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ABSTRACT

In this work, the Fourier-Bessel transformation method was used to determine the vertical
stress fields in axisymmetric elasticity problems of elastic half space involving circular
foundation areas subject to uniformly distributed loads. A stress-based formulation of the
elasticity problem was adopted. The biharmonic stress compatibility equation was solved
using the variable separable technique to obtain a general solution for the bounded stress-
functions as Fourier-Bessel integrals. Egorov expressions for the vertical stress fields
defined in terms of harmonic functions were used to obtain the vertical stress fields. The
load distribution was similarly transformed by the Fourier-Bessel transformation.
Enforcement of the boundary condition of the equilibrium of the internal vertical stress at
the z = 0 plane and the applied load yielded the unknown parameter of the bounded
Fourier-Bessel transform integral, and thus, the full determination of the bounded stress
function £2{r, =. The vertical stress fields o,;(r.=) were obtained from the bounded stress
potential function using Egorov expressions for &-(1, 2. Evaluation of the integration
problem yielded mathematical expressions for the vertical stresses at any point in the
elastic half space. The vertical stresses at any point under the center of the circular
foundation were also determined, and tabulated. The mathematical expressions for vertical
stresses obtained using Fourier-Bessel transform method were identical with solutions in

the technical literature.

1. INTRODUCTION

The determination of vertical stress distribution in elastic
half space due to distributed load on the surface is a problem
of the classical mathematical theory of elasticity [1-5]. In
such problems, the elastic half space material can be
considered isotropic or non-isotropic, and homogeneous or
non homogeneous. Elastic half space problems involving
non-homogeneous, non-isotropic materials are very difficult
to solve, and in many cases, mathematical solutions are non-
existent [1-13]. In this work, the elastic half space material is
assumed to be isotropic and homogeneous. Elasticity
problems of elastic half space are extensively found in the
elastic stress and deformation analysis and design of
structural footings and foundations structures. Axisymmetric,
elasticity problems of elastic half space involve elasticity
problems that produce a circular symmetry of the state of
stress about a vertical axis, which is usually the vertical axis
of symmetry of the applied load.

In general, axisymmetrical elasticity problems are
governed by the simultaneous requirements of the three
differential equations of equilibrium, the six strain-
displacement equations, and the six equations expressing
stresses in terms of strains. These systems of fifteen
equations are also required to satisfy the compatibility
equations, and the traction and deformation boundary
conditions [1-13]. Rigorous mathematical solutions of
axisymmetric elasticity problems involve mathematically
advanced and intensive analysis and are quite often unwieldy.

Three basic methods commonly used in the reformulation
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of elasticity problems can lead to simplifications in the
governing equations to be solved. The three methods are the
displacement method, the stress method and the mixed
(hybrid) method [1-13].

The displacement methods involve a reformulation of the
system of fifteen governing equations involving fifteen
unknowns such that only Cartesian components of the
displacement become the only unknown primary variables;
and the other unknowns — six stress components and six
strain components — are eliminated from the governing
equations. Consequently, the governing equations are
reduced in number from fifteen to three coupled equations
which can be solved to obtain the three unknown
displacements. The displacement formulation was presented
by Navier, and Lamé and the resulting equations called the
Navier-Lamé displacement equations.

In stress formulation/method, the system of fifteen
governing equations involving stresses, strains and Cartesian
components of displacement as the unknowns are
reformulated to eliminate strains and displacements, and have
the six Cauchy stresses as the unknown primary variables.
This offers the benefit of a reduction in the number of
governing equations to six, for three dimensional (3D)
elasticity problems. Stress methods were presented by
Beltrami, Michell, Airy, Maxwell, Morera, and others. In the
mixed method, the governing equations are re-written such
that the unknown primary variables are some components of
stress, and some components of displacement. The mixed
method is not commonly found in the technical literature.

The stress based method was adopted in this work. The



simplifications in the analytical and mathematical rigours
offered by the reformulation of the general 3D elasticity
problem have motivated research on the derivations of stress
and displacement functions that apriori satisfy the governing
system of partial differential equations of stress-based
displacement methods [4, 5, 7, 9]. Such derived stress and
displacement functions further simplify the solutions of
elasticity problems to the determination of suitable stress and
displacement functions that satisfy the boundary conditions
of the particular problem considered. This thus reduces the
dimensionality of the general problem of the three
dimensional mathematical theory of elasticity.

Airy, Morera, Maxwell, Michell, Love, Boussinesq, Ike,
Nowacki, and Egorov have derived stress-functions of the
space coordinate variables that automatically satisfy the
differential equations of equilibrium, and the strain
compatibility equations. Elasticity problems of semi-infinite
soil media under boundary loads have been studied using
displacement-based  and  stress-based = methodologies
variously by Onah et al [14], Ike et al [15], Nwoji et al [16],
Ike et al [17], Onah et al [18], Nwoji et al [19], Onah et al
[20], and Ike [21]. Ike [22] used the Hankel transform
method to obtain general solutions for axisymmetric
elasticity problems of elastic half space. Ike [23] used the
Hankel transform method to solve axisymmetric elasticity
problem of cirucular foundation on semi-infinite elastic half
space.

2. RESEARCH AIM AND OBJECTIVES

The research aim is to use the Fourier-Bessel transform
method to determine the vertical stress fields in axisymmetric
elasticity problems of the elastic half space involving circular
foundation areas. The specific objectives are:

(i) to determine suitable bounded stress functions that
satisfy the stress compatibility equation.
(1) to apply the Fourier-Bessel transformation to the

bounded stress functions in order to obtain the vertical
stress field in the Fourier-Bessel transform space.

to enforce the boundary conditions for equilibrium of
internal and external forces, and obtain the unknown
functions in the Fourier-Bessel transformation for
uniformly distributed load.

to apply the inversion formula and obtain the vertical
stresses in the physical domain space variables for the
case of uniformly distributed load on circular
foundation.

(iii)

(iv)

3. STATEMENT OF RESEARCH PROBLEM

The problem considered is a linear elastic semi-infinite,
homogeneous soil mass, idealized as an elastic half space
with —0 < X <o, —0<y<ow, 0<z<o where the x, y

and z are the three dimensional Cartesian coordinates and the
z-axis points downwards as shown in Figure 1.

An axisymmetrical load distribution p(r) is applied on the
xy plane over a circular foundation area of radius R where O
is the center of the loaded area. Body forces are neglected
and infinitesimal deformation assumptions of -elasticity
theory are used. The problem is to use the Fourier-Bessel
transform method to determine the stress fields for typical
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cases of axisymmetrical loads.

“A

Figure 1. Uniformly distributed load on circular foundation
on an elastic half space region and the 3D Cartesian
coordinates

4. THEORETICAL FRAMEWORK / GOVERNING
EQUATIONS

Axisymmetric elasticity problems of circular foundations
of radius » = R subject to axisymmetric load distribution p(r)
were formulated in terms of stress functions Q(r,z) as the

biharmonic problem on the semi-infinite space:

v4Q(r, z) = V2V2Q(r,7) = 0
0<r<ow, 0<z<w

0]

F* is the Laplacian, while 7# is the biharmonic operator,
expressed in terms of the Laplacian as follows:

2 10 *Y
Vi =VvEVe = — — )

I+
o ror 072

Egorov defined the axisymmetrical stress potential
(harmonic) function €(r,z) in terms of the axisymmetrical

cylindrical coordinates (7, z) as:

2

c,(r,z) :gQ(r, z)—z%Q(r, ) 3)

The research problem was solved subject to the boundary
conditions:

c,(rz=0)=-p 0<r<R 4)
o,(rz=0)=0 r>R (5)
1,(r,z=0)=0 0<r<w (6)

where r is the radial coordinate, z is the depth (vertical)
coordinate, o, (r.z} is the vertical stress field at any
arbitrary point with coordinates (r, z) in the elastic half space;

T,, is the shear stress field at any arbitrary point in the elastic

half space.

5. METHODOLOGY

The axisymmetrical elasticity problem of a circular
foundation carrying axisymmetric load distribution on a
semi-infinite elastic space then reduces to the problem of



finding suitable bounded stress potential functions f2{r. z)
that satisfy the boundary conditions of equilibrium of internal
and applied forces. We seek a stress function /2(r,z} that
satisfy the Laplace’s equation in axisymmetric cylindrical

coordinates.  Thus, we seek Q(r,z) such that
o 10 &
V2O(r,z)=| = +-—+— |Q(r,2) =0 7
r2) [6r2 ror 622) r2) @
Let Q(r,z) be assumed in variable-separable form as
O(r,z) = (r)9(2) ®)

Then, the Equation (7) decomposes to ordinary differential
equations (ODE) in f{r) and g(z) as follows:

r27(r)+rf'(r)+c,r’ f(r)=0 9)

d(z) -c,9(2) =0 (10)
where the primes denote derivatives with respect to 7, and the
dots denote derivatives with respect to z; and c¢o is the
separation constant. The general solution for co = 1 is

Q(r,z) = Jo(r)(a, exp(-z) + a, exp(z)) (11)
where a; and a; are integration constants.

For ¢, #1,
Q(r, z) = Jy(cor) (¢ eXp(—Cyz) + €, exp(Cyz)) (12)
where c; and ¢, are integration constants.

The bounded solution is
1, 2) = 6,3y (Cor) exp(—C,2) (13)
or,
Q(r,z) =a,J,(r)exp(-z) forco=1, (14)

where Jo(r) is the Bessel function of the first kind of zero
order.

By the linearity and superposition principles, the general
bounded solution is

QO(r, z) = ¢ Jy(ar)exp(—az) (15)

where a is a constant.
A suitable stress potential function Q(r,z) can thus be
defined as the Fourier-Bessel integral

Q(r,2) = [C(B)I, (Br)exp(~Bz)dp (16)
0

where [ is the Fourier-Bessel transform parameter, {3} is
an unknown function, which we seek to determine such that
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12{r.z) would satisfy the particular problem of axisymmetric
elasticity. In general C(f) and this unknown function
depends upon the Fourier-Bessel’s transform parameters, f.
Ja(8r) is the Bessel’s function of the first kind with order
equal to zero.

