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A mathematical model for the control for HIV/AIDS was formulated, using vaccine,
condom, therapeutic dose and public health campaign’; The models are compartmental in
nature and non-linear. We use Homotopy perturbation method to solve the model. It was
discovered that, any non-linear equation to be easily solved using this method, it is explicit
and converge easily.

1. INTRODUCTION

Non linear phenomena are fundamentally importance in
different fields of science and engineering. Most nonlinear
models related to real life problems are too difficult to solve
either analytically or numerically, therefore the present study
is an attempt in developing methods to obtain analytical
solution for the set of problems. The Homotopy perturbation
method is one of such method, it is straight forward and it is
applicable to non-linear and linear problems. It is also
applicable to both partial differential equations and ordinary
differential equations. The Homotopy perturbation method
(HPM) was proposed by He in 1998 and was developed and
improved upon by him, Homotopy perturbation method is the
combination of the traditional perturbation method and
homotopy method. The perturbation method is based on the
existence of small parameter. Human immunodeficiency virus
infection/acquired immunodeficiency syndrome (HIV/AIDS)
is a disease of the human immune system caused by infection
with human immunodeficiency virus (HIV) Sepkowitz [4].

1.1 Signs and symptoms of HIV/AIDS

There are three main stages of HIV infection: acute
infection, clinical latency and AIDS. H.H.S.(2010).
The initial period following the contraction of HIV is called
acute HIV, primary HIV or acute retroviral syndrome. Many
individuals develop an influenza-like illness or a mono
nucleosis like illness 2-4 week post exposure while others have
no significant symptoms, WHO [5]. Symptoms occurs in 40-
90% of cases and the sign most commonly include at this stage
fever, large tender lymph nodes, throat inflammation, a rash,
headache and/or sores of the mouth and genitals, some people
also may develop opportunistic infection at this stage. WHO
[5]. Gastrointestinal symptoms such as nausea vomiting or
diarrhea may occur as a neurological symptoms of peripheral
neuropathy Guillain Barre Syndrome. The duration of the
symptoms varies, but is usually one to two weeks. Vogel .et al

[6].
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The initial symptoms are followed by a stage called clinical
latency, a symptomatic HIV or chronic HIV without treatment.
This second stage of the natural history of HIV infection can
last from about three to over 20 years, Evian [7] and on the
average about 18years [8]. While typically there are few or no
symptoms at first, near the end of this stage many people
experience: fever, weight loss, gastro intestinal problems and
muscle pains. Between 50-70% of the people also develop
persistent generalized lymphadenopathy; characterized by
unexplained non-painful enlargement of more than one group
of lymph nodes for over three or six months.

Although most HIV -1 infected individuals have a
detectable viral load and in the absence of treatment will
eventually progress to AIDS, a small proportion about 5%
retain high level of CD4-T cell (T-helper cells) without
antiretroviral therapy for more than 5 years [9]. These
individuals are classified as HIV controller or long-term non
progressors (LTNP). [9]. Another group is those who also
maintain a low or undetectable viral load without anti-
retroviral treatment. These group are known as elite controllers
or elite suppressors. They represent approximately 1 in 300
infected persons [10].

The last stage of HIV is the Acquired Immunodeficiency
Syndrome (AIDS). It is defined in terms of either a CD4* T
cell count below 200 cells per ml or the occurrence of specific
disease in association with an HIV infection (Holmes et al
2003). Without treatment about half of people infected with
HIV develop AIDS within ten years [11]. The most common
initial conditions that alert one of the presence of AIDS are
pneumocystis pneumonia (40%), cachexia in form of HIV
wasting syndrome (20%) and esophageal candidacies [11].
Other common signs include recurring respiratory tract
infection.

People with AIDS have an increased risk of developing
various viral induced cancers including Kaposi Sarcoma,
Burkett’s lymphoma, primary central nervous system
lymphoma and cervical cancer [6]. These set of people often
have systematic symptoms such as prolonged fevers, sweats
(particularly at night) swollen lymph nodes, chills weakness



and weight loss. Diarrhoea is another common symptom
present in about 90% of people with AIDS [12]. They can also
be affected by diverse psychiatric and neurological symptoms
independent of opportunistic infection, cancer and finally
death [13].

1.2 Mathematical model formulation

The development of our model is based on the following
assumptions that

1. The diseases HIV/AIDS is killing continuously

2. Individual who contact this disease will definitely die of
the disease if untreated or on control drug.

3. There is no medicine right now for total cure of this
particular disease, therefore infected individual will live
with the disease in his/her life time. Individual on HIV
drug will remain on the drug forever.

4. Individual who is faithful to the drug will not die of
HIV/AIDS

5. There is no vaccine with 100% efficacy to prevent
HIV/AIDS

6. The available vaccines are imperfect; and so the vaccine
will wane with time.

7. That not all the people within the sexually active
population are willing to use condom whenever they have
sex.

8. There are no vertical transmissions of the diseases.

9. That campaign reduces the rate of transmission; because
those who are properly informed will reduce their
exposure to infection whenever they meet any infectious
opportunity.

We develop and analyze a mathematical model for
HIV/AIDS transmission dynamics and control improving on
the existing models as discoursed in our literature review. This
is done by incorporating vaccination coverage, condom usage,
campaign and therapeutic doses. The model is defined as a set
of ordinary differential equations based on our assumptions
about the dynamics of HIV/AIDS, and some biological
interventions.

