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 Natural convective fluid flow and heat transfer in a square cavity filled with Copper (Cu) 

nano particles, mixed in a base fluid (water) has been numerically studied using finite 

volume method. The Semi Implicit Method for Pressure Linked Equations (SIMPLE) 

algorithm has been used to solve the transport equations (momentum and energy). Two 

constant temperature heat sources of same magnitude are placed on bottom surface and the 

two vertical surface temperatures are kept cold, while the top surface is maintained 

adiabatic. The influence of Rayleigh number (RaN) (varied from 1000 to 106) and  

nanoparticle volume fraction  (Φ = 0%, 5%, 10%, 15% and 20%) on fluid and heat flow 

characteristics has been numerically investigated and presented in the form of streamlines, 

velocity vectors, constant temperature lines, vertical velocity component at mid horizontal 

line, local and average Nusselt number. The obtained results indicate, for higher values of 

RaN (RaN=105 and 106) and volume fractions of nanoparticles, there is a significant 

increase in vertical velocity component, local and average Nusselt numbers due to increase 

in buoyancy forces and thermal conductivity of nanofluid.  
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1. INTRODUCTION 

 

Natural convection heat transfer inside closed cavities has 

wide engineering applications such as in solar energy storage 

devices, cooling of nuclear reactors, electronic and mechanical 

components, buildings, heat exchangers, storage tanks, etc. In 

all of these applications, thermo physical properties of fluids 

enclosed inside cavities play significant role to achieve their 

rated efficiency. Choi et al. [1] reported that a new class of 

fluid is formed when nanometer sized particles of metals/metal 

oxides of about 10 nanometers are added to conventional heat 

transfer fluids (water, ethylene glycol), named as nanofluid, 

which has better heat carrying ability compared to its base 

fluids. Xuan et al. [2] experimentally determined the 

properties of nanofluids and reported that thermal conductivity 

increases with increase in volume fraction of nanoparticles, 

also with variation in their shape and dimension. Mathematical 

correlations were also developed in this study to determine 

convective heat transfer coefficient between nanofluids and 

inner tube walls. Tzou [3] investigated the instability in 

nanofluids and reported that the critical RaN decreases by two 

orders of magnitude for nanofluids due to combined effect of 

Brownian and thermophoresis of nanoparticles. Khanafer et al. 

[4] investigated the heat transfer in a square cavity utilizing 

nanofluids using different models and reported that there is a 

significant increase in heat transfer due to suspended 

nanoparticles at any Grashoff number. Putra et al. [5] 

conducted experiments to investigate the thermal conductivity 

of nanofluids (Al2O3 and CuO) and reported that it increases 

with temperature at different particle densities, concentration 

and at different aspect ratios of the cylinder. It was also 

reported that there was a significant deterioration in natural 

convective heat transfer coefficient inside the horizontal 

cylinder. Sheikhzadeh et al. [6] numerically investigated the 

heat transfer in rectangular enclosure filled with the TiO2-

water nanofluid and presented that the average Nusselt number 

(Nuavg) of the heated wall decreases with increase in aspect 

ratio of cavity for a given value of RaN. Aminossadati et al. 

[7] numerically investigated natural convection in a partially 

heated cavity from below and when filled with different types 

of nanofluids (Cu, Ag, Al2O3, TiO2). It was reported that the 

cooling performance of the nano fluids improved due to 

addition of nanoparticles to the base fluid which is water, 

especially at low RaN. Ibtissam et al. [8] numerically 

developed a homogeneous heat transfer model to predict the 

heat transfer coefficients of nanofluids in a differentially 

heated square cavity for uniform and sinusoidal temperatures 

on its left wall. Xiong et al. [9] studied the fluid flow and heat 

transfer in a square cavity containing a thermal column filled 

with the SiO2-water nanofluid and reported that the increase in 

Nusselt number is more at high RaN than at low RaN. Roy [10] 

developed a model to determine the natural convection heat 

transfer coefficient of nanofluids in a square enclosure with 

circular, elliptical, and rectangular inner shapes. Effects of 

various parameterls like viscosity, thermal conductivity, 

Rayleigh and Nusselt numbers have been investigated by 

different researchers experimentally and numerically [11-14]. 