The axisymmetric load distribution p(r) on the circular
foundation area of radius R on the xy coordinate (z = 0) plane
can be expressed using the Fourier-Bessel transform as:

P(B) = [rp(r) 3, (Br)dr (17)
0

For uniformly distributed load of intensity po over the

circular foundation area, p{r} = {:—:]n E'm;[l = ; ; B
arr

© R 0
P(B) = [ rpyJo (Br)dr = { [roodo(rydr + | roJo(Br)dr} (18)
0 0 R

R 0.R
P(B) = Py [ 13 (Br)dr = LR (19)
0
By Fourier-Bessel transform inversion,
p(r) = [ B(B) 3, (Br)BdB (20)
0
p(r) = [ PoRIL(BR)I, (Br)dp @1
0

The vertical stress distribution on the xy (z = 0) plane is
given by

6,(rz=0)= %Q(r, ) (22)
02112 =0) == [CB)Jo(Br)exp(-p2)p (23)
0
0, (r,0) = =[BC(B)Jo (Br)dp (24)
0

By the requirement of equilibrium of internal and external
(applied) stresses, we have for the z coordinate direction,

0, (r,2=0)+ p(r) = 0 25)

6, (1,2 = 0) = —p(r) 26)

—I BC(B)Io(Br)dp = —I poRI, (BR)Jo (Br)dB 27)
Hence,

o= 50R) o8



6. RESULTS

The biharmonic stress function €(r,z) is thus determined
as:

4 (BR)

Q(r,2) = [ poR Jo(Br)exp(—Bz)dp (29)
0

0

Q(r,z) = p,R J
0

(30)

6.1 Vertical stress fields

The vertical stress field is determined from the biharmonic
stress function Q(r,z) from Equation (6); where by

differentiation,

- pORI—Jl(BR)JO(Br)exp(—ﬁz)dﬁ 31)
o DORIBJl(BR)Jo(BF)BXD(—BZ)dB 32)
Thus, the vertical stress field is obtained as:
0u(r2) = —pORIJl(BR)Jo(Bnexp(—Bz)dB
R 2poRIBJl(BR)JO<Br)exp(—Bz)dB 33)
Simplifying, the vertical stress field becomes:
O = —poR{I 3,(BR)I, (Br)exp(—p2)dp
—IJl(BR)JO(Br) B2 exp(—BZ)dB} (34)
In general, o,,(r, 2) is given by:
c,(r,z)=-p,R(I; +1,) (35)
where |, = IJl(BR)Jo(Br)eXp(—BZ)dB (36)
L :IJl(BR)Jo(Br) prexp(-p2)dp 67

Solutions for the integration problem presented in
Equations (34) and (35) as the products of Bessel functions
and exponential functions were presented by Egorov. The
solution to the integration problem gives the vertical stress
field at any point in the semi-infinite elastic half space as:

Gy (I', Z) =

210

n n?-1l+a }
Po1G - E(k)+ n (k,m) (38)
O{ n\/n2+(l+(x)2 [nz*'(l—fl)z ° }
where n =2 R (39)
a=" R (40)
2 4o @41
n°+@1+a)
—4a
42
1+a) 42
[1 r<R (43)
G =<'%r r=~R (44)
0 r=R (45)

E(k) is the complete elliptic integral of the second kind
with a modulus of k& and parameter, m. ITy(k,m) is the

complete elliptic integral of the third kind with a modulus of
k and parameter, m.

In general, the vertical stress distribution at any arbitrary
point (r, z) with respect to the origin of an axisymmetric
cylindrical coordinate system in an elastic half space due to
the uniformly distributed load of intensity po applied over a
circular area of radius R is given by

cSzz(r' z) = pO(Icl + Icz) (46)

where |, are functions of the dimensionless factors

z/R and r/z.

For vertical normal stresses under the center of the circular
foundation area, under uniformly distributed load of intensity
po, ¥ =0, for points under the center, and

and |,

o,(r=02)=
G- 47
po{ m}(1+ nz)[ }} @7
6,(r=02)=p,¢1- (48)
0{ \f(1+ n }
n2 3/2
6,(r=012)= {1 . nzj } (49)
3/2
1
Gzz(r = O Z) - po{ }/2 +1] (50)



6, (r=02)=p, {1— A+n?) 72 } (52)
6, (r=0,2) = p, {1—(1+(R/z)2)‘%} (53)

This result can also be obtained by substitution of » = 0
into Equation (34) to obtain

6,(r=0,2)= —poR{IJl(BR)JO(O) exp(-p2)dp
0

+ [ 38R, 0)- Bzexp(—sz)ds} (54)
0
c,(r=02)=
—PoR [ (L+B2)J, (BR) exp(-Bz)dB (55)
0
c,(r=0,2)=-p, {—1+ 2%+ Rz)’w} (56)
3
o,(r=012)=p, [1_(22+ZT)3/2] (57)
243/2
c,(r=02)=p, [1—ﬁj
(ZZ) 3/2
= Po 1‘{@} (58)
1 3/2
TR Hm] J
2 -3/2
= po[l—(1+(%) ) J (59)
0, (r=02)=p 1 (R/) (60)
2 -3/2
|C(%):[1—(1+(%)j j (61)

Y . . . . .
I, (;) is the dimensionless influence coefficient for

finding vertical stress distribution at any depth z under the
center of a circular foundation area of radius R carrying
uniformly distributed load po.

7. DISCUSSION

In this work, the Fourier-Bessel transform method has
been successfully used to solve for the vertical stress fields in
a three dimensional axisymmetric problem of elasticity
involving a circular foundation subject to uniformly
distributed load applied on the xy Cartesian coordinate plane.
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The circular foundation was assumed to be on an elastic half
space defined by 0 = r = ==, 0 = z = =2, The semi-infinite
soil medium was assumed homogeneous, isotropic and linear
elastic. Stress function approach was adopted to reduce the
mathematically exerting problem of solving a system of
fifteen partial differential equations to one of finding suitable
stress functions of the cylindrical polar coordinates that
satisfied the boundary conditions, as well as the bounded
requirements of the problem. The method of separation of
variables was used to determine the general solution for the
biharmonic stress function governing the axisymmetric
elasticity problem as the Fourier-Bessel integral given by
Equation (16). The Fourier-Bessel integral was obtained in
general for bounded solutions in terms of an unknown
function £ {#) which was found to depend upon the Fourier-
Bessel transform parameter 8. The unknown function C()

was found by invoking the requirements of equilibrium of the
vertical stresses and the applied load on the surface z = 0, for
the case of uniformly distributed load as Equation (28). This
yielded a complete determination of the bounded biharmonic
stress function J2(r.z) as Equation (30). Egorov expression
given by Equation (3) was used to obtain the vertical stress
field in general as Equation (34). Equation (34) was obtained
in terms of integrals /; and [, which were defined as
Equations (36) and (37). Evaluation of the integration
problem gave the general solution for vertical stress at any
point (», z) in a semi-infinite linear elastic, isotropic,
homogeneous soil as Equation (38). Equation (38) can be
represented in terms of functions ICl and IC2 which are

found to be functions of dimensionless factors z/R and r/z.
The functions I, I, and I, were evaluated and represented
in tabular form as Tables 1, 2, 3, and 4. The problem of
vertical stress determination under the center of uniformly
loaded circular foundations was also considered as a
simplification of the problem solved by putting » = 0 in the
expression obtained — Equation 38 — to yield the vertical
stress field under the center of uniformly loaded circular
foundations as Equation (47), which simplified to Equation
(53). Equation (53) was similarly found to be a function of
the dimensionless influence factor I.(R/z) which depended
upon the circular foundation radius R and the depth, z. I. was
found as Equation (61), and was calculated and tabulated as
Table 5. It is observed that the solutions obtained agreed with
solutions from the technical literature, and are identical with
solutions obtained by lke [23] using the Hankel transform
method.

8. CONCLUSIONS
From the study, the following conclusions can be made:

The Fourier-Bessel transform method is an effective
mathematical technique for solving the axisymmetric
three dimensional elasticity problem of circular
foundation area subject to a uniformly distributed load
where the foundation is on a linear elastic, isotropic
homogeneous, semi-infinite soil media.

The stress function formulation of the axisymmetric
problem simplified the 3D elasticity problem of solving
a system of fifteen governing equations to one of
finding suitable stress functions that satisfied the
biharmonic stress compatibility equation as well as the

(@)

(i)



demands of equilibrium of internal and external forces
and the bounded requirements of the solution.
Mathematical expressions obtained as solutions for the
vertical stress fields under the center of the circular
foundation for the case of uniformly distributed loads
were found to be symmetrical functions with respect to
the vertical axis of symmetry (» = 0) of the problem —
which is the vertical axis under the center of the circular
foundation. This is in agreement with the symmetrical
nature of the problem considered and the symmetrical
nature of the applied uniformly distributed load about
the vertical axis of symmetry (» = 0).

(iif)

REFERENCES

[1] Ike CC. (2006) Principles of Soil Mechanics. De-Adroit

Innovation, Enugu.

[2] Chau KT. (2013) Analytic methods in geomechanics.
CRC Press Taylor and Francis Group, New York.
[3] Sadd MH. (2014) Elasticity theory, applications and

numerics. Third Edition, Elsevier Academic Press,
Amsterdam.

[4] Padio-Guidugli P, Favata A. (2014) Elasticity for
geotechnicians: A modern exposition of Kelvin,
Boussinesq, Flammant, Cerrutti, Melan and Mindlin
problems. Solid Mechanics and Its Applications,
Springer.

[5] Hazel Andrew (2015) MATH 35021 Elasticity.
University of Manchester, Manchester.

www.maths.manchester.ac.uk/ahazel/ MATH35021/
MATH35021.html.

[6] Palaniappan D. (2011) A general solution of equations
of equilibrium in linear elasticity.  Applied
Mathematical Modelling 35: 5494-5499, Elsevier.

[7] Barber JR. (2010) Elasticity, 3rd Revised Edition.

Springer Science and Business Media, Dordrecht, the
Netherlands.
Kachanov ML, Shafiro B, Tsukrov I. (2003) Handbook
of elasticity solutions. Springer Science and Business
Media Kluwer Academic Publishers Dordrecht, the
Netherlands.

[9] Sitharam TG, Govinda-Reju L. Applied Elasticity for
Engineers Module: Elastic Solutions and Applications
in Geomechanics. 14.139.172.204/ nptel/1/CSE/web/
105108070/module 8/lecture 17.pdf

[10] Abeyaratne R. (2012) Continuum Mechanics, Volume

IT of lecture notes on the Mechanics of Elastic Solids
Cambridge http//web.mit.edu/abeyartne/
lecture notes.html, 11th May, 2012. Updated 6th May,
2015. ISBN — 13:978-0-9791865-0-9. ISBN — 10:0-
9791865-0-1.

[11] Timoshenko SP, Goodier JN. (1970) Theory of
Elasticity, Third Edition. McGraw Hill, New York.

[12] Sokolnikoff IS (1956) Mathematical Theory of
Elasticity, Second Edition. Data McGraw Hill
Publishing Company Ltd, Bombay New Delhi.

[13] Lurie SA, Vasilev VV. (1995) The Biharmonic Problem
in the Theory of Elasticity. Gorden and Breach
Publishers, United States.

[14] Onah HN, Mama BO, Nwoji CU, Ike CC. (2017)
Boussinesq displacement potential functions method for
finding vertical stresses and displacement fields due to

212

distributed load on elastic half space. Electronic Journal
of Geotechnical Engineering (EJGE) 22(14): 5687-5709.
Ike CC, Mama BO, Onah HN, Nwoji CU. (2017)
Trefftz harmonic function method for solving
Boussinesq problem. Electronic Journal of Geotechnical
Engineering (EJGE) 22(12): 4589-4601.
Nwoji CU, Onah HN, Mama BO, Ike CC. (2017)
Solution of the Boussinesq problem of half space using
Green and Zerna displacement potential function
method. The Electronic Journal of Geotechnical
Engineering (EJGE) 22(11): 4305-4314.
Ike CC, Onah HN, Nwoji CU. (2017) Bessel functions
for axisymmetric elasticity problems of the elastic half
space soil: A potential function method. Nigerian
Journal of Technology (NIJOTECH) 36(3): 773-781.
http://dx.doi.org/w4314/nijtv36i3.16
Onah HN, Osadebe NN, Ike CC, Nwoji CU. (2016)
Determination of stresses caused by infinitely long line
loads on semi-infinite elastic soils using Fourier
transform method. Nigerian Journal of Technology
(NIJOTECH) 35(4): 726-731.
https://doi.org/10.4314/nijt/v35i4.7
[19] Nwoji CU, Onah HN, Mama BO, Ike CC. (2017)
Solution of elastic half space problem using Boussinesq
displacement potential functions. Asian Journal of
Applied Sciences (AJAS 05(05): 1100-1106.
Onah HN, Ike CC, Nwoji CU, Mama BO. (2017)
Theory of elasticity solution for stress fields in semi-
infinite linear elastic soil due to distributed load on the
boundary wusing the Fourier transform method.
Electronic Journal of Geotechnical Engineering (EJGE)
22(13): 4945-4962.
Ike CC. (2017) First principles derivation of a stress
function for axially symmetric elasticity problems, and
application to Boussinesq problem. Nigerian Journal of
Technology (NIJOTECH) 36(3): 767-772.
Ike CC. (2018) General solutions for axisymmetric
elasticity problems of elastic half space using Hankel
transform method. International Journal of Engineering
and Technology (IJET) 10(2): 565-580.
https://10.21817/ijet/2018/ v10i2/181002112
Ike CC. (2018) Hankel transform method for solving
axisymmetric  elasticity problems of circular
foundation on semi-infinite soils. International Journal
of Engineering and Technology (IJET) 10(2): 549-564.
https://10.21817/ijet/2018/v10i2/181002111

[15]

[16]

[17]

[18]

[20]

[21]

[22]

(23]

APPENDIX

Vertical stress field due to uniformly distributed load over
a circular area in soil idealised as elastic half space.

At any arbitrary point (7, z) in the elastic soil, the increase
in the vertical stress (c,) at any point located at a depth z at
any radial distance » from the center of the uniformly loaded
area can be given in terms of the non-dimensional
coefficients I and I, as:

GZ = p(ICl + ICz)

where Ic1 and IC2 are functions of z/R and r/R



Table 1. Vertical stress influence coefficients due to uniformly distributed load over a circular area of radius R in semi-infinite
linear elastic (elastic half space) soil
Variation of ICl with z/R and »/R

"R 0 0.2 0.4 0.6 0.8 1 1.2 1.5 2
z/R
0 1.0 1.0 1.0 1.0 1.0 0.5 0 0 0
0.1 0.90050  0.89748  0.88679  0.86126  0.78797  0.43015 0.09645  0.02787  0.00856
0.2 0.80388  0.79824  0.77884  0.73483 0.63014  0.38269  0.15433 0.05251 0.01680
0.3 0.71265 0.70518  0.68316  0.62690  0.52081 0.34375 0.17964  0.07199  0.02440
0.4 0.62861 0.62015 0.59241 0.53767  0.44329  0.31048  0.18709  0.08593 0.03118
0.5 0.55279  0.54403 0.51622  0.46448  0.38390  0.28156  0.18556  0.09499  0.03701
0.6 0.48550  0.47691 0.45078  0.40427  0.33676  0.25588  0.17952  0.10010
0.7 0.42654  0.41874  0.39491 0.35428  0.29833 0.21727  0.17124  0.10228  0.04558
0.8 0.37531 0.36832  0.34729  0.31243 0.26581 0.21297  0.16206  0.10236
0.9 0.33104  0.32492 030669  0.27707  0.23832  0.19488  0.15253 0.10094
1 0.29289  0.28763 0.27005  0.24697  0.21468  0.17868  0.14329  0.09849  0.05185
1.2 0.23178  0.22795 0.21662  0.19890  0.17626  0.15101 0.12570  0.09192  0.05260
1.5 0.16795 0.16552  0.15877  0.14804  0.13436  0.11892  0.10296  0.08048  0.05116
2 0.10557  0.10453 0.10140  0.09647  0.09011 0.08269  0.07471 0.06275 0.04496
2.5 0.07152  0.07008  0.06947  0.06698  0.06373 0.05974  0.05555  0.04880  0.03787
3 0.05132  0.05101 0.05022  0.04886  0.04707  0.04487  0.04241 0.03839  0.03150
4 0.02986  0.02976  0.02907  0.02802  0.02832  0.02749  0.02651 0.02490  0.02193
5 0.01942  0.01938 0.01835 0.01573
6 0.01361 0.01307 0.01168
7 0.01005 0.00976 0.00894
8 0.00772 0.00755 0.00703
9 0.00612 0.00600 0.00566
10 0.00477  0.00465
Table 2. Variation of | a with z/R and »/R (continued)
7/R
/R 3 4 5 6 7 8 10 12 14
0 0 0 0 0 0 0 0 0 0