The interaction between the classes is describe as follows:
The susceptible is divided into three groups: (S) represent the
number of individuals not yet infected with the virus
(HIV/AIDS) virus but are susceptible to the disease and its
recruitment is not vaccinated, denoted by =, the other
susceptible group is the vaccinated susceptible population
denoted by (V), when the susceptible population, as a result of
public enlightment campaign get vaccinated at the rate
6, and its recruitment is vaccinated at a proportion P, the
vaccine has the ability to reduce the infection rate by a factor
(L-6)k where 4 is the vaccine efficacy. When the efficacy is

low, the infection may occur at the rate (1-¢,)k , &, , measure
the efficacy of the vaccine such that 0<g <1 If g =1

,vaccine is completely effective in preventing the population
from infections, if the g, is equal to O the vaccine is useless,

as the whole population will be infected if they interact with

infected population. The third susceptible class are those who
use condom at the &, and its recruitment is denoted by ),

the failure rate in protecting an individual is denoted by &, in

that case the condom users will be susceptible again. The
effectiveness of the condom is denoted by ¢, such that

0<¢p<1, Ifp =1, the condom is very effective and it can
prevent the population from the infections, but if the condom
efficacy is equal to zero (0) , the condom is useless. The

waning rate of the vaccine is denoted by & and the individual
become susceptible again. Exposed class (E) is made of
individuals who have contracted the infection at the early
stage, but are not capable of infecting others in the population
yet, the exposed individual will become infectious at the rate
¢ the public health campaign is denoted by C , the rate at
which the infectious individual through effective public health
campaign go for treatment is 7 , the non effectiveness of
therapy is denoted by o,, o, such that 1<g,, o,<1 the

infectious individual progress to full blown AIDS at the rate
77, the delay rate in developing symptom is €, (A) is the

population of individual with clinical AlIDs, it is a function of
(1), (1,) and (A) developing disease symptoms. The

susceptible may become infectious at the rate of infection k ,
the force of infection is given by

k = NB 1, + 00, A +0 B A
N

where
N =number of sex partners
B, =transmission rate from infectious individual not receiving

treatment
p, =transmission rate from infectious individual receiving

treatment

ﬂg transmission rate of AIDS individual who is undergoing
therapy, (HAARTS)

Table 1. State variable of the HIVV/AIDS with control

strategies
Number of susceptible at time
S() o
V() Number of preventive
vaccinated individual at time t
Number of susceptible that
H(®) are condom users at time t
E() Latent/exposed individuals at
time t
I Infectious individuals at time

tnot receiving any treatment

Number of infectious
12(t) individuals who are

undergoing treatment
Number of individuals with

full blown AIDS.
Number or proportion of full
Ar(t) blown AIDS who are
undergoing therapy.

Proportion of full blown
Aa(t) AIDS who are not receiving
the therapy.

AY)

In the force of infection g > g, > g,. This show that s

contribute much on the transmission of the infection due to the
fact that they are not receiving treatment, so they are not
protected, s, contribute much less on the transmission of the



infection due to their HIV status, they have acquired
HIV/AIDS but receiving treatment so their viral load will be
significantly reduced, unless if they desist from taking their
daily pills. /3, Isexpected to contribute least to the infection,

since they just acquired the full virus and are aware of the
AIDS status and they are receiving the daily therapy. There is
natural death rate ) in the whole compartments, but there

is an HIV/AIDS induced death rate in the (A) and (A)

classes. (A) And Azare the same if proportion of (A) class

stop receiving treatment.
The total population at any time t is given by

N(t)=S(t)+V (t)+H (t)+E(t)+1(t)+1,(t)+A (t)+A(t)+A (t)

The population are homogeneously mixed and each
susceptible individual has equal chances to acquire HIV
infection when individual come in contact with an infectious
individuals.

The full description of the variables and parameters to be
used in the model are as follows in table 1 and table 2.

Table 2. Parameter descriptions

n Population recruited into the susceptible class.
p Proportion of susceptible recruited individual
with lost preventive vaccination
o Proportion of susceptible recruited individual
that uses condom
u Per capita death rate (Nature death)
a; Disease induced death rate
o1 Preventive Vaccination rate in the population
5, Rate of condom usage in the population
[ Waning rate of the vaccine
& Improper condom usage
[) Condom efficacy or effectiveness
0; Vaccination efficacy rate
Progression rate of latent individual to
¢ infectious class.
c Public health campaign rate
Ui‘Tc Rate of non effectiveness of the drug.
T Treatment rate of infectious individual
n Rate of progression to full blown AIDS
e Reduction in developing symptom.
Rate at which those in the AID class receive
n treatment due to effectiveness of public health
campaign
Effective contact rate of the susceptible with
k the infectious classes and called force of
infection.
s The rate at which the susceptible individual
2 uses condom effectively
Rate at which unvaccinated and those who
r voluntarily refused to use condom become
exposed to the infections.
Rate at which proportion of those in A class
r2 refused to receive the therapy and remain with
AIDS.
a Disease induced death rate of those who
2 refused therapy as AIDS individuals.

1.3 Flow diagram illustrating the interactions of the
different compartments

i—?=n—é}c$—rk3—5zcs +eH —uS+pVv
(jj—\::(gcs-(l—q)kV— PV — 1V
dd_T:—(l—(p)kH —eH +8,65 - uH

dE

T = (L 0)kH +1kS +(1-6)kV —gE — uE
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%:¢E+(1—0'1)|2—TC|—77C|—#I

dl

d—tzzrcl—(l—O'l)Iz—,ul2

d

d—AtT=r1cA—(1—cr2)Ar—,uAr

dA

E=77cl +(1-0,) A —1rcA—aA- uA-r,A
9 A

o =nA—(a,+u)A,
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Figure 1. Model Flow Diagram for the main model
From our assumptions and the flow chart we obtain the
system of ordinary differential equations

where K is the effective contact rate given as

k = nAl, +00,A + 0L A
N

With the following initial conditions
$(0)>0,v(0)>0,H(0)>0,E(0)>0,1(0)>0,1,(0)>0,A,(0)>0,A (0)>0,A(0)>0
With the effective contact rate
B> B, > P

Buu N=S+V+H+E+I1+1,+A+A +A

2. BASIC IDEA OF HOMOTOPY

PERTURBATION METHOD

HE’S

To demonstrate the basic ideas of He’s homotopy
perturbation method we consider the non linear differential
equation.

Au)—f(r)=0 reQ )
With the boundary condition
B(u,au):o rel )
on
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where

A is a general differential operator,

B aboundary operator

f (r)a known analytical function and

I"is the boundary of the domain

Q) respectively, Taghipour (2011)

The general operator A can be divided into two parts L and
N where L is the linear part and N is the non linear part
respectively. Equation (1) can therefore be written as;

Lw+N@u)—f(r)=0 (3)

We now construct a homotopy V (r, p) such that
V(r,p): QX[O,l] — R which satisfies
H(r, p) = (1~ p)[L(V) - L(U,) ]+ p[A(V) - f (r) =0]
Pe [0,1], reQ
OR
H(r, p) = L(v) - L(up) + pL(u,) +[N(v) - f(r)]=0

)

®)
where P € [0,1] is an embedding parameter, while Uy is an

initial approximation of equation (1) which satisfies the
boundary conditions.

Obviously from equation (4) and (5) we have

H(u,0) = L(v)-L(u,) =0 (6)

H(u,l)=A(v)-f(r)=0 ()

The changing process of p from zero to unity is just that of
V (r, p) fromU, () to u(r).
In topology this is called deformation while L(v)—L(u,),

A(v) — f (r) are called Homotopy.
According to Homotopy perturbation method (HPM) we
can first use the embedding parameter (p) as a small

parameter and assume solution for equation (4) and (5) which
can be expressed as;

V =V, + pv, + PV, +... ®)

Setting p =1 we will obtain an approximate solution of
equation (8) as
U=Ilimv=v,+Vv,+V, +... )
p—1

Equation (9) is the analytical solution of (1) by Homotopy
perturbation method.

He (2003), (2006) makes the following suggestion for
convergence of (9) (1). the second derivation of N (V) with
respect to V must be small because the parameter p must be
relatively large i.e. P —1



OoN
(2). the norm of Lt 6_V must be smaller than one so that

the series converge.

3. SOLUTION OF THE MODELS USING HPM

Consider the systems of non linear ordinary differential

equations given as;

((jj—?:ﬂ'+gH —9,€S —0,cS + PV — uS —rkS
(;—\t/:é'lCS—(l—@l)kV—PV—,uV
CL—I;':@CS—gH —(1—p)kH — uH

dE

i rkH + (1—@)kH + (1—-6,)kV —¢E — LE
dl

E:¢E+(ZI.—01)I2 —zcl —nc, | — ul

dA

i nCl +(1-o,)A —1r,cA-r,A—aA— uA

dl
d—t2=TCI —A-o)l,—pul,

L REAT S

d
& —rA-a,h -

S(0) =0,V (0) =0, H(0) =0, E(0) =0, 1(0) =0,

A(0) =0,1,(0) =0, A (0) =0,and A,(0) =0

(10)

an

(12)

(13)

(14)

(15)

(16)

(17

(18)

The parameters and the variables in the models are as
defines in our discussion. We therefore simplify these

equations further;

$=ﬂ+SH —(oc-0,c—u—rk)S+PV

% =568 —(1-6)k —P— p)V

L= (0,05~ (e -a-pk-H

(19)

(20)

(21)
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((jj—f =(r+@Q-¢)kH +1-6,)Vk—(¢+ 1)E

di
- B ool = (et + )]

?j—':‘:nc3l +(1-o)A —(rc+r,+a+u)A

dl
= el —(A-0)+ ),

B A= (-e) + A

L —hA- (i),

Let

0, =0,C+0,c+rk+u
9, =(1-6)k+p+u
0, =0,C+w
Q=¢+@1-p)k+pu
s = (r+{1-g)k+1-p)V
O =¢+u

0, =7C+ncC; + u

g =rCc+r+ao+u

Gy =QA-0))+u

O =WA-0y)+u

Oy =a+u

0, =0+p

G =(1-6)

Therefore, our models will now become

ds
—=rx+eH+pV —qS
" T+eH+pV —q,

=r+eH+(p)V-0S=7+cH+pV -0q,S

dv
E = 51CS - q2V
dH
o QS — 0, H
dE

E:%H +03E -0

(22)

(23)

(24)

(25)

(26)

@7

(28a)

(28b)

(28c)

(28d)



%:¢E+(l—al)lz—q7l (28¢)
A
T ncl +(1-0,)A —Q,A (281)
%zrcl —Ql, (289)
dd;"t‘r = LCA+ 0y, A (28h)
Cij;':? =rLA-q,A (28i)
We assume solutions of the models as; Let
S=S,+PS,+P?S, +... (29)
V =V, + PV, + PV, +... (30)
H =h, +Ph +P?h, +... (31)
E=e,+Pe +P%,+.. (32)
I=i,+ pi,+ pZ, +... (33)
A=a,+Pa +P?a,+... (34)
I, =n,+Pn +P°n, +.. (35)
A =m,+ pm, + p°m, +... (36)
A =Yy, + py, + Py, +... 37)

We now apply HPM to the models in (28), we have from
(28a) as

d_S =7z +¢&H + pV —q,S Therefore

dt

The linear part is

dsS
=~ -0 38
it (38)
With the non linear part as
r+eH+pV-0S=0 (39)

Applying HPM, we then have

25

ds
1-P)—+
=P

(40)
P[(:;—(ﬂ+gH+pV—qlS)}=0
ds dS dS
——p—+p—- +eH+pV -q,S)=0
:dt pdt pdt p(r+&H +pV -q,S) @)
ds
=gt (Pt peH +ppV -pgS)=0

Substituting (29), (30) and (31) into (41), we have

(S + PS) + p’s; +..4) —

(pz+ pe(hy + ph + p2h, +..+) +
Py + Py + PV, +...)

_pql(so TPS +S, pz---)) =0

Collecting the co-efficients of the powers of p's ,we have

P°:S; =0 (42)

P':S; — (7 +&hy + pv,) +0q,S, =0 (43)

PZ:S;_ghl_pvl-i_qlSl:O (44)

Applying HPM to (28b)

Z—\t/:élcS—qZV =0

We have

dv
1-P) Y p| &Y sS4V |=0
( )dt + [dt Co +Q, :|
dv dv

—_ — — po,CS V =0
at +pdt po.,Cos + pQq,

_dv (45)

Codt

:O;—\t/— po,cS + pg,v =0

Substituting (29) and (30) into (45), we have
(Vg + PV + PV, +..) -
P&,c(S, +S,P+P?*S, +..4)
+Pq, (V, + PV, + PV, +..) =0
=V, +PV + PV} +...
~(P3,cs, + p°O,Cs, + p°6iCs, )

PG,V + p2q2V1 + p3q2V2 +..=0

Collecting the co-efficient of p', S we have



P°:v, =0 (46)
P' V! —6,Cs, +Q,V, =0 (47)
P?:V,' —6,cs, +0,v, =0 (48)
Applying HPM to (4.28c)
dH
E=Q35_Q4H
We have
dH dH
1-P)—+P|—-0,S+q,H |=0
a-P) 2 ip| S -gsan |
This gives
dH dH dH
——p—+p——pQ,S H=0
= at p at +Pp at PQ;> + PA,
dH
= ———pg;S+pg,H =0 (49)

dt

Substituting (29), (31) into (49), we have

(R + ph! + p?h} +...) — pa, (S, + PS, + P°S, +...+)
+pg, (h, + ph, + p°h, +...) =0

Collecting the co-efficient of the power of P'S we have.

P°:hy =0 (50)
P*:hy —qgs, +hyg, =0 (51)
P?:h, —qg.s, +ha, =0 (52)
Applying HPM to (28d)
dE
E =0H +q,V +qE (53)
This gives
dE dE
Q- P)E+ P[E_%H — GV +q6E} =0
dE
quH - Pq13V + Pqu =0 (54)

:__
dt

Substituting for (32) in (54) above, we have
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(e + pel + p°e,t +..4) — pgs (h, + ph, + p*h, +...) -
Oz P(Vo + PV, + PV, +...)

+pQ, (e, + pe, + p’e, +..+) =0

= € + pe, + p’e," +...+—pgs (h, + ph, + p*h, +...)
—Cy3 P(Vp + PV, + PV, +...)

+PQe€ + p2q691 + p3q6e2 +..+4=0

Collecting the co-efficient of the powers of p * s, we have

P°:et =0 (55)
P ell - qsho — O3V +0e€ =0 (56)
P? € —gsh, — 0V, + g8, =0 (57)
Applying HPM to (28e)
dl
—=¢E+(1-0)l,-0q,1=0
dt

Therefore
1- P)d—|+ p d—l—(¢E+(1—a ), —q,1) =0

dt dt e

open the brackets above; this given
i Pd—|+ Pd—I—P¢E—P(1—Gl)IZ+Pq7I (58)

dt  dt dt

Substituting (33), (32) and (35) in (58), we have

(3 + pe + pe; +...4+) — pp(e, + pe, + p’e, +...+)
—p@-0o,)(n, + pn, + p°n, +...+)

+pg, () + pe’ + p’e) +..+) =0

= i0+ pil + plit +...+—(pde, + pide, + p°ge, +..+)
-pl-o)n, — p’AL-o)n, — p*L-o)n, +...+

+P0,iy + PCi, + oGy, +..t =0

Collecting the co efficient of the powers of p'S we have

P°:i;=0 (59)
p: i1l — ey, —(1—0y)ny + iy =0 (60)
P?:i) —ge, —(1—o,)n, +q,i, =0 (61)

Applying HPM to (28f), we have



dA
o Tel A=) A ~GA=0

Therefore

dA

dA
1-p)—
-p) +p[dt

—(Cl+(1-0,) A _QSA)} =0

:%—PnCSI—P(l—o-Z)AT +Pg,A=0 (62)

Substituting (34), (36) (33) in (62), we have

ag + pa; + p’a; +...+—pnc,(i, + pi, + pZi, +..+)
—p-o,)(m, + pm, + p2m1)
+pQ,(a, + pa, + p*a, +..+) =0

Collecting the co efficient of the powers of p'S we have

p’ia;=0 (63)
p":a; —77Giy — (1 0,)m, + Gy, =0 (64)
p?:a; —nC,i, —(1-0,)m, +gga, =0 (65)

Applying HPM to (28g) we have

di

d—tz—rcl +Qyl, =0

Therefore, - (1— p)%+ p{%—ml +q9|2} =0
This gives

dl

d—tZ—PrcI +Pg,l, =0 (66)

Substituting (35), (33) in (66) we have

g+ PN + p°n; +...+—pzc(i, + pi, + pi, +...+)

+pQy (N, + PN, + p°n, +..4) =0

Collecting the co efficient of the power of p"S we have

p°:ng=0 (67)
p':n —zCi, +qyn, =0 (68)
p®:ny —zci,+q,n, =0 (69)

Applying HPM to (28h) we have

27

Collecting the co-efficient of powers of p’s, we have

P°:m; =0 (71)
P': m; —rca, +q,m, =0 (72)
P?:m; —rca, +q,m =0 (73)
Applying (Hpm) to 28i we have

D pA-g.8, -0

- p) e+ P - A+ G, A] =0 &
%— prA+ pg,A, =0

substituting (34) and (37) in (74) we have

Vi + PY: + P2Yi +...+—pr,(a, + pa, + p%a, +..+)
+p0y, (Yo + PY, + P?Y, +..4) =0

collecting the co-efficient of the power of P’s we the have

Py, =0 (75)

P yi —ha, +0,Y, = 0 (76)

P’ :yi_rlai—'_qllyl =0 (77)

From (42) we have

S; =0
Integrating, we have S, =C; where c; is a constant. but
S(0) =S, -

Therefore

& =5 (78)
=S, =35,

From (46), we have

Vv, =0

integrating,we have

v, =C, Where c, is constant.
but V(0) =V,

Therefore V, =c,

(79)
=V, =V,

From (50), we have
h =0
integrating,we have
hy =c¢;



but h(0) =H,
= H, =c¢,
=h, =H,

From (55),we have
e =0

integrating, we have
& =C,

but E(0) =g,
=e(0)=c,

=g, =E,

From (59) we have
ii=0

integrating we have

lh =GCs

where c, is a constant
but i(0) = 1(0)

=1, =1(0)

From (63) we have

a; =0

Integrating we have

a, = C, where C, is a constant.

but A(0) = a,

= A(0) =c,

=a, =A(0)

8 =A

From(67)we have

ng =0

upon integration, we have
n, =C, where c, is a constant .
but n, = N(0)

=N, =¢,

=n,=N,

From (71), we have

m% =0

upon integration  we have
My =GCq

butM,=A, ie A (0)=m,
= A0)=¢,

=>m,=A

(80)

(81)

(82)

(84)

(85)
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from (75), we have
Yo =0
integrating, we have
Y,= C, Where ¢, is a constant
y(0)=A,,
=>A,,=¢C,
therefore
yO = AZ,O

From (43), we have

Sll — (7 +&hy +0,V) +G;S,
This gives

1
S, =7 +&hy + 0,V — S,

Substituting (80),(79), (78)in (87), we have

S11 =7 +eH, + 0,V —GS,
3%=7Z+8H0 +0,,V, — 0,5,

ds, =(7+¢eH, +0q,V, —q,S,)dt
integrating,we have

s, = (m+eHy+0,V, =Syt +¢y

5(0)=0=c, =0,
since,s(0) =S,

Therefore

s, = (7 +eH, +a,V, — St

From (47), we have
V; —5,CS, + 0V, =0

Substituting (78)and (79)in (89).we have

V; —6,eS, +0,V, =0

=\, = 8,08, ~ 0.V,
integrating we then have
v, = (é‘lcso - qzvo )t +Cy

where c,, is the constant of integration.

% = (8eS, — gt
but 7(0) =0=>¢,, =0
=W = (G5, —q )t

From (51) we solve for hy

;1 ;
By + 455, — gy =0

(86)

(87)

(88)

(89)

(90)

(91)



Substitutes (78) and (80) in (90) we have

I = qsHy — 655,
dh

— =q.H, —a55,
ar

Integrating we have
hl = (q4Ho —q380)t +Cp

where C,, is the constant of integration
But

h,(0) =0,since,h(0) =h, = ¢, =0, we then have

h, = (a,H, —9,5,)t (92)
And from (56)

1
€ = 0shy + 0V — Gs€ (93)

Substitute (81) in (93), we then have
& = OsHo + Vo — 0y

= % =0;H, +0,,V, — 0 E,

= de, = (g;H, +q,,V, — g E,)dt
Integrating

& = (OsK +0yVp — G Eo )t +Cyy

where c,;is the constant of integration and e, (0) =0
since,e (0) =€,

therefore ¢, =0

=€ =(0H, + .V, —g.E)t (94)
From (60)

Iy = g +(1-0y)n, — i

S = e, + @0, - 0, ©

Substituting (81),(84) and (82) in (95) we have

di
d_tl:¢E0 +(1_O'1)N0 -q,1,

Integrating we have

= (PE, + (1—030)Ny — 0 lo)t +Cyy
L0=0= ¢,=0

since,i (0) =1, ,
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Therefore

L =(gE, +1—0,)N, — g, 1)t (96)
From (64) we have

a; =1C,i, + (L—o,)M, +Gga, (97)

substituting (82), (85) and (83) in (97) we have
ail =nC;ly + (1—0,) Arg + G5 A

Integrating,we have

a, = (mCsly + (1-0,) A + 0 A
a(0)=0= c¢;=0

since,a,(0) =a,,

This implies that
& = (17¢l, +(L—0,) Arg + s At

And from (68) we have

(98)

l -
My, =7Cly — Gy

:ﬂ—rci —Q,n (99)
dt 0 q9 0

Substituting (82) and (84) in (99) we have

dn
d_tlzfdo — 0N,

integrating we have

n, = (zCly =0y No )t +Cyg
A(0)=0=c,=0
since, A (0) = A,

son = (zcly, —ggNy)t (100)

From (4.72), we have
mll = 1,Ca, + (M,

Substituting (83) and (85) in (100) we have

m; = LCA, + Ty Ar,
integrating we have

m, = (LCA, + Gy Ar)t +Cyy
m,(0)=0=c, =0
since,m, (0) = A,



=m, =(rcA, + 0, At (101)

From (76) we have

Y = Kay — 0y, Yo (102)

Substituting (83) and (4.86) in (102) we have

yll = rle - qllAZ,O

Integrating we have

Y= (rle - qllAz,o)t +Cpg
¥;(0)=0=c¢,=0
since,y,(0) = A,

SN = (rlpb _qllAZ,O)t

We have from (44)

(103)

1
s, —&h — gV, + g5, =0

ds
= —Z=ch +0q,V —qs, (104)

dt

Substituting (90), (92), and (88) in (104) we have

ds

d_tz =0 (7+eHy + 0,V — St

+0,, (51(:80 - qzvo )t + 5(Q4 H 0 qaso)t

ds

d_tz =¢&(q,H, — 0,5t + 0, (6,S, —q,V,)t

—0, (7 —eHg + 01,V — 0,Sp)t
= (eq,H, — £0,S, +0,6,CS, — 0,0,V
—Gu7 + &G Hy — GG,V + Gy S )t
= (eq,H, +&q,H, —£0,S, +0,6,C5,
+0y Sp = 0,00,V — ChhaVo — Gt
= (e(q, + ) H, — (9, + 06,6 - 07)S,
—(Q; +0,) G,V — )t
[ds, = I(e(ou + ) H, —
(€0, + 0oy — 0)S — (0 + )0,V — G7))tclt

Integrating we have

s, = (e(q, +9,)Hy — (0, + 0,6, —7)S,
2

t
—(0, +0,)0,V, —0y7) E +Cpo

where ¢, is the constant.
Applying the initial conditions, we have
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5,(00=0
therefore c, =0
=5, = (&(t +0,)Ho — (89, + 6,0, —&)S,

2

t
—(0, +9,)0,V, —qlﬂ)g (104)

but
S=s,+ps, +p°s, +...
Substituting (78), (88) and (104) in (29)

=S =5,+p(r+eH,+0q,V, —9,S,)t
+ pz(g(ql +q4)Ho

2

~(&0, + 0,6, — ) Sy — (0 +0,) Vo — qlﬂ)%+
Setting p =0, we have

S=5,

And setting p =1, we have

S(t)=S,+(r+eH,+q,V, —0,S,)t + (e(q, +q,)H, -
2 (105)

t
(60 +ha0ic —07)So = (0 +G2)AVo — ) o+
From (48) give as

V; — 06,08, +0,V;, =0 (106)
= Vi =6,Cs — Vv, =

Substituting (88) and (90) in (106) we have

V% =oc(r+eH,+0q,V,

_5180 )t - qz (é‘lcso - qzvo )t
=(o,cr+o,ceH, + 5,0,V
_5lcq150 - q25lCSO + qzzv 0 )t
=(ocr+o,ceH, +

(é‘lcqﬂ + q§ )Vo - 51C(q1 + qz)so)t
= (5,c(r+eH,) + (5,0, + )V,

_51C(q1 + qz)so )t

% = (o,c((m +&H;y) - (9, +a,)S,)

+(o,cqy, + q22 WVolt

Integrating and applying the initial conditions, we have



Vz(t) = (510(” + gHo) - (ql + qz)so
t2 (107)
O, +62)Vo) 5

Substituting (79), (90) and (107) in (30) we have from
(30) as

V =V, + pv, + pV, +...
=V =V, + p(d,cs, —qQV )t +

tz
p2 ((51(:(77 + 5H0) - (ql + qz)so + (51Cq12 + qzz)vo) 3

setting p =0 we have

V =V, and

setting p =1 we have

V =V, +(6,cs, —q,V )t + ((5,c(7 +eH,)

t2
_(ql + qz)so + (51CC]12 + qzz)vo) E (108)

Substitute (88) and (92) in (109) we will have

h; =0,(d,H, = 0sS)t — G5 (7 + eHy + 0,V — G, S))t
From (52),we haave
h +q,s, —q,h, =0
2 1(:13 , —A.hy (109)
= h2 = q4h1 — 055,

open the brackets and simplify

= (qj Hy — 0,055, — Ua7r — GaeH g + 050,V + A0, S, )t
= ((qf —&0;)H, —05(a, —0,)S, + 0,0,V — A7)t
h; = ((qf —&03)Hy —d;(a, —0) S, + G5 (A,V, — m))t

Integrating we have

h, = ((Qf —&q3)Hy —0,(a, —,)S,

t2
+05 (G, Vy — 7)) > +Cy
where C,, is the constant of integration.
applying the initial conditions we have

h,(0)=0=C ,,=0
hence
h, (t) = ((a; —£0,)H, -
t2
0, (q, - ql)SO +0; (Chzvo _”))E

= h,(t)= ((qf —&0;)H,
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t2
—05(d, —Gy)S, + 05 (Y, — 7)) E (110)

Substituting (110), (92) and (80) in (30), we have

H =h, + ph + p°h, +...+
H =H, + p(q,H, —0,S,)t+ p*((a; —£9)H,

2
—05(dy —0y) Sy — Vo — 7[)%
setting p = 0 we have
H=H, and

setting p =1 we have

H (t) = Ho +(q4Ho _Q3So)t+((q§ _5q3)H0

2

t
—05(dy —G)S, — G,V — 7) E (111)

From (57)

&; = 0sh, — .V, + o, + (112)

substitute (94) in (112)we have

€, =05 (dyHo — d3Sp)t + G5 (6,CS, —a,V,)
—05(0sH + 0V — Gt

eé = (Q5 (q4 H 0 qsso) + 03 (51(:80 - qzvo
—0s (qs H ot q13Vo — 0 Eo ))t

€, = (050, Ho — 05055, + 0136,CS, — 0330,V
~GetlsHo + OgeVo + 05 E, ) (113)

