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 In this study, thermal and rheological behavior of non-Newtonian nanofluids in a tube is 

studied using a new power-law relation. The tube is under a constant heat flux and the 

viscosity of power-law non-Newtonian nanofluids is assumed to be a function of shear rate 

and temperature simultaneously. Fully developed velocity and uniform velocity profiles 

are considered as inlet boundary condition. It is demonstrated that the viscosity along the 

tube is affected by temperature and shear rate for fully developed and uniform flow 

profiles. Local heat transfer coefficient along the tube increases with the volume fraction, 

however volume fraction less than 3% does not affect local heat transfer. It is demonstrated 

that local heat transfer and average Nusselt number are decreasing functions of Reynolds 

number. Contrary to the previous studies, average Nusselt number is a decreasing function 

of the volume fraction of nanoparticles. The Nusselt number is suggested to be a function 

of Peclet number when the temperature effects are considered in the power-law relation. 
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1. INTRODUCTION 

 

In two past decades, nanofluids have been introduced and 

counted as advanced heat transfer fluids in several industrial 

applications such as chemical and petrochemical applications. 

Nanofluids are suspensions of nanoparticles in a base fluid 

which are uniform and stable [1, 2]. Water, ethylene glycol and 

some oils are used as the base fluid. Researchers have 

investigated the rheological and thermal properties of 

nanofluids and presented several correlations to predict their 

properties such as viscosity, thermal conductivity, specific 

heat capacity and density [3-9]. For reliable design and 

optimization of process equipment, it is essential to know the 

information about the heat transfer rate for such liquids 

flowing through channels. Some researchers verified 

convective heat transfer of nanofluids in channels 

experimentally and numerically [10-19]. They presented 

correlations to predict hydrodynamic and heat transfer trends 

of nanofluids. Many researchers studied the laminar and 

turbulent flow of nanofluids in tubes with different cross 

section or tubes [10, 17-21]. Microchannels with different 

cross sections, tubes involving twisted tape inserts and 

corrugated tubes are some examples. Study of forced and 

natural convection heat transfer of non-Newtonian nanofluids 

have been recently performed by some researchers [12, 13, 17, 

18]. Hojjat et al. [7] dispersed CuO nanoparticles in a 0.5 

weight percent aqueous solution of carboxymethyl cellulose 

(CMC) to make a non-Newtonian nanofluid with different 

volume fractions. They studied rheological behavior of the 

flow and reported the viscosity of this nanofluid as a non-

Newtonian power-law fluid for the temperature range of 278K 

to 318K. Mariano et al. [9] investigated thermal conductivity, 

rheological behavior and density of non-Newtonian 

SnO2/ethylene glycol nanofluid. Most of researchers 

investigated the rheological and thermal conductivity of non-

Newtonian nanofluids and concluded a power-law behavior 

for these fluids [4-6]. Hojjat et al. [17] studied forced 

convection heat transfer of non-Newtonian nanofluids through 

a circular plain tube under constant heat flux in turbulent flow 

regime. They reported higher heat transfer coefficient for 

higher volume fractions of nanoparticles. While some 

researchers investigated the convection heat transfer of non-

Newtonian nanofluids experimentally [10, 17], numerical 

simulations of non-Newtonian nanofluids flow were 

performed by many researchers [12, 13, 18]. Kamali and 

Binesh [22] studied the laminar flow of nanofluids in a 1.55 

mm tube. They modeled thermal conductivity of nanofluids as 

fourth degree functions of temperature and viscosity as power-

law fluid functions. Keshavarz Moraveji et al. [18] 

investigated Herschel–Bulkley non-Newtonian nanofluid flow 

in a 4.75 mm plain tube and presented a correlation to predict 

the Nusselt number. Esmaeilnejad et al. [12] investigated 

power-law non-Newtonian nanofluids in three different 

microchannels under constant heat fluxes. However, they did 

not consider thermal conductivity as a function of temperature.  

To the best of our knowledge, the researchers have not 

considered the temperature influences on the viscosity. They 

assumed that the viscosity is only a function of shear rate while 

they were investigating the convective heat transfer. In this 

study, the viscosity of power-law nanofluids is assumed to be 

a function of shear rate and temperature simultaneously. 