Bhattad et al. [15] studied the influence of various nano and 

hybrid nanofluids (Al2O3-Multiwall carbon nano tubes and 

water) on heat transfer and pressure drop in a counter flow 

plate heat exchanger, both experimentally and numerically at 

different nanoparticle volume concentrations. Results of 

various models such as Discrete phase model (DPM) and 

Single-phase model were compared with the experiments in 

this study. It was reported that the DPM provided better results 

compared to the homogeneous model and the hybrid nanofluid 
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has better performance. This improved performance was 

attributed to the higher thermal conductivity of MWCNTs 

compared to that of Al2O3. Bhattad et al. [16] conducted an 

extensive review on the application of various nanoparticles in 

refrigeration, heat pump and in air conditioning systems in 

different roles such as a refrigerant, lubricant and secondary 

fluid. Variation in different thermophysical properties of 

nanofluids in different roles was listed in the review such as 

increase in thermal conductivity, viscosity, specific heat and 

density with increase in nanoparticle volume concentration. 

Despite of vast applications of multiple heat sources on same 

side of the wall, as in case of natural convective cooling of 

electronic devices, literature on such studies is limited. In the 

present work, the influence of RaN and volume fraction of 

nanofluids on fluid flow and heat transfer inside the cavity 

filled with Cu-Water nanofluid with two heat sources is 

numerically simulated using finite volume method for laminar 

natural convection. 

 

1.1 Problem definition 

 

Figure 1 shows the schematic representation of square 

cavity filled with Cu-Water nanofluid. Two constant 

temperature heat sources, Th are located on the lower 

horizontal surface, while vertical surfaces are maintained at 

low temperature Tc, and the upper surface is insulated. The 

nanofluid flow and heat transfer inside the cavity is assumed 

to be steady, two dimensional, incompressible, Newtonian and 

laminar. Boussinesq approximation is considered to account 

for density variation of nanofluids and the other properties are 

assumed to be constant. 

 

 
 

Figure 1. Schematic representation of the problem with two 

heat sources 

 

Two approaches, mainly, single and two-phase models were 

used in the literature to study the influence of nanoparticles 

suspended in a fluid on the heat transfer [4, 7]. The single-

phase models are simpler and efficient computationally in 

which the base fluid and the suspended nanoparticles are in 

thermal equilibrium and flow with same velocity. The two-

phase models are used mostly to understand the role of fluid 

and nanoparticles on the heat transfer and are computationally 

intense. Heat transfer in nanofluids is affected by several 

factors, such as Brownian motion, agglomeration of 

nanoparticles, friction between fluid and the nanoparticles, 

layering at solid-liquid interface, etc. Two phase models are 

not applicable to analyze the nanofluids in the absence of 

experimental data and suitable numerical studies [4]. Owing 

to the scarcity of literature on such experiments and 

complexity of two-phase models, and also because of the 

simplicity and accuracy, modified single phase model was 

considered in the present work as the main interest in this work 

is focused on the heat transfer process. 

 

 

2. MATHEMATICAL FORMULATION 

 

2.1 Governing equations of the problem 

 

The fluid flow and energy equations for the steady, two 

dimensional, laminar natural convection in the cavity can be 

written in dimensional form as follows: 

 

Continuity equation: 
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y-momentum equation: 
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Energy equation: 
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The density, diffusivity, heat capacitance, coefficient of 

thermal expansion,viscosity [13] and thermal conductivity of 

nanofliuds [14] and is determined by: 
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The following are the dimensionless terms are used to 

obtain dimensionless governing equations are: 
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𝑋 = 𝑥/𝐿, 𝑌 = 𝑦/𝐿, 𝑈 =
𝑢𝐿

𝛼𝑓
, 𝑉 =

𝑣𝐿

𝛼𝑓
, 𝑃 =

𝑝𝐿2

𝜌
𝑛𝑓𝛼𝑓

2
, 𝜃 =

(𝑇−𝑇𝑐)

(𝑇ℎ−𝑇𝑐)
. 

(11) 

 

The dimensionless fluid flow and energy equations are 

expressed as follows: 

 

0=



+





Y

V

X

U
 (12) 

 


















+




+




−=




+




2

2

2

2

Y

U

X

U

X

P

Y

U
V

X

U
U

fnf

nf




 (13) 

 
( )









Pr

2

2

2

2

RaN
Y

V

X

V

Y

P

Y

V
V

X

V
U

nfnf

nf

fnf

nf
+

















+




+




−=




+



  (14) 

 
































+




=




+




2

2

2

2

YXY
V

X
U

f

nf 




 (15) 

 

( )

ff

chf TTLg
RaN



 −
=

3

 (16) 

 

f

f




=Pr  (17) 

 

The local and Nuavg on the bottom surface is calculated by 

using the following expressions:  
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2.2 Boundary conditions 

 

The non-dimensional boundary conditions along the walls 

of the square cavity are applied as: 

 

At left surface (X=0 and 0 ≤ Y ≤1) U= V= θ = 0. 