0.1 0.00211 0.00084  0.00042

0.2 0.00419  0.00167  0.00063 0.00048 0.00030  0.00020

0.3 0.00622  0.00250

0.5 0.01013  0.00407  0.00209 0.00118 0.00071  0.00053  0.00025 0.00014 0.00009

1 0.01742  0.00761 0.00393  0.00236 0.00143  0.00097  0.00050 0.00029 0.00018

1.2 0.01935  0.00871 0.00459 0.00269 0.00171  0.00115

1.5 0.02142  0.01013  0.00548 0.00325 0.00210  0.00141  0.00073 0.00043 0.00027

2 0.02221 0.01160  0.00659 0.00399 0.00264  0.00180  0.00094 0.00056 0.00036

2.5 0.02143  0.01221 0.00732  0.00463 0.00308  0.00214  0.00115 0.00068 0.00043
0.01980  0.01220  0.00770  0.00505 0.00346  0.00242  0.00132 0.00079 0.00051
0.01592  0.01109  0.00768 0.00536 0.00354  0.00282  0.00160 0.00099 0.00065
0.01249  0.00949  0.00708 0.00527 0.00394  0.00298  0.00179 0.00113 0.00075
0.00983  0.00795  0.00628 0.00492 0.00384  0.00299  0.00188 0.00124 0.00084
0.00784  0.00661 0.00548 0.00443 0.00360  0.00291  0.00193 0.00130 0.00091
0.00635  0.00554  0.00472 0.00398 0.00332  0.00276  0.00189 0.00134 0.00094
0.00520  0.00466  0.00409 0.00353 0.00301  0.00256  0.00184 0.00133 0.00096

0 0.00438  0.00397  0.00352 0.00326  0.00273  0.00241

— 0 002N N bk~ Ww

Table 3. Variation of IC2 with z/R and 7/R

1R 0 0.2 0.4 0.6 0.8 1 1.2 15 2
z/IR
0 0 0 0 0 0 0 0 0 0
0.1  0.09852  0.10140  0.11138  0.13424 0.18796 0.05388 ~0.07899  —0.02672  —0.00845
02 018857  0.19306 020272 023524 0.25983 0.08513 ~0.07759  —0.04448  —0.01593
03 026362 026787 028018  0.29483 027257 0.10757 ~0.04316  —0.04999  —0.02166
04 032016 032259 032748 032273 026925 0.12404 ~0.00766  —0.04535  —0.02522
0.5 035777 035752 035323 033106 026236 0.13591 0.02165  —0.03455  —0.02651
0.6 037831 037531 036308 032822 025411 0.14440 0.04457  —0.02101
0.7 038487 037962 036972 031029 0.24638 0.14986 0.06209  —0.00702  —0.02329
0.8 038091 037408 035133 030699 023779 0.15292 0.07530  0.00614
0.9 036962 036275 033734 029299 0.22891 0.15404 0.08507  0.01795
1 0.35355 034553 032075 027819 0.21978 0.15355 0.09210  0.02814  —0.01005
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1.2 0.31485 0.30730 0.28481 0.24836  0.20113  0.14915 0.10002 0.04378 0.00023
1.5 0.25602 0.25025 0.23338 0.20694 0.17368 0.13732 0.10193 0.05745 0.01385
2 0.17889 0.18144 0.16644 0.15198 0.13375 0.11331 0.09254 0.06371 0.02836
2.5 0.12807 0.12633 0.12126 0.11327 0.10298 0.09130 0.07869 0.06022 0.03429
3 0.09487 0.09394 0.09099 0.08635 0.08033 0.07325 0.06551 0.05354 0.03511
4 0.05707 0.05666 0.05562 0.05383 0.05145 0.04773 0.04532 0.03995 0.03066
5 0.03772 0.03760 0.03384 0.02474
6 0.02666 0.02468 0.01968
7 0.01980 0.01868 0.01577
8 0.01526 0.01459 0.01279
9 0.01212 0.1170 0.01054
10 0.00924 0.00879
Table 4. Variation of IC2 with z/R and »/R (continued)