€, = (05 (d, — ) Ho — (0305 — 436,€) S,
—0O3 (qz + 0 )Vo + q62 Eo)t

integrating

€= (qs (Q4 - QG) H, - (Qqu - q135lC)SO

tz
_Q13 (qz + QG )Vo + qg Eo) E + C21(114)

where C,, is the constant of integration,
applying inital condition we have

C,, =0

=€, =(05(d, —9s)H, — (0505 — 4p36,C) S,
2

_q13 (qz + qG)VO + qg Eo) E

bute, =E,

= E, =(0s(9, —s)Hy — (0305 — 0136,€) S,

t2
—05 (0, + 0 )V, + G5 Ey) > (115)

Substitute (113), (94) and (81) in (32) we have



E=E;+ p(asH, + 0,V — G Eo)t

+p? (05 (0, — G )H, — (116)

tz
(q3q5 - qlSé:LC)SO - Q13 (qz + qG)VO + qé Eo )) E

setting p =0 we have
E=E,
setting p =1 we have
E=E,+(gsH, +0,Vy —GsEo)t +
05 (0, —ds)H, —
(0505
~0,36,C)Sy — Uy (G, + g )V, + U E,

(117)

t2
)5

From (61) we have that

i, —¢ge, —(1-oy)n +q,i, =0 (118)

substituting (94), (96) and (100) in (118) we have

I, = P(0sHy +daVy — s Bt + (L — 07 )(zCl ) —Gg Ny )t
=0, (#E, + (1-0,)Ny —q, 1)t

=(49sH, + 0V, — P Ey + (L—0y)zcl, -
(1_0'1)q9N0 - 0,9k, — ¢, (1_0'1)N0 _q72|o)t

= (¢asHo + 0V — 40 + 0, ) Eq +
(A-oay)rc+ q72) Iy = ((1=0,)(Gs +;))N)t
di;
d—f = (#0sH, + 0.V, —¢(0s + a7 E,
+H(@-oy)rc+07) 1y — ((1—0,)(0s + ;)N

integrating we have
I, = (#0sH, + 0V —#(0s +G;)E, +

t2
(A-o0y)rc+ q;_) lo—(A-0y)(0 +0;) NO)E +Cy,
where C,, is the constant of integration.

Applying initial condition
iz(o) =0
=C, =0

Therefore

i1 = (¢q5Ho + q13V0 _¢(qe +q7)E0 +
) 2 (119
(Q-o)rc+a))l, —1-0,)(q, + q7)N0)E

but
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setting p =0 we have
I(t) =1, which is trivial.
setting p =1 we have

1(t)=1,+(4E, +(L—0)N, —q, 1)t +
(#9sH, +01Vy — (05 +0;)Ey) +((L—0y)zC + q72)|0 (120)

2

—(1-0,)(q, +q7)No)%

And from (65) we solve for @, , this implies that

a =10l +(1—0,)M — g2, (121)

Substitutes (98), (96) and (101) in (121)

& =1c, (PE, + (1—0,)Ny =, 1)t +
((1-0,)(reA, + 0 A
~0 (77, 1o + (L= 03) A, + QA
& = (11c, ($Ey + (1= 07)Ng —q; 1) +
((1-0,)(rncA, + A )
—0 (77, 1o + (1= 03) A, + g AL

= (17¢, 9y +11¢, A= 0)Ng =170, 07 1 +
(1-0,)reA +(1-0,)a,A,
—07c, 1o + 0 (1— 03) Ar + 05 At

= (¢, PE, +11c, A= 07)Ng) =1, (47 + Gg) 1,
(1= 0,)rc—05) Ay + (L 0,) o — G (1 05) A )t

Integrating, we have

a; = (77c3 (4E, 7, 1-0)N,) — e, (a7 + )1,
+((1_O'z)rlc - q;)% + ((1_ O-z)qlo

t2
_qg(l_o-s)Aro)E"'Czs

where C,,is the constant of integration, applying the initial
condition &,(0) =0, we have C,, =0 therefore

& t)= (77(:3 (¢Eo 77, (1_51) No) -

Te, (9, +q8)|o+((1_62)r10_q§)A0 (122)

+ ((1_52)(]10 - qs(l_ O-s)Aro)%

Substitute (83), (98) and (122) into (34) we have



A=A+ p(77CS I+ (1—‘73)Ar0 + Qg At
+p2(77€3 (#E; +(1-07)Ny)
e, (97 +Gg)1, +((1_02)rlc_q82)A)

t2
+((1_02)q10 _QB(l_O-a)ArO)E
Setting p = Owe have

A=A,

Setting p =1we have

Alt)=A+ (7703 o+ (1_03)'A‘r0 +0g At
+(1c, (PE, +(1—07)N,)

123
e (G + @)l + (-0~ G A, (1239

+((1_O-2)q10 — s (1_ 0'3)AT0)%

From (69) we have

n, = zcCi, —q,n, (124)

Substituting (96) and (100) into (124), we have

n, =7¢(PE, + 1—0,)N, — 0, I )t
—0y (7Cly — Ny )t

= (rcgE, +rc(1-0,)N, —0,7cCl,
—QyzCly +GsNy)t

= (regE, +rc((L-0,) + 65N,
—7C(q; +g) I o)t
=, = (7¢(¢E, +7c((1- ;) +G5)N,
—7C(d; +0g) 1)t

integrating and applying the iniial condition

n,(0) =0, we have
n, = (rCPE, +7c((1-07) + 5N,

tz
_(q7 + qg) Io)?‘*’ Cz4

n,(0) =0=c,, =0 therefore
N, (t) = (zcgE, + 7c((1-0y)

t2
+q§)N0 _(Q7 +q9)|o)5
(124)

substitute (84), (100) and (124) in (35) we have

I, =N, + p(zcl, +gyN,)t
2

+ pz(rc(¢E0 +rc((1—o-1)+q§)N0 —(q, +q9)|0)%+_,_
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settingp=0