At right surface (X=1 and 0 ≤ Y ≤ 1) U= V = θ = 0. 

At top surface (Y=1 and 0 ≤ X ≤1) U= V= 
𝜕𝜃

𝜕𝑌
= 0. 

At bottom surface (Y=0 and 0 ≤ X ≤1) U=V= θ=0, 

whereas along the two heat sources, θ=1. 

(20) 

 

 

3. NUMERICAL SCHEME AND VALIDATION 

    

The non-dimensional fluid flow and energy equations are 

discretized using finite volume method. Table 1 shows the 

properties of the water and Cu nanoparticles used for the study. 

The SIMPLE algorithm was applied to link the continuity and 

momentum equations. The convective and diffusive terms in 

the momentum and energy equations are handled 

withQuadratic Upstream Interpolation for Convective 

Kinematics (QUICK) scheme. The discretized linear 

equations are solved by Tri-Diagonal Matrix Algorithm 

(TDMA) method. The developed numerical code was 

validated in terms of Nuavg, streamlines and isothermal 

contours by varying RaN for natural convection heat transfer. 

It was done considering the cavity with air as a medium inside 

the square cavity. The left wall was maintained hot and right 

wall was cooled while the top and bottom walls were 

considered as adiabatic. The obtained results are in good 

agreement with the work reported by the De Vahl Davis [11] 

as shown in Figures 2 and 3. A comparison of results of this 

numerical study with that of literature has been presented in 

Table 2. 

 
 

Figure 2. Comparison of streamlines with benchmark results of De Vahl Davis [11] (RaN= 105 and 106, Pr = 0.71) 
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Figure 3. Comparison of constant temperature lines with benchmark results of De VahlDavis[11] (  RaN= 105 and 106, Pr = 0.71) 

 

Table 1. Thermo physical properties of water and Cu-

nanoparticles [8] 

 
 ρ (kg/m3) Cp (J /kg K) k (W/ m K) β (1/K) 

Water 997.1 4179 0.63 1.47x10-5 

Cu 8933 385 401 1.67x10-5 

 

3.1 Grid independence study 

 

The grid independence test is carried outto determine 

optimum grid size for the present developed numerical code 

for the case of 10% volume fraction of Cu-nanoparticles 

(Φ=10%) in the base fluid. Different uniform grids namely, 20 

x 20, 40 x 40, 60 x 60, 80 x 80, 100 x 100 and 120 x 120 were 

tested. It was observed, as mentioned in Table 3, that the Nuavg 

remained nearly same from grids 80 x 80 to 120 x 120 at RaN 

of 104. Hence 80 x 80 gridis selected for further study. 

 

Table 2. Validation of Nuavg along the left heated wall with 

De Vahl Davis [11] 

 
 Present Work De Vahl Davis 

RaN = 103 1.134 1.11 

RaN= 104 2.102 2.243 

RaN = 105 4.53 4.519 

RaN = 106 8.99 8.799 

Table 3. Grid Independence test (Φ=10%, Ra=104, Pr = 6.2) 

 
Grid size 20x20 40x40 60x60 80x80 100x100 120x120 

Nuavg 1.617 1.789 1.857 1.89 1.895 1.899 

 

 

4. RESULTS AND DISCUSSION 

 

A steady, two dimensional numerical investigations is 

carried out to study the buoyancy driven flows of Cu-Water 

NF in a cavity with two constant temperature heat sources 

placed on its bottom surface. The results presented here mainly 

focus on influence of RaN and volume fraction of 

nanoparticles on streamlines, fluid velocities and convective 

heat transfer characteristics of the NFs in the cavity. The value 

of RaN is varied from 1000 to 106 and the volume fraction of 

Cu-nano sized particles is varied from 0 to 20% (φ = 0%, 5%, 

10%, 15% and 20%). Prandtl number of the fluid, Pris taken 

as 6.2 for the entirestudy [7]. 