r/R
2/R 3 4 5 6 7 8 10 12 14
0 0 0 0 0 0 0 0 0 0
0.1 —0.00210 —-0.00084 —0.00042
0.2 -0.00412 -0.00166 —0.00083 —0.00024 —0.00015 —0.00010
0.3 —0.00599 —0.00245
0.5 —0.00991 —0.00388 —0.00199 -0.00116 —0.00073 —0.00049 —0.00025 —-0.00014 -0.00009
1 -0.01115 -0.00608 —0.00344 —-0.00210 -0.00135 —0.00092 —0.00048 —0.00028 —0.00018
1.2 —0.00995 —-0.00632 -0.00378 —0.00236 —0.00156 —0.00107
1.5 —0.00669 —0.00600 —-0.00401 —-0.00265 -0.00181 —0.00126 —0.00068 —0.00040 -0.00026
2 0.00028 —0.00410 —0.00371 -0.00278 —0.00202 -0.00148 —0.00084 —0.00050 —0.00033
2.5 0.00661 —0.00130 —0.00271 -0.00250 —0.00201 -0.00156 —0.00094 —0.00059 —0.00039
3 0.01112 0.00157 -0.00134 -0.00192 —-0.00179 —0.00151 —0.00099 —0.00065 —0.00046
4 0.01515 0.00595 0.00155 -0.00029 —-0.00094 —0.00109 —0.00094 —0.00068 —0.00050
5 0.01522 0.00810 0.00371 0.00132 0.00013  —-0.00043 —0.00070 —0.00061 —0.00049
6 0.01380 0.00867 0.00496 0.00254 0.00110 0.00028 —0.00037 —0.00047 —0.00045
7 0.01204 0.00842 0.00547 0.00332 0.00185 0.00093  —0.00002 —-0.00029 -0.00037
8 0.01034 0.00779 0.00554 0.00372 0.00236 0.00141 0.00035 —0.00008 —0.00025
9 0.00888 0.00705 0.00533 0.00386 0.00265 0.00178 0.00066 0.00012 —-0.00012
10 0.00764 0.00631 0.00501 0.00382 0.00281 0.00199

Table 5. Vertical normal stress distribution influence coefficient I, (%,) under the center of uniformly loaded circular foundation

area of radius R.

L (B) =1 (B))

R/z 1. Rz 1. Rz 1. R/z 1.

