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The effects of nanoparticle diameter on the magