrality is not taken into consideration
in IFS, which is generally occurred. In such circumstances, picture fuzzy set (PFS) can be
considered as a strong mathematical tool, which adequate in situations when human opinions
involved more answers of type: yes, abstain, no. In this paper, an attempt has been made to study

equivalence picture fuzzy relation and its some properties.
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1. Introduction

After the developments of fuzzy set theory by Zadeh [1] various direct/indirect extensions of
fuzzy set have been made and successfully applied in most of the problems of real world
situation. an important generalization of fuzzy set theory is the theory of intuitionistic fuzzy set

(IFS), introduced by Atanassov [2] ascribing a membership degree and a non-membership degree
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separately in such a way that sum of the two degrees must not exceed one. It is observed that
fuzzy sets are IFSs but converse is not necessarily correct. Later IFS has been applied in different
areas by various researchers. It is seen that one of the important concept of neutrality degree is
lacking in IFS theory. Concept of neutrality degree can be seen in situations when we face human
opinions involving more answers of type: yes, abstain, no, refusal. For example, in a democratic
election station, the council issues 500 voting papers for a candidate. The voting results are
divided into four groups accompanied with the number of papers namely “vote for” (300),
“abstain” (64), “vote against” (115) and “refusal of voting” (21). Group “abstain” means that the
voting paper is a whitepaper rejecting both “agree” and “disagree” for the candidate but still takes
the vote. Group “refusal of voting” is either invalid voting papers or bypassing the vote. On the
other hand, in medical diagnosis degree of neutrality can be considered. E.g., there may not have
effect of the symptoms temperature, headache on the diseases stomach and chest problems.
Similarly, the symptoms stomach pain and chest pain have neutral effect on the diseases viral
fever, malaria, typhoid etc. In this regard, Cuong and Kreinovich [3] introduced Picture fuzzy set
(PFS) which is a direct extension of fuzzy set and Intuitionistic fuzzy set by incorporating the
concept of positive, negative and neutral membership degree of an element. Cuong [4] studied
some properties of PFSs and suggested distance measures between PFSs. Phong et al., [5] studied
some compositions of picture fuzzy relations, Cuong and Hai [6] investigated main fuzzy logic
operators: negations, conjunctions, disjunctions and implications on picture fuzzy sets and also
constructed main operations for fuzzy inference processes in picture fuzzy systems. Cuong et al.,
[7] properties of an involutive picture negator and some corresponding De Morgan fuzzy triples
on picture fuzzy sets, Son [8] proposed a new distance measure between PFSs and applied in
fuzzy clustering, Cuong et al., [9] investigate the classification of representable picture t-norms
and picture t-conorms operators for picture fuzzy sets.

Relations are a suitable tool for describing correspondences between objects. In this paper, an
attempt has been made to study equivalence picture fuzzy relation as well as its some properties
such as equivalence class, intersection and union of equivalence relations. Some extensions of

Basnet [10] will also be made.

2. Preliminaries:
In this section some basic concept of picture fuzzy set has been reviewed.

Definition 2.1 A Picture Fuzzy Set (PFS) A on a universe X is an object of the form

A={(x,uA(x),nA(x),vA(x))| X e X}
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where p,(x)€[0,1] is called the degree of positive membership of x in A, n,(x)<[0,1] is

called the degree of neutral membership of x in A, v,(x)€[0,1] is called the degree of negative
membership of x in A.

ta(X),Ma(X),va(X) must satisfy the condition p, (X)+1,(X)+V,(X)<1 V¥V xeX.

Then V xe X, 1—(p, (X)+n,(X)+v,(X)) is called the degree of refusal membership of “x”
A.

Definition 2.2 If A={(X,u (X):ma(X),va(X))Ixe X} and

B:{(X,},LB( )i Ms (x))Ixe }beanytwo PFS of a set X then
(1) AcBIiff v xe X, py(X)<pg(X).ma(X)=ng(X) and v, (X) = vy (X).

(2) A=Biff v xe X, py(X)=pg(X).n(X)=mg(X) and v, (x)=vg(X).
(3) AuB={(x,max(pA(x),uB(x)),min(nA(x),nB(x)),min(vA(x)sz(x)))|XGX}
(4) AmB:{(x,min(uA(x),pB(x)),max(nA(x),nB(x)),max(vA(x):vB(x)))|XG X}.

3. Picture Fuzzy Relation:

In this section, ( «.p.y )-cut of picture fuzzy relation has been defined. Reflexivity,
symmetricity and transitivity of picture fuzzy relation are defined. Equivalence of picture fuzzy
relation has been shown based on («,p,v)-cut. Later on, studied on equivalence class, intersection

and union of equivalence picture fuzzy relations.

Definition 3.1 Let, A be a non-empty set. A picture fuzzy relation (PF relation) R on A is a
picture fuzzy set

Rz{((x,y),pA(x,y),nA(x,y),vA(X,y))|(x,y)eAxA}
where 4, (x): AxA—[01] , Ma(X):AxA—[0,1] and v,(x): AxA—[0,1] satisfying the

condition p, (X, ¥)+1, (X Y)+va(Xy)<1 V (X y)eAxA.

Definition 3.2 A PF Relation R:{((x, Y)ola (% ¥)ma (% ¥)va (% ¥))1(X, y)eAxA} is
said to be reflexivep, (X,x)=1, n,(X,x)=0 and v,(x,x)=0V xe A. Also R is symmetric if
HA(Xa y):l"lA(y’X) ,ﬂA(X, Y)=11A(y,x) and VA(X’ y) ( ) (X’ y)EAXA'
)

Definition 3.3 If R, :{((x, y) (% Y) (X, Y),vi (XY )|(x, y)e Ax A} and
R, = {((x Y)oky (X Y)om, (%, Y), v, (X ¥)) (X, ) € Ax A} be two PF Relations on A then J
composition denoted by R, o R, is defined by
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R°R, ={((X’ Y)ib oty (X Y)impem, (X Y),viev, (X, Y)) (x,y)e AXA}
where p,op, (X,y)= sup{mln{u1 X,2),1,(2,Y) } ze A
nom, (X y)= mf{max{nl x,2),m,(2,y) } ze A

viov, (X, y)=inf {max{vl(x,z),vz(z, y)}} zeA.

Definition 3.4 («.p,y)-cut of a picture fuzzy relation R
Copy (R)={(XY) € X x X g (X, Y)Z 0 mg (X, V) B VR (X V) <7}

Definition 3.5 A PF Relation R on A is called transitive if R-Rc R.

Definition 3.6 A PF Relation R on A is called Picture Fuzzy Equivalence Relation if R is
reflexive, symmetric and transitive.

(X),va(x ))|X€X} of set X, we define a

Definition 3.7 For any PFS A:{(x a(X),Ma
)2 oun, (X)<B,v,(x)<y} of Xand itis

(ou.B.y) - cut of A as the crisp set {x e X |p, (X
denoted by C, ;. (A).

Theorem 3.1 Let, R = {((x Y)oia (X ) Ma (% Y),va (X)) (X y) € X x X} be a relation
on a set X. Then A is a PF equivalence on X iff C_ (R) is an equivalence relation on X, with

0<a,B,y<land a+p+y<1.
Proof. We have,
Copy (R)={(X.¥) € X x X [1g (X, ¥) Z 0 mg (X, Y) B, v (X, V) <7}
R is a PF equivalence relation so

Ha(X,X)=1>0, ny(x,x)=0<pand v,(x,x)=0<A V xeX.
(xx)€Cyp, (R)

= C,;,(R) is reflexive.

Now,

Let, (x,y)eC,;, (R)

Then pg (X, y) = a,ng (X, y) <P and vy (X,y)<

But, R is PF equivalence so
Be (V. X) =Hg (X% Y) 2
Me (¥, X)=ng (x,y) <P
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Again,

Ve (¥:X) =ve (. Y) <v
(¥:x)€Cyp, (R)

=  C,, (R) is symmetric.

OtBy(

Let, () €C,y, (R) and (y,2) <C, , (R)

Then pg (X, ¥)=a,ng (X, y) <P and vg(x,y)<

and i (y.2)2 @y (v,2)<B and vy (v,2) <
min {is (%, y), e (v 2)} 2
max {1, (%, y),na (¥,2)} <P

and  max{vy (%, y),ve (%,2)} <7.

= masc{min {1, (5,Y) s (7, 2)}} 20 = (g o1 ) (,2) 2

min {max s (%,Y). e (%,2)}} <B = (nyoms)(x,2) <B
}

and min {max {v, (x,y),ve (¥, 2)}} <7 = (veove) (X 2) <y
But, R is PF equivalence so
Mg (X,2) 2 (kg okg ) (X 2) 2 0
p
and vy (%2)<(Veove)(%,2) <7
(x2)eC,y, (R)

= C,;, (R) is transitive.