Thermal conductivity of the nanofluids is a function of the 

temperature. Natural convection heat transfer characteristics 

of power-law nanofluids in a tube under constant heat flux are 

investigated. Hydrodynamically fully developed flow is 

compared with uniform velocity flow as inlet boundary 

conditions. Effects of nanoparticle volume fraction and 

Reynolds number on heat transfer are evaluated. In addition, a 
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new sliding adaption (called boundary adaption method) is 

used for the simulation in this paper.  

 

 

2. PROBLEM DESCRIPTION 
 

A 1.55 mm diameter circular plain tube with 914.4 mm 

length is the computational domain which is shown in Figure 

1. Garg et al. [10] used the same tube for their experimental 

work. Tube wall is subjected to constant heat flux. Structured 

grid is used for all cases in this study. Due to symmetric 

condition along the longitudinal axis, half of the computational 

domain is considered for the simulations. 

  

 
 

Figure 1. Schematic of the tube that is used for the 

simulations 

 

Boundary adaption technique is used in order to achieve 

high accuracy calculations close to the tube wall [23].  

 

 

3. GOVERNING EQUATIONS 

 
Steady-state two-dimensional axisymmetric laminar forced 

convection of non-Newtonian nanofluids inside a circular 

plain tube is investigated numerically. Therefore, the 

equations of mass, momentum and energy conservations are 

as follows: 

 

∇. (𝜌𝑛𝑓�⃗� ) = 0 (1) 

 

(𝜌𝑛𝑓 �⃗⃗� �⃗⃗� ) = −∇𝑃 + ∇. (𝜂𝑛𝑓∇�⃗⃗� ) (2) 

 

∇. (𝜌𝑛𝑓�⃗⃗� 𝑐𝑛𝑓𝑇) = ∇. (𝑘𝑛𝑓∇𝑇) (3) 

 

where, �⃗⃗�  is the velocity vector. T and p
 
are the temperature 

and the pressure, respectively. ρnf, μnf, Cnf, Knf are the density, 

dynamic viscosity, specific heat capacity and thermal 

conductivity, respectively. Subscript of nf refers to the 

nanofluid. 

Viscosity and thermal conductivity of dispersed Cuo 

nanoparticles suspended in carboxymethyl cellulose (CMC) 

with 0.5, 1, 1.5, 3, 4% volume fractions are extracted from 

Hojjat et al. [7, 8]. They reported the viscosity of non-

Newtonian nanofluids in terms of power law and consistency 

indices for the temperatures of 278, 288, 298, 308 and 318K 

based on the following relation: 

 
1−= nk   (4) 

 

where,
 
η is apparent viscosity, ko is the consistency index,   

is shear rate and n is power-law index. In the present study, Eq. 

(5) is used to model the viscosity as a function of shear rate 

and temperature simultaneously: 

 
1−= m

IC    (5) 

))
11

(exp(
0

0
TT

kC actI −=   

 

where, m is new power law index, CI is new consistency index, 

αact is the ratio of activation energy and thermodynamic 

constant and To is a reference temperature. Then new values of 

ko, m, αact and To are found to adjust Eq. (5) on the experimental 

data of Hojjat et al. [7] as Table 1 shows. This table shows that 

new adjusted parameters are in a good agreement with 

experimental data as R2 is very close to 1. Figure 2 compares 

experimental data with the results of present model for volume 

fraction of 4%.  

 

Table 1. Values of ko, m, αact, To and R2 used in Eq. (5) for 

volume fractions of 0% to 4% 

 
φ m ko αact To R2 

0 0.5348 0.0782 1100.736 363.4572 0.997 

0.5 0.5306 0.0126 1251.08 741.9133 0.998 

1 0.538 0.0333 1120.375 487.541 0.998 

1.5 0.5382 0.015 1645.9 494.9848 0.995 

3 0.5641 0.0217 1453.774 459.8161 0.995 

4 0.5681 0.0132 1543.877 534.9958 0.997 

 

 
 

Figure 2. Comparison of experimental data with the results 

of present model for volume fraction of 4% 

 

Thermal conductivity of nanofluids (
nfK ) is also calculated 

using a fourth degree polynomial function of temperature as 

follows: 

 

edTcTbTaTKnf ++++= 234  (6) 

 

a, b, c, d, and e are presented in Table 2 for different volume 

fractions. R2 which is equal to 1 for all volume fractions 

showing that the present results are in good agreement with the 

experimental ones.  