 

4.1 Influence of RaN on flow characteristics 

 

Figures 4 and 5 show the development of streamlines and 

corresponding velocity vectors in the cavity. The cavity is 

filled with copper nanofluid in which volume fraction of Cu-

particles is 10% and the RaN is varied from 103 to 106. It is 

observed, since the two constant temperature heat sources of 

same strength are located at equal distance from the sides in 

the bottom surface, a set of primary counter rotating 

streamlines are developed rising from the surfaces of heat 

sources, reaching top, and again moving down from the sides 

of cavity. It can also be observed from the Figure 4(a) that 

secondary small counter rotating vortices are formed in the 

region between the two heat sources.These vortices are found 

to be rotating in a direction opposite to that of the main 

streamlines which are moving upwards. The size of these two 

vortices is also noticed to be decreasing with the increase in 

RaN due to dominant effect of primary vortices.At the same 

time, it can be observedin Figures 4(a) to 4(d) that two counter 

rotating vortices, above the heat sources, move towards up 

with increase in RaN. This may be due to increase in the 

buoyancy forces experienced by NFs. 
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(a) RaN=103 (b) RaN=104 

  
(c) RaN=105 (d) RaN=106 

 

Figure 4. Stream lines for different RaNfor Φ =10 percent volume fraction of nanoparticles 
 

  

(a) Ra=103 (b) Ra=104 

  
(c) Ra=105 (d) Ra=106 

 

Figure 5. Velocity vectors for different RaN for Φ =10 percent volume fraction of nanoparticles 
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(a) RaN=103 (b) RaN=104 

  

(c) RaN=105 (d) RaN=106 
 

Figure 6. Constant temperature lines for different RaNfor Φ=10 percent volume fraction of nanoparticles 

 

4.2 Influence of RaN on constant temperature lines 

 

Figure 6(a) to 6(d) shows the formation of constant 

temperature lines on the heated sources inside the cavity for 

different RaN. As it can be seen in the figures, constant 

temperature lines are formed nearly parallel to each other close 

to the two hot sources for low RaN of 103 and 104 due to the 

influence of conduction heat transfer on the fluid flow with 

low heat transfer to the NF. However, higher convective heat 

transfer rate is observed at increased RaN, especially at 106. 

This can be attributed to the increase in buoyancy forces 

because of which natural convection dominates than the 

conduction heat transfer at the hot surfaces. Similar 

observations were reported in the literature [7] for single 

heated source. 

 

4.3 Influence of volume fraction of nanoparticles on 

vertical component of velocity, V 

 

The influence of volumetric percentage addition of 

nanoparticles on vertical velocity component, V, of the 

nanofluid along the mid horizontal line of the square cavity for 

different RaN is presented in Figure 7. It is observed from 

Figure 7(a) that the vertical velocity component decreases with 

increase in volume fraction of nanoparticles at low RaN, 

especially at 103.But with the increase in RaN from 104 to 106, 

the vertical velocity component is found to be increasing at 5 

percent volume fraction of nanoparticles compared to pure 

base fluid. However, it starts to decrease with further addition 

of nanoparticles and this decrease is found to be consistent up 

to 20% as shown in Figures 7(b) to 7(d). The decrease in 

vertical velocity component might be due to heavier density 

and rise in viscosity of NF with the addition of nanoparticles. 

But the value of vertical velocity component increases by 

increasing RaN from 103 to106 and this variation is due to 

higher buoyancy driven forces inside the cavity. The higher 

value of velocity is recorded at mid vertical line of the cavity 

due to equal distance of heat sources from side surfaces. At the 

two vertical surfaces, velocity becomes zero due to wall effect, 

and in the region between the vertical walls and heat sources, 

negative vertical velocity is recorded due to downward motion 

of the fluid particles.   

 

4.4 Influence of volume fraction of nanoparticles and RaN 

on local Nusselt number 

 

The influence of volume fraction of nanoparticles and RaN 

on local Nusselt number (NuL) along the bottom surface of the 

cavity with two heat sources is shown from Figures 8(a) to 8(d). 

For a given percentage addition of nanoparticles, the local 

Nusselt number varies over the heated sources, having 

maximum at its ends and negative in the region between two 

heat sources due to heat flow from fluid to surface. For 

RaN=103 and 104, local Nusselt number has symmetrically 

distributed over the heated surfaces due to the dominanceof 

heat conduction. With the increase in RaN from 105 to 106, an 

increase in values of local Nusselt number is observed due to 

increase in buoyancy forces over the heated surfaces. The 
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change of local Nusselt number over the two heated surfaces 

for RaN= 103 and 104 is symmetrical, whereas for RaN=105 

and 106 it is un symmetrical. Local Nusselt number is also 

strongly dependent on volume fraction of nanoparticles in the 

base fluid as can be observed from Figure 8(a) to 8(d). The 

addition of volume fraction of nanoparticles causes irregular 

and random motion of nanoparticles resulting enhancement in 

energy transfer rates [8]. 
 