IA

e (X.2) < (Mg ome ) (%.2)

Conversely,

Suppose that C,_ , (R) is an equivalence relation on X

Taking oo=1, B=0 and y=0we get C,,, (R) is equivalence and so a reflexive

relation and so (x,x) €C,,,(R) V xeX.

He (X, X) =1, Ny (X, x) <0 and v, (x,x)<0

Thus, pg (X,X)=1, ng(X,Xx)=0 and v (x,x)=0.
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PF relation R is reflexive.
Forany x,ye X, let pu (X, y)=o, ng(x, y)=P and v, (X, y)=7.
Then o.+B+v <1 and so by hypothesis C,_, (R) is equivalence and hence
symmetric relation on X. Also, (x,y)€C, . (R) so by symmetry (y,x)eC,;. (R).
MR(y’X)Za:MR(X7 Y), nR(y’X)SB:nR(X’ y) and
Ve (¥, X) <y =ve(X,Y).
Similarly, if pg(y,x)=38, nz(y,x)=0 and v, (y,x)=4¢ then (x,y)eC;_,(R)

Now, pg(XY)=8=pg(y,X), nz(X y)<o=ng(y,x) and
Ve (X, Y)<d=vg(y.X).

Hence, pg (X, Y) =1 (¥, X), Mg (X ¥)=ng (¥, X) and v (X, ¥)=vg (V. X).
PF relation R is symmetric.
Again,
Let, x,y,ze X

min{p, (x,2), s (2, Y)} =
max{n, (%,2),ms (2,y)} =B

and  max{vg (x,2),vg(z,y)}=7.
Then a>0,B<1, y<land a+B+y<1.

C,;, (R)is an equivalence relation on X.

He(XZ)=a, pe(z,y)2 0o, Nz (%2)<B, ng(z,y)<P and vy (x,2)<y,
ve(zZ,y)<v.

So, (xz)eC,4,(R)and (z,y)eC,,, (R).

As,  C,,.(R) isequivalence relation so by transitivity(x,y) C,_ ;. (R).

Then “R(X’ Y)ZOL,T]R(X, y)SB and VR(X’ y)S’Y

(%)
(xy)

and e (X, y)<y= max{vR
(xy)



and  vq

and v (X, y)<(vgovg)(Xy).

= Hg 2 Mg °Hg, Mg S Mg °Ng aNd Vg S Vg o Vi,
= PF relation R is transitive.
Hence, PF relation is an equivalence relation.

Definition 3.7 Let R = {((x Y)oba (% Y)ima (X Y)ova (% ¥)) (X, y) € X x X} be a PF
equivalence on a set X. Let, a be an element of X. Then the PFS defined by

aR = {(x,auR (x),ang (x),avg (x)|x € X )}Where (apg )(X)=pg (a,x), (ang )(X) =ng (a,x)

and (avg )(x)=vg(a,x) V xe X is called and PF equivalence class of a with respect to R.

Theorem 3.2 Let R ={((x, Y)obta (% ¥)ma (X Y),va (X ¥)) (X Y) € X x X} be a PF
equivalence relation on a set X. Let, a be any element of X. Then for 0 <a,f3,y <1 and

a+B+y<1, C,,, (aR)=[a], the equivalence class of a with the equivalence relation C_,_(R)
in X.

Proof: We have,
[a]={xe X |(a,x)eC,,, (R)!
={xe X |pg(ax)2 g (ax)<Bve(ax)<v}
—{xe X | (g )(x)= o (ang ) (X) <B.(ave ) (X) <7}
—C,,.(aR).

Theorem 3.3 Let R :{((x, Y)oba (X Y)uma (% Y)ova (% ¥)) (X, y) € X x X} be a PF
equivalence relation on a set X. Then [a]=[b] iff (a,b) eCa’B'y(R) where [a],[b] are
equivalence classes of a and b with respect to the equivalence relation C,_ ;. (R) in X for
0<a,B,y<land a+pB+y<1.

Proof. Let, [a]=[b]

Then C,, (aR)=C,;. (bR)

a,By
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= {xeX|(apy)(x) 2 a,(ang )(X) <B.(avg )(x) <y} =
{xe X | (byg ) () 2 o1, (ba ) (%) <P, (bvi ) (x) <7}

Let, xeC,, (aR)=C,;. (bR)

S (am)(0)2 o (an, ) (%) <B (av, ) (x) < and
(b1 ) (x) 2 (b, ) (x) < by ) () <7

= (ke)(@x)za(ng)(ax)<B.(ve)(@
(o) (b %) 2 01, (e ) (b X) <,

= min{p,(a,x),pg (b,X)} =0, max{n, (a,x),ng (b,x)} <p and
max {vy (a,X),vg (b, X)} <y