The density and specific heat capacity are calculated by 

Eqns. (7) and (8) which are developed for solid and liquid 

mixtures as follow: 

 

bfpnf  )1( −+=  (7) 

 

bfpnf CCC )1(  −+=  (8) 

 

where, φ is the volume fraction of nanoparticles and subscripts 

p and bf refer to nanoparticle and base fluid, respectively.
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Table 2. Constants a, b, c, d, e calculated from curve fitting of Eq. (6) on experimental data 

φ a b c d e R2

0 8.5×10-8 -1.01×10-4 4.49×10-2 -8.86 656 1 

0.5 9.58×10-8 -1.14×10-4 5.10×10-2 -1.01 752 1 

1 6.21×10-8 -7.31×10-5 3.23×10-2 -6.33 464.9 1 

1.5 1.11×10-7 -1.32×10-4 5.89×10-2 11.7 864 1 

3 1.92×10-7 -2.19×10-4 9.38×10-2 -17.8 1269 1 

4 -4.77×10-7 5.68×10-4 -0.253×10-2 49.9 -3688 1 

Reynolds numbers of 600, 900, 1200 and 1500 are used to 

investigate laminar heat transfer of mentioned nanofluids. 

Two velocity profiles are considered as inlet boundary 

condition: hydrodynamically fully developed flow and 

uniform flow. Thermal entry length condition would exist if 

the location at which heat transfer begins is preceded by an 

unheated starting length. A user defined function (UDF) is 

used to enter non-Newtonian nanofluids with a fully 

developed velocity profile and avoid adding an unheated 

computational domain. Constant heat flux of 6000 W/m2 is 

subjected on the walls and outflow boundary condition is used 

for the outlet which means that all the variables have no 

change at the outlet. All simulations are performed for inlet 

temperature of 300K. Since the flow is symmetry, axis 

boundary condition is used for longitudinal axis (centerline) to 

assume half of the computational domain. A two-dimensional 

finite element analysis based on a single-phase fluid system is 

used to solve the governing equations. Fluid is assumed to be 

a continuum phase. Pressure and velocity are coupled using 

SIMPLE algorithm. The PRESTO scheme is used to discretize 

pressure and second-order upwind scheme to discretize both 

momentum and energy equations. Convergences are achieved 

when summation of residuals decreased to 10-5 for continuity 

and momentum equations. 

4. RESULTS

First, some considerations are described before presenting 

the results. Volume fractions of 0%, 0.5%, 1%, 1.5%, 3% and 

4%, the Reynolds numbers of 600, 900, 1200 and 1500, and 

two inlet boundary conditions (fully developed flow and 

uniform velocity profile) lead to 48 cases are considered to 

study laminar convection heat transfer of non-Newtonian 

nanofluids in the present study. Since there are too many cases 

and results are identical in trends, one different case is chosen 

for each section to explain nanofluid behavior.  

4.1 Validation 

Eq. (9) presented by Siginer et al. [24] is used to validate 

the present simulations. It should be mentioned that this 

equation is used when fluid is hydrodynamically fully 

developed before heating.  

3
1

3
1

41.1 GzNuz = (9) 

where, 

m

m

4

)13( +
= , 

z

D
Gz .Pr.Re= , 

I

mm

nf

C

DU −

=

2

Re


, 

1)(
.

Pr −= m

nf

Inf

D

U

K

CC

U is the mean velocity of the fluid, D is tube diameter (1.55 

mm), Gz, Re, and Pr are Graetz, Reynolds and Prandtl 

numbers, respectively and z refers to axial coordinate. 

Siginer et al. [24] presented Eq. (10) for power-law non-

Newtonian fluids with fully developed velocity profile: 

1
1

max

1

+
















−=

m
z

R

r

U

U
(10) 

where, subscript max refers to the maximum, r is radial 

coordinate of the tube and R is tube radius. Accuracy of this 

equation is shown in section 3.4. Figure 3 shows the Nusselt 

number of the base fluid (calculated from Eq. (11) using 

simulation data) and Nusselt number obtained by Eq. (9) at 

Reynolds numbers of 600 and 1500. 

nf

z
K

Dh
Nu

.
= (11) 

bw TT

q
h

−


= (12) 

h is convection heat transfer coefficient, q  is the wall heat

flux equal to 6000 W/m2, Tw is wall temperature along the tube 

length and Tb is bulk temperature of the fluid. Figure 3 shows 

a very good agreement between the simulation results and 

those computed by Eq. (9).  