0.00 0.00000 0.30 0.12126 0.60 0.36949 0.90 0.58934
0.01 0.00015 0.31 0.12859 0.61 0.37781 0.91 0.59542
0.02 0.00060 0.32 0.13605 0.62 0.38609 0.92 0.60142
0.03 0.00135 0.33 0.14363 0.63 0.39431 0.93 0.60734
0.04 0.00240 0.34 0.15133 0.64 0.40247 0.94 0.61317
0.05 0.00374 0.35 0.15915 0.65 0.41058 0.95 0.61892
0.06 0.00538 0.36 0.16706 0.66 0.41863 0.96 0.62459
0.07 0.00731 0.37 0.17507 0.67 0.42662 0.97 0.63018
0.08 0.00952 0.38 0.18317 0.68 0.43454 0.98 0.63568
0.09 0.01203 0.39 0.19134 0.69 0.44240 0.99 0.64110
0.10 0.01481 0.40 0.19959 0.70 0.45018 1.00 0.64645
0.11 0.01788 0.41 0.20790 0.71 0.45789 1.01 0.65171
0.12 0.02122 0.42 0.21627 0.72 0.46553 1.02 0.65690
0.13 0.02483 0.43 0.22469 0.73 0.47310 1.03 0.66200
0.14 0.02870 0.44 0.23315 0.74 0.48059 1.04 0.66703
0.15 0.03283 0.45 0.24165 0.75 0.48800 1.05 0.67198
0.16 0.03721 0.46 0.25017 0.76 0.49533 1.06 0.67686
0.17 0.04184 0.47 0.25872 0.77 0.50259 1.07 0.68166
0.18 0.04670 0.48 0.26729 0.78 0.50976 1.08 0.68639
0.19 0.05181 0.49 0.27587 0.79 0.51685 1.09 0.69104
0.20 0.05713 0.50 0.28446 0.80 0.52386 1.10 0.69562
0.21 0.06268 0.51 0.29304 0.81 0.53079 1.11 0.70013
0.22 0.06844 0.52 0.30162 0.82 0.53763 1.12 0.70457
0.23 0.07441 0.53 0.31019 0.83 0.54439 1.13 0.70894
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0.24 0.08057 0.54 0.31875 0.84 0.55106 1.14 0.71342
0.25 0.08692 0.55 0.32728 0.85 0.55766 1.15 0.71747
0.26 0.09346 0.56 0.33579 0.86 0.56416 1.16 0.72163
0.27 0.10017 0.57 0.34427 0.87 0.57058 1.17 0.72573
0.28 0.10704 0.58 0.35272 0.88 0.57692 1.18 0.72976
0.29 0.11408 0.59 0.36112 0.89 0.58317 1.19 0.73373
1.20 0.73763 1.60 0.85112 2.00 0.91056 5.00 0.99246
1.21 0.74147 1.61 0.85312 2.02 0.91267 5.20 0.99327
1.22 0.74525 1.62 0.85507 2.04 0.91472 5.40 0.99396
1.23 0.74896 1.63 0.85700 2.06 0.91672 5.60 0.99457
1.24 0.75262 1.64 0.85890 2.08 0.91865 5.80 0.99510
1.25 0.75622 1.65 0.86077 2.10 0.92053
1.26 0.75976 1.66 0.86260 2.15 0.92499 6.00 0.99556
1.27 0.76324 1.67 0.86441 2.20 0.92914 6.50 0.99648
1.28 0.76666 1.68 0.86619 2.25 0.93301
2.30 0.93661
1.29 0.77003 1.69 0.86794 235 0.93997
1.30 0.77334 1.70 0.86966 2.40 0.94310 7.00 0.99717
1.31 0.77660 1.71 0.87136 2.45 0.94603 7.50 0.99769
1.32 0.77981 1.72 0.87302 2.50 0.94877
1.33 0.78296 1.73 0.87467 2.55 0.95134 8.00 0.99809
1.34 0.78606 1.74 0.87628 2.60 0.95374
1.35 0.78911 1.75 0.87787 2.65 0.95599 9.00 0.99865
1.36 0.79211 1.76 0.87944 2.70 0.95810
1.37 0.79507 1.77 0.88098 2.75 0.96009 10.00 0.99901
1.38 0.79797 1.78 0.88250 2.80 0.96195
1.39 0.80083 L79 0.88399 2.85 0.96371 12.00 0.99943
1.40 0.80364 1.80 0.88546 2.90 0.96536 14.00 0.99964
1.41 0.80640 1.81 0.88691 2.95 0.96691
1.42 0.80912 1.82 0.88833 16.00 0.99976
1.43 0.81179 1.83 0.88974 3.00 0.96838
1.44 0.81442 1.84 0.89112 3.10 0.97106 18.00 0.99983
1.45 0.81701 1.85 0.89248 3.20 0.97346
1.46 0.81955 1.86 0.89382 3.30 0.97561 20.00 0.99988
1.47 0.82206 1.87 0.89514 3.40 0.97753
1.48 0.82452 1.88 0.89643 3.50 0.97927 25.00 0.99994
1.49 0.82694 1.89 0.89771 3.60 0.98083 30.00 0.99996
1.50 0.82932 1.90 0.89897 3.70 0.98224
1.51 0.83167 1.91 0.90021 3.80 0.98352 40.00 0.99998
1.52 0.83397 1.92 0.90143 3.90 0.98468
1.53 0.83624 1.93 0.90263 50.00 0.99999
1.54 0.83847 1.94 0.90382 4.00 0.98573
1.55 0.84067 1.95 0.90498 4.20 0.98757 100.00 1.00000
1.56 0.84283 1.96 0.90613 4.40 0.98911
1.57 0.84495 1.97 0.90726 4.60 0.99041 0 1.00000
1.58 0.84704 1.98 0.90838 4.80 0.99152
1.59 0.84910 1.99 0.90948
NOMENCLATURE Jo(Br)  Bessel function of the first kind with order equal to
zero, and parameter, B
X,y,z  three dimensional Cartesian coordinates Jo(r) Bessel function of the first kind of zero order
3D three dimensional c1 integration constant
rz axisymmetrical cylindrical polar coordinate C(B)  unknown function in the Fourier — Bessel integral
r radial coordinate (m) B Fourier — Bessel transform parameter
R radius of circular foundation (m) Ji(BR)  Bessel function of the first kind with order equal to
Q(r,z)  axisymmetrical stress potential function in terms of one and parameter, B
the axisymmetrical cylindrical coordinates (r, z) E(k) complete elliptic integral of the second kind with a
ox(r,z) vertical stress field (distribution) in axisymmetrical modulus of k
(cylindrical) polar coordinates (kN/m?) ITo(k,m) complete elliptic integral of the third kind with a
2 (r, z) shear stress field (distribution) in cylindrical polar modulus of k and parameter m
coordinates (kN/m?) . a non-dimensional (dimensionless) radial coordinate
p(r) axisymmetrical load distribution (kN/m-) Po intensity of uniformly distributed load applied on
f(r) function of r the circular foundation area
a(2) function of z
Co separation constant
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Ie,

I,

G

vertical stress influence coefficients in Tables 1

and 2
vertical stress influence coefficients in Tables 3

and 4
non-dimensional integration value (parameter)
whose value depends on r

IC(—j dimensionless influence coefficient for finding
z

VZ
vZ

v4

v =

vertical stress distribution of any depth z under the
centre of a circular foundation area of radius R
carrying uniformly distributed load, po

210,

-——+
o2 ror o7’
Laplace partial differential operator in axisymmetric
cylindrical coordinates
biharmonic  (partial  differential)
axisymmetric cylindrical coordinates
2 2 )2
o° 10 0
or ror o7

operator in

VZVZ — (VZ)Z :(
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MATHEMATICAL SYMBOLS

9
oz
az
%

T( )dp
0

exp (—B2)
f'(r)
f"(r)

<

partial derivative with respect to z

second partial derivative with respect to z

integration with respect to B between the limits O

and oo
exponential function
first derivative of f(r) with respect to r

second derivative of f(r) with respectto r

less than
greater than

partial derivative with respect to r

second partial derivative with respect to r