= sup{min{uR (a,%),pg (b, x)}} > o, inf {max{nR (a,%),mx (b, x)}} <B
and inf {max{vR (a,%),vg (b, x)}} <y

= (mrepg)(@b)=a, (ngeng)(ab)<p and (viovy)(ab)<y

= (ab)eC,;,(R)

Conversely,

Let, (ab)eC,;,(aR)

= pe(ab)za, n.(ab)<p, ve(ab)<y e 1)

Let, xeC,g4, (R)

Then (aug )(X)= o (ang ) (X) <B.(ave ) (X) <

= (ke)(@x)za(ne)(ax)<p.(ve)(ax) <y
(b,a

= min{p, (b,a),p, (a,x)} = a, max{n,(b,a),n,(a x)}<p and
max {v (b,a), vy (a,x)} <y (using (1))

= sup{min {ng (b,a),u, (a, x)}} >a, inf {max{nR (b,a),mq (a, x)}} <B
and inf {max {v, (b,a), v, (a,X)}} <y

= (mropg)(bx)=a, (nzomg )(b,x)<P and (vg vy )(b,x) <y

= (bue)(X)2 o (bna )(X) <P and(bvy )(x) <y
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=  (ab)eC,,, (bR)

= C,,(
Similarly, ~ C,, (bR)c=C,,, (aR)
Hence, C.. (

= [a]=[b].

Theorem 3.4 The intersection of two PF equivalence relations on a set is again a PF
equivalence relation on the set.

Proof. Let, Az{((x, Y)obta (% ¥)ma (X Y).va (X Y)) (X Y) € X x X} and

B={((x, Y)itteg (X Y) e (X, Y), Ve (X, y))|(x, y)eXxX} be two PF equivalence
relations on a set X.
Forany 0<o,B,y<land a+B+y<1,wehave C,;, (AnB)=C,, (A)nC,, (B).

We know that, C,, (A) and C,, (B) are equivalence relations on X and so being

intersection of two equivalence relations Cam(Am B) is also an equivalence relation on X and
AN B isan PF relation on X.

Remark 3.5: Union of two PF equivalence relations on a set is not necessarily a PF
equivalence relation on the set.

Let, X ={a,b,c}.
A={((%y):1a (% Y)Ma (%) VA (X ¥)) 1 (X ) € X x X} and
(

(X, ¥). g (X, Y), nB(x,y),vB(xy (x,y)e X x X} be two PFS on X where
na(aa)=p,(bb)=p,(cc)=1 , p,(ab)=p,(ba)=p,(ac)=p,(ac)=02 and

bb)=mn,(c.c)=0 , m,(ab)=n,(b,a)=n,(ac)=n,(ac)=05 and
0

vai(a,a)=v,(bb)=v,(cc)=0 , v,(ab)=v,(ba)=v,(ac)=v,(c,a)=03 and

Hg (a,a) =pg (b,b)=pg (c,c) =1, pg (a,b)=p; (b,a)=pg (b,c) =pg (c,b)=0.4 and
Hg (a,c)=pg(c,a)=06
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Ne (a,a) =M, (b,b)=m, (c.c) =0, Ny (a,b) =n; (b,a) =7g (b,c) =m, (c,b) =0.3and
ns (a,c)=ny(c,a)=0.2

and vy (a,a) =vg (b,b)=vg(c,c)=0, v (a,b)=v,(ba)=v,(b,c)=v,(c,b)=0.3 and
vg(b.c)=vg(c,b)=01

Now,

AUB={((%¥)(1artte ) (Mame s (Var Ve ) ) [ (X ) € X xY |

It is not transitive as

{(MAUMB HaYHg

)j(a

_Sup{mln{(m UHB)(a,a),(MA UMB)(a,b)},min{(pA UMB)(a,b),(MA UHB)(b,b)}}
( )
{

min{(p,Upg)(a.c), (1, Upg )(c,b)}

=sup{min{1,0.4}, min {0.4,1}, min {0.7,0.6} |

=0.6>0.4 =max{p,(a,b),us(a,b)} =p, Upg(a,b).

. AU B is not an PF equivalence relation on X.

4. Conclusion

Reflexivity, symmetricity and transitivity of a picture fuzzy relation have been defined.
Equivalence of picture fuzzy relation has been proved based on («,p,y)-cut. Some properties on
equivalence class are discussed. Intersection and union of equivalence PF relation are also
studied. It is found that intersection of equivalence PF relation is also equivalence PF relation,

whereas union is not.
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