Figure 3. Average Nusselt number obtained from the present 

simulations and that calculated from Eq. (9) for the base fluid 

4.2 Grid study 

Natural convection of the Base fluid with Reynolds number 

equals to 600 is considered for four grid resolutions: 41200 
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(named as grid 1), 82500 (named as grid 2), 155424 (named as 

grid 3) and 291250 (named as grid 4). Boundary adaption 

technic is used for all grid resolutions. Average Nusselt 

number is calculated using different grid resolutions and 

presented in Figure 4 to verify which grid resolution can be 

used for the simulations. It is found that the results correspond 

to grid 4 and grid 5 are approximately the same. The mean 

deviation of grid 3 and grid 2 compared to grid 4 is about 1% 

and 3%, respectively. Grid 1 is not obviously appropriate to 

use in order to large deviation compared to grid 4. 

Consequently, grid 3 is chosen for further simulations. 

 

 
 

Figure 4. Grid independency verification 

 

4.3 Viscosity and thermal conductivity profiles along the 

tube 

 

As mentioned previously in this paper, viscosity is a 

function of shear stress and temperature. In addition, thermal 

conductivity is a function of temperature of nanofluids. In this 

section, the volume fractions of 3% and Re = 1200 are 

considered as a case study to discuss about the variations of 

viscosity and thermal conductivity along the tube. Other 

volume fractions and Reynolds numbers have the same 

manner. Figure 5 shows the viscosity profile for the case study 

using fully developed velocity profile as the inlet boundary 

condition.  

 

 
 

Figure 5. Viscosity profile along the tube for the volume 

fraction of 3% at Re = 1200 for fully developed flow as inlet 

boundary condition 

 

Figure 5 shows that there are little changes in viscosity 

profile along the tube and all the profiles has the same trend 

which is due to fully development before heating. Normally 

viscosity of the fluid decreases near the heating wall. Upper 

temperature makes lower viscosity. At the middle of the tube, 

lower temperature leads to higher viscosity. Figure 6 shows 

the viscosity profile of the case study when a uniform velocity 

profile is assumed as the inlet boundary condition. There are 

large changes in the viscosity profile along the tube because 

the fluid is going to be fully developed hydrodynamically and 

thermally simultaneously. There is also low viscosity near the 

tube wall and high viscosity at the center of the tube because 

of more shear stress and temperature at the wall. Along the 

tube, at z/D =100, the flow is fully developed and viscosity 

profile has a trend like viscosity profiles presented in Figure 5 

which means that the flow is fully developed at this point.  

 

 
 

Figure 6. Viscosity profile along the tube for volume fraction 

of 3% at Re =1200 for uniform flow as inlet boundary 

condition 

 

Thermal conductivity is more predictable in comparison 

with the viscosity. It is a decreasing function of temperature. 

It means that higher temperature results in larger thermal 

conductivity. Figure 7 shows thermal conductivity profiles 

along the tube for the case study. Kamali and Binesh presented 

the same trend for the thermal conductivity [22]. 

 

 
 

Figure 7. Thermal conductivity profile for volume fraction of 

3% at Re = 1200 

 

4.4 Local heat transfer coefficient 

 

Reynolds number, volume fraction of nanopraticles and 

velocity profile of inlet flow are effective parameters on heat 

transfer coefficient. A new case study is selected to verify how 
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velocity profile impacts on local heat transfer. Local heat 

transfer is calculated by using Eq. (12). In this case, Reynolds 

number and volume fraction of nanofluid are kept constant at 

900 and 4%, respectively. Figure 8 shows that the Nusselt 

number of fully developed flow is less than that of uniform 

flow. However, the Nusselt Number along the tube (almost at 

z/L = 10) is identical for two boundary conditions because 

uniform velocity profile goes to be fully developed along the 

tube (Figure 9). At this point, the velocity becomes fully 

developed and has little changes in comparison with the point 

at z/L=0.15. Figure 9 also shows the velocity profile predicted 

by Eq. (10) for the case study. There is just 2.5% of mean 

deviation with point z/L = 0.15 considering that the flow is 

fully developed at this point.  

