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ABSTRACT 

In this study a unique style of collocation and interpolation have been used to get a nine step 

block method for the numerical solution of linear or nonlinear initial value problems of 

fourth order ordinary differential equations. The present technique has been implemented at 

the selected mesh points to generate a direct nine step block method. In this paper zero 

stability, order consistency and convergence have been incorporated as the basic properties 

and two numerical examples have been considered and compared with ODE45 as well as 

continuous Linear Multistep Method (LMM)for the numerical results with exact results. 
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1. INTRODUCTION

Fourth order differential equations of initial value problems 

have many applications in the field of science and technology 

such as fluid dynamics [1], beam theory [2-3], electric circuits 

[4]. An attempt has been made to solve such problems 

numerically by adopting block method instead of reduction 

method. Our method has given a more accurate result as 

compared with predictor and corrector method [5] and direct 

block method [19]. The general fourth-order ordinary 

differential equations with initial conditions of the form 
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The present method is a better approximation eq. (1) which 

avoids difficulties of reduction of order [11-13], direct method 

[9-10, 18] and [14-15], continuous LMM method [6, 16] and 

occurrence of errors in the process of integration of higher 

order differential equations [7]. The organization of this paper 

is as follows: 

In section-2 the construction of the nine step block method 

has been mde. Section-3 carries assumptions of the nine step 

block method. In section-4 numerical examples have taken and 

in section-5 conclusions have been drawn. 

2. CONSTRUCTION OF THE  NEW METHOD

Assume  that the power series of the form 
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is an approximate solution to eq. (1) where t and k are the 

number of interpolation and collocation points respectively. 

The first, second, third and fourth derivative of eq. (2) are 
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By substituting eq. (3) into eq(1),we have 
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Interpolating eq(2) at ( ), 1 1 4n tz t+ =  and collocating eq(4) 

at ( ), 0 1 9n kz k+ = ’  we get  the following matrix form 

BC D=  (5) 

where 
0 1 2 13[ , , , , ]TC a a a a= − − −

[ , , ] 1(1)4, 0(1)9T

n i n jD y f i j+ += = =

Solving the values of 'na s where 0,1, 2, 3, ,13n = −−−  

from eq. (5) using inverse matrix method and substituting the 

results into eq. (2), we have obtained a system of linear 

equations of the form  
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The coefficients ( )n z and ( )n z are computed & 

expressed as a function of 
8nz z

x
h

+−
=  as follows; 
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By solving eq. (7) at non interpolating points 

8, 3, 2, 1, 0,1x = − − − − , and using eq. (6), we obtain the  

following results. 
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Evaluation of first, second and third order derivatives of

8(1)1x = − yields set of equations  
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From eq. (8) and from first eq. (9), eq. (10) and eq. (11) , 

the coefficient matrices of  
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Next multiplying each coefficient matrix by the inverse 

coefficient matrix of 
1 2 9( , ,..., )n n ny y y+ + +

, we get the 

following equations. 
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3. BASIC PROPERTIES OF THE BLOCK METHOD 

 

This section contains some of the assumptions like order, 

convergence, and stability of present scheme. 

 

3.1 Order of the method 

 

The linear operator associated with eq. (12) can be defined 

as  

 
2

0 1 2

( ) 1 ( 1) 2 ( 2)

1 2

( ( ) : ) ( ) '( ) "( )

... ( ) ( ) ( ) ...p p p p p p

p p p

L y z h D y z D hy z D h y z

D h y z D h y z D h y z+ + + +

+ +

= + +

+ + + + +
(13) 

 

( )y z is an arbitrary continuously differentiable function on 

[𝑎, 𝑏]. 
From eq. (12) we get the following Taylor series 

representation as 
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Now expanding each term in eq. (16) and comparing the 

coefficients of 
mh and ( )my in eq. (14) gives 

0 1 2 10 11 12... 0D D D D D D= = = = = = =  and the error constant 

 
T

13

-3 -13 -6 -16 -19 -9 11 -93 -107
                       
749116 194104 278119 127965 33950 7805 246274 31835 24366

D
 

=  
 

 

 

Therefore according to the definition [19-20], the order is 

11.  

 

3.2 Zero stability of the method 

 

The block eq. (12) is said to be zero stable [18] if the roots 

, 1(1)9ir i =  of the characteristic polynomial equation 

0 1( ) det( )P t tB C= − satisfies | | 1t   and | | 1t =  has 

multiplicity not greater than the fourth order  differential 

equation. Now,
0 1( ) det( ) 0P t tB C= − = ,where 

0B and 
1C

coefficients of , 1(1)9n my m+ =  and 
ny , respectively in (12) 

(14) 
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Hence the block is zero stable. 

 

3.3 Convergence  

 

Therefore by the new method eq (12) is convergent because 

it is zero stable and has order greater than one [13]. 

 

3.4. Absolute stability  

 

The boundary locus method that is used to find the region 

of absolute stability of the block method was proposed by [8] 

and the adopted boundary locus method [17] has given 
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where d dp h= .  

Eq. (15) can be written in Euler’s form by taking 
it e=  

and by using eq(15) in eq(12) of nine step block method we 

have 
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−

−
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+
                                        (16) 

 

Eq. (16) is called the characteristics matrix [17].  