I, = No

setting p =1 we have

I, =N, +(zcl, +g,N,)t + (zCc(¢E,

t2
+r¢((l-o,) + q;)No —(9; + ) IO)E+
we note that N, = I, , as stated earlier

I, ()= 1,0+ (zCly + 01,0 )t + (zC(PE,

2

+rc(l-oy) + qg)lz,o —(q, + QQ)IO)%*‘---
(125)

From (73) we have

m; = 1,ca, — 0y (126a)

substituting (98) and (101) in (126) we have

m; = 1e(nc; + (1-0,) A,
+0g Ay )t — Oy (RCA, + Gy At

= (rencly +rel—o,) A,
+rlcquo - Q10r1CA0 + qlzo Aro)t

= (reneyl, + (rel—oy) +a5) Ay
+r1C(QS _qlo)Ao)t

= ((re@mesly + (ds — i) Ay)
+(r1C(1_0-3)_q120)AT0)t
dm,
t = (re(mesly + (ds — i) A)

+(I’10(1—O'3) - qlzo)ATo)t

integrating we have

m, = ('10(77(33|o + (qs _qlo)A))
t2
+(re(l-o3) - af) Ar,) > +Cys
where ¢, is the constant of integration, applying the

initial condition m,(0) =0
we have c,, =0 therefore

m, = (rc(7¢;1y + (ds — o) Ay)
+(re(l—o3) - qlzo)ATo)tE
(126b)

substituting (85) (101) and (126) into (36) we have

Ar = Arg+ p(RCA + Gy A )t +

PO, + (6 ~ ) A) + (£ 03) =G5 ) A )



settingp=0
= Ar = Aro

setting p =1 we have

A (1) = Arp +(neA, + 0 At + (R,

#(0 = Qo) ) + (L= ) ~ ) Ar) -
(127)

And from (77), we have

Y, =ha — 0y, (128)

substituting (98), and (103) into (128) we have

= Y, =G, + (1—0;) Ay + G At
—0y (R A =G Ay o)t
= (677Gl + 1, (1—03) Arp + 10 A,
—0y Ay +q121A2,o)t
=(r(nCly + (1-03) Arp)
+1,(0g — G ) Ay + G Ay o)t
Y, = (¢l + 11— 03) Arp)
+(0s — thy) Ay) + G Ay o)t
integrating
Y, = (L (¢l + - 03) A

t2
+(qs - qll)Ao) + q121A20) E + C26

where c,, is the constant of integration,
applying the intia condition
thisimpliesthatc,, =0

therefore

Y, = (n(ncsl, + - 03) A

) t2 (129)
+(Q8 - qll)AO) + CI11A2,0) E

Substituting (86), (101) and (129) in (37) we have
A = Ao+ p(LA — G Aot + P (1, (7,1, +

2 (130)
(1_0-3)Ar0 + (QS _qn)A) +Q121Az,0)5+---+

setting p =0 in(130) we have
=>A= Az,o

setting p =1 we have

A1) = A0+ (A — A )+ (1

t2
(mcsly +(L—03) A + (G — Gy ) A + qlzlAZ,O)E
(131)

34

Therefore (105), (108), (111), (114), (120), (123), (125), (127)
and (131) are the solution of our models using the Homotopy
perturbation method (HPM).

4. CONCLUSION

The non-linear deterministic compartmental models with
controls were solved analytically using the Homotopy
perturbation method. The solutions of the models show a
series of solution in form of power series. Homotopy
perturbation method is and elegant method and a good
approach to solve any non-linear, linear partial differential
models analytically.

REFERENCES

[1] He JH. (2003). Homotopy perturbation method for new

nonlinear analytical technique. Applied Mathematics and

Computation 135: 73-79.

He JH. (2006). Homotopy perturbation method for

solving boundary value problem. Physics Letters A 350:

87-88.

Taghipour R. (2011). Application of Homtopy

perturbation method on some linear and nonlinear

parabolic equations IJRRAS 6(1): 55-59.

Sepkowitz KA. (2001). AIDS the first 20 years. N. Engl

J. Med. 344(23).

WHO (World Health Organization (2007). WHO case

definition of HIV for surveillance and revised clinical

staging and immunological classification of HIV related

disease in Adults and children. Geneval pp. 6-16.

Vogel M, Schwarze-Zander C, Wasmuth JC, Spengler U,

Sauerbruch T, Rockstroh JK. (2010). The treatment of

patient with HIV. Deutsches Arzteblatt International

107(28-29).

Evian C. (2006). Primary HIV/AIDS care: a practical

guide for primary health care personal in a clinical and

supportive setting. Houghton (South Africa): Jacana P.

29.

Elliot T. (2012). Lecture Notes: Medical Microbiology

and Infection. John Wiley and Sons. p. 273.

Blankson JN. (2010). Control of HIV-1 replication in

elite suppressors. Discovery Medicine 9(46).

Walker BD. (2007). Elites control of HIV infection

implication for vaccine and treatment. International

AIDS Society USA 15(4).

Holmes CB, Losina E, Walenskey RP. (2003). Review of

human immunodeficiency virus type-1 related

opportunistic infections in Sub-Sahara Africa clin. Infect

Dis 36(5).

[12] Sestak K. (2005). Chronic diarrhea and AIDS insights
into studies with non-human primate curr. HIV Res 3(3).

[13] Murray ED, Buttner N, Brice BH. (2012). Depression
and psychosis in Neurological practice. Philadeplina PA
Elsevien /Saunders p. 101.

[2

(3]

[4]

(5]

[6]

[7]

(8]
[l
[10]

[11]