 

 
 

Figure 8. Comparison of local heat transfer coefficient for 

fully developed flow and uniform flow at Re=900 and 

volume fraction of 4% 

 

 
 

Figure 9. Radial component of the velocity along the tube 

 

Figure 10 shows the effect of volume fraction of 

nanoparticle on local heat transfer coefficient for the case of 

Reynolds number equals to 900 for fully developed flow. 

As previous researchers reported, an increase in the volume 

fraction of nanoparticles leads to an increase in the heat 

transfer coefficient [7, 8, 14-16]. Here, the heat transfer 

coefficient does not increase for the volume fractions less than 

3%. Figure 11 shows that there is the same trend for uniform 

flow.   

The influence of Reynolds number on local heat transfer is 

shown in Figure 12 and Figure 13 for fully developed and 

uniform flows, respectively.  

 
 

Figure 10. Local heat transfer coefficient at Re=900 for fully 

developed flow boundary condition and different volume 

fractions of nanoparticles 

 

 
 

Figure 11. Local heat transfer coefficient at Re=900 for 

uniform flow boundary condition and different volume 

fractions of nanoparticles 

 

  
 

Figure 12. Local heat transfer coefficient for different 

Reynolds numbers and volume fraction of 1% for fully 

developed flow 

 

It is concluded that the heat transfer coefficient increases 

with the Reynolds number. An increase in the Reynolds 

number makes the fluid flow faster leads to more effective 

contacts to heating wall, more distribution of heat, more bulk 

temperature and then less wall temperature. As the difference 

of wall and bulk temperature decreases in Eq. (12), the heat 

transfer coefficient increases. Many previous researches 

confirm this conclusion [22]. 
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Figure 13. Local heat transfer coefficient for different 

Reynolds numbers and volume fraction of 1% for uniform 

flow 

  

4.5 Average Nusselt number 

 

Average Nusselt number is calculated using Eq. (13): 

 

 
(13) 

 

 (14) 

 

where,
bw TT , are average bulk and wall temperatures, 

respectively. h  refers to average heat transfer coefficient and 

avNu  is the average Nusselt number. As mentioned before, 

thermal conductivity of the nanofluids is a function of 

temperature. Because there is a temperature distribution all 

over the tube, it is not possible to assume a constant thermal 

conductivity for a nanofluid.  

Figures 14 and 15 show average Nusselt number for various 

Reynolds numbers and volume fractions for fully developed 

and uniform flows, respectively.   

Besides, Figure 16 illustrates thermal diffusion coefficient 

as a function of volume fraction. It is found that thermal 

diffusion coefficient is enhanced by increasing the volume 

fraction of nanoparticles. 

Figure 14 and Figure 15 show that the average Nusselt 

number decreases by increasing the volume fraction. However, 

the heat transfer coefficient increases with the volume fraction. 

This is due to the Prandtl number of the nanofluids. Previous 

researchers often reported that the Nusselt number is a 

function of Reynolds and Prandtl numbers as follows [23]: 

 
32 Pr.Re1

AA
ANu =

 
 

where, A1, A2, and A3 are empirical constants and are different 

for various cases. In order to study the effect of Reynolds and 

Prandtl numbers on average Nusselt number, Peclet number 

which is equivalent to the product of the Reynolds number and 

the Prandtl number is used. Therefore, Nusselt number is 

assumed to be a function of Peclet number. 

 

knf
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Considering α as heat diffusion coefficient: 

 

nfnf

k
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C

K

a


298@
=  

 

the Peclet number is defined as: 

 

 (15) 

 

 
 

Figure 14. Average Nusselt number for different Reynolds 

numbers and volume fractions for fully developed flow as 

inlet boundary conditions 

 

 
 

Figure 15. Average Nusselt number for different Reynolds 

numbers and volume fractions for uniform flow as inlet 

boundary conditions 

 

 
 