  
(a) RaN=103 (b) RaN=104 

  

(c) RaN=105 (d) RaN=106 

 

Figure 7. Change of vertical component of velocity, V, along the mid horizontal line of square cavity by varying RaN from 103 

to 106 for different volume percentage addition of Cu-nanoparticles 

 

  

(a) Φ = 0% (b) Φ= 5% 

  
(c) Φ = 10% (d) Φ=15% 

 
(e) Φ = 20% 

 

Figure 8. Change of Local Nusselt number along the bottom surface of square cavity for different volume fractions of Cu-

nanoparticles and RaN 
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4.5 Influence of volume fraction of Cu-nanoparticles in a 

base fluid and RaN on Nuavg along the bottom surface 

 

Figure 9 illustrates the change inNuavg along the bottom 

surface of square cavity filled with NF of Cu-Water at 

different volume fractions of nano particles (from 5% to 20%) 

for different RaNs ranging from 103 to 106. The addition of 

nanoparticles to the base fluid causes thermal conductivity of 

NF to be higher than base fluid and this will be proportional to 

the volume percentage addition of nanoparticles [1]. For low 

RaN(RaN=103 and 104), there is a slight increase in Nuavg due 

to the dominant effect of conduction mode of heat transfer 

over the convection atthe bottom surface. The convective heat 

transfer is found to be dominant over the conduction heat 

transfer with the increase in RaN(from RaN=105 and 106) and 

volume fraction of nano particles in the base fluid. This is due 

to the increase in buoyancy forces inside the cavity which 

resulted in significant increase in heat transfer along the 

bottom surface. 
 

 
Figure 9. Comparison of Nuavg along the bottom surface with 

increase in volume fraction of Cu-particles for RaN varying 

from 103 to 106 

 
 
5. CONCLUSIONS 

 

This work numerically investigates the effect of RaN and 

volume fractions of nano particles in a cavity filled with 

Copper-Water NF using finite volume method and SIMPLE 

algorithm. The important conclusions from the study are 

presented below: 

(1) It causes significant changes in fluid flow streamlines 

and isothermal lines with the increase in RaN from 103 to 106. 

(2) For low RaN, conduction heat transfer near the bottom 

surface is found to be dominating over the convection.  

(3) There is a significant increase in fluid velocities with 

increase in RaN causing counter rotating streamlines to move 

away from heat sources, increasing the heat transfer rate. 

(4) Nuavg along the bottom surface is found to be increasing 

with the increase in RaN and volume fraction of nano particles 

in the base fluid.  

(5) A reduction in fluid velocities at horizontal mid sections 

of the cavity is observed at higher volume fractions of nano 

particles in the base fluid.  

(6) The variation of local Nusselt number is noticed to be 

symmetrical over the heated sources for low RaN (103 and 104) 

due to domination of heat conduction and it is unsymmetrical 

for high RaN (105 and 106) due to high fluid velocities and 

convective heat transfer. 
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NOMENCLATURE 

 
Cp specific heat, (J/ Kg K) 

g acceleration due to gravity, (m/s2) 

k thermal conductivity, (W /m K) 

NFS nanofluids 

NuL Local Nusselt number 

Nuavg Average Nusselt number 

Pr Prandtl number 

p Fluid pressure, (Pa) 

P Non dimensional pressure 

RaN Rayleigh number 

T dimensional temperature, (K) 

u, v dimensional x and y components of velocity, (ms-1) 

U, V dimensionless velocities 

x, y dimensional coordinates, (m) 

X, Y dimensionless coordinates 

L Length of the cavity, (m) 

Cu Copper nanoparticles 

 

Greek symbols 

 

α thermal diffusivity, (m2s-1) 

β thermal expansion coefficient, (K-1) 

Φ nanoparticles volume fraction  

θ non dimensional temperature 

μ Dynamic viscosity, (N s m-2) 

ν kinematic viscosity, (m2s-1) 

ρ Density, (kg m-3) 

 

Subscripts 

 

c cold surface 

f fluid 

h hot surface 

nf nanofluid 

s Solid particles 
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