Now by using eq. (16) to the new nine step block, stated in 

eq. (12), gives 
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The determinant of the above matrix and its simplification 

yields 
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
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−
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                          (17) 

 

Eq. (17) is expanded trigonometrically and the imaginary 

parts are equated to zero. Hence the result  
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2155966188894 (cos(9 ) 1)
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
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

−
=

+
                       (18) 

 

Evaluating eq.(18) in intervals of 300 gives the results as in 

the Table-1 below. 

 

Table 1. Interval of absolute stability 

 
  0 30 60 90 120 150 180 

),( hp 
 
0 -37366.5 -74765.3 -37366.5 0 -37366.5 -74765.3 

 

Therefore, the interval of absolute stability is (-74765.3,0). 

 

 

4. NUMERICAL EXAMPLES  

 

To test the method let us consider two fourth order initial 

value problems;  

 

Table 2a. Result analysis of Example-1 

 

𝑧 Exact Approximate solution 

0.1 0.008951884436413 0.008951884436411 

0.2 0.031267910608900 0.031267910608818 

0.3 0.059528773414102 0.059528773413735 

0.4 0.085929102584137 0.085929102583503 

0.5 0.103045079418758 0.103045079418088 

0.6 0.104954042902493 0.104954042901967 

0.7 0.088806494399448 0.088806494399109 

0.8 0.056973847769407 0.056973847769217 

0.9 0.019922785200371 0.019922785200275 

1 0.0 4.498300602208153𝑒−14 

 

Table 2b. Result analysis of Example-1 

 

𝑧 
Absolute error 

in ODE45 

Absolute error in LMM 

in the same vein [16] 

Absolute error in 

current  method 

0.1 1.0326e-7 2.8231e-12 1.5370𝑒−14 

0.2 1.6792e-7 2.1030e-12 8.2021𝑒−14 

0.3 2.5340e-7 1.8220e-10 3.6666𝑒−13 

0.4 3.6477e-7 1.7711e-11 6.3424𝑒−13 

0.5 5.0816e-7 3.2272e-10 6.7024𝑒−13 

0.6 6.9093e-7 2.3688e-10 5.26084𝑒−13 

0.7 9.2191e-7 2.3965e-10 3.3906𝑒−13 

0.8 1.2116e-6 1.67216e-11 1.9011𝑒−13 

0.9 1.5727e-6 1.2409e-10 9.6152𝑒−14 

1 4.1649e-6 8.7041e-12 4.4983𝑒−14 

 
(4) 4 3 21. ( 14 49 32 12) , 0 1,

0.1, y(0) '(0) 0, "(0) 2,  y"'(0)  -6

zy e z z z z z

h y y

= + + + −  

= = = = =
  

Exact solution: 2 2( ) (1 ) zy z z z e= − . 

This result is shown in Table -2a and Table-2b. 
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(4)2. 4 '' , 0 1,

0.1, y(0) 1, '(0) 3, "(0) 0,  y"'(0)  16

y y z

h y y

=  

= = = = =
  

Exact solution: 2z -2z( ) 1-z e -ey z = + . 

This result is shown in Table -3a and Table-3b. 

 

Table 3a. Result analysis of Example 2 

 
𝑧 Exact Solution Approximate solution 

0.1 1.302672005082188 1.302672005082187 

0.2 1.621504651605631 1.621504651605629 

0.3 1.973307164296482 1.973307164296063 

0.4 2.376211964375246 2.376211964375192 

0.5 2.850402387287603 2.850402387286068 

0.6 3.418922710824345 3.418922710824220 

0.7 4.108603002903068 4.108603002901344 

0.8 4.951135906400459 4.951135906400334 

0.9 5.984348576191359 5.984348576190186 

1 7.253720815694038 7.253720815693955 

 

Table 3b. Result analysis of Example 2 

 

𝑧 
Absolute error 

in ODE45 

Absolute error in 

LMM [16],)for h=0.1 

Absolute error in 

current  method 

0.1 3.2660e-7 5.8570e-12 1.33228𝑒−15 

0.2 3.2903e-7 1.0731e-10 1.9984𝑒−15 

0.3 3.5880e-7 2.7926 e-10 4.1989𝑒−13 

0.4 4.1756e-7 3.4386 e-10 5.4325𝑒−14 

0.5 5.0869e-7 2.8673 e-10 1.5352𝑒−12 

0.6 6.3749e-7 1.8874 e-10 1.2479𝑒−13 

0.7 8.1149e-7 1.0612 e-10 1.7240𝑒−12 

0.8 1.0409e-7 5.3352 e-11 1.2523𝑒−13 

0.9 1.3387e-6 7.8518e-7 1.1733𝑒−12 

1 7.9828e-6 1.0706e-11 8.3489𝑒−14 

 

 
 

Figure 1. Comparison of exact and numerical solution of 

example-1 

 

 
 

Figure 2. Comparison of exact and numerical solution of 

example-2 

From the above Figure 1 the exact and numerical solutions 

coincide in the same plane. 

In Figure 2 the exact and numerical solutions coincide in the 

same plane. 

 

 

5. CONCLUSION 

  

The numerical approximation of the current method is in 

good agreement with exact numerical solution. Figure 1, 

Figure 2, Table 2a, Table 2b and Table 3a, Table 3b it has been 

observed that the proposed method contributes a better 

approximation than the other two methods (ODE45 and LMM) 

to particular problems. This method helps to find accurate 

approximate solution of any linear or nonlinear fourth-order 

ordinary differential equations with initial conditions, which 

are complicated to find their exact solutions in the analytic 

manner. 
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