Figure 16. Thermal diffusion coefficient versus volume 

fraction for Re = 600 
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Peclet number is an inverse function of diffusion coefficient 

of nanofluid and depends on average flow velocity and tube 

diameter. Hence, Peclet number does not vary for fully 

developed flow in comparison with the uniform flow. Figure 

17 shows diffusion coefficient of the nanofluid for volume 

fractions of 0% to 4%. Thermal diffusion coefficient is 

decreasing function of volume fraction of nanofluid. It is the 

reason of descending trend of Peclet number as a function of 

volume fraction. As a result, Nusselt number is a function of 

Peclet number: 

 

 (16) 

 

where, C1, C2, C3 are constants and φ is volume concentration 

of nanofluid. Table  3 shows mentioned constants for both inlet 

boundary conditions. Figures 18 and 19 show exact 

predictions of Nusselt number of the nanofluid for fully 

developed and uniform flows, respectively using Eq. (16). 

Mean deviations of the predictions are 0.5% and 0.4% in 

Figures 17 and 18, respectively. 

  

Table 3. Constants C1, C2, and C3 for Eq. (16) 

 

 Fully developed flow Uniform flow 

C1 1.3739 1.3169 
C2 0.3590 0.2928 
C3 0.2056 0.2107 

 

 
 

Figure 17. The Nusselt number obtained from the present 

simulations and predicted by Eq. (16) for fully developed 

flow as inlet boundary condition 

  
 

Figure 18. The Nusselt number obtained from the present 

simulations and predicted by Eq. (16) for uniform flow as 

inlet boundary condition 

5. CONCLUSIONS 

 

In this study, thermal and rheological properties of 

Cuo/carboxymethyl cellulose (CMC) non-Newtonian 

nanofluids were studied for volume fractions of 0 (base fluid), 

0.5, 1, 1.5, 3, 4%. A new model was presented to predict 

viscosity of the nanofluids as a function of temperature and 

shear stress simultaneously. Thermal conductivity of the 

nanofluids was a function of temperature under constant heat 

flux in a tube. Fully developed velocity and uniform velocity 

profiles were used as inlet boundary condition to verify how 

fully developed flow impacts on heat transfer of the nanofluids. 

It was found that viscosity variations along the tube is affected 

by temperature for fully developed flow and affected by shear 

stress for uniform flow. The results revealed that local heat 

transfer for fully developed flow is less than that for uniform 

flow until uniform velocity profile reaches fully developed one. 

Local heat transfer coefficient along the tube increases with 

the volume fraction, however volume fraction less than 3% 

does not affect local heat transfer. It was demonstrated that 

local heat transfer and average Nusselt number are decreasing 

functions of Reynolds number. Contrary to previous 

researches, the present results showed that the average Nusselt 

number is a descending function of volume fraction of 

nanoparticles due to the Prantdl number effect. Hence, Peclet 

number was proposed to evaluate the effects of Reynolds and 

Prantdl numbers on average Nusselt number. Hence, the 

Nusselt number was suggested to be a function of Peclet 

number. Thermal diffusion coefficient increases with the 

volume fraction of nanoparticles and decreases with the Peclet 

number. This is the main reason of descending trend of 

average Nusselt number as the volume fraction of 

nanoparticles increases. 
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NOMENCLATURE 

 

C Heat capacity 

p Pressure (Pa) 

q″ heat flux (W/m2) 

Re Reynolds number 

Pr Prandtl number 

Gz Graetz number 

T Temperature (K) 

V Velocity vector (m/s) 
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k Consistency index 

n Power-law index 

K  Thermal conductivity (W/m.K) 

U  Mean velocity (m/s) 

0T  Reference temperature (K) 

IC  New consistency index 

D  Tube diameter (1.55 mm) 

R  Tube radius (0.775 mm) 

h  Convectional heat transfer coefficient 

(W/m2.K) 

L  Tube length (m) 

Pe Peclet number 

 

Greek symbols 

 

 

μ Viscosity (Pa.s) 

ρ Density (kg/m3) 

η Non-Newtonian viscosity (Pa.s) 

γ ̇ Shear rate 

ϕ Volume fraction 

act  Ratio of activation energy to 

thermodynamic constant 
  Heat diffusion coefficient (m2/s) 

 

Subscripts 

 

 

nf Nanofluid 

bf Base fluid 

p Nanoparticle 

z Axial coordinate 

r  Radial coordinate 

w Wall 

b Bulk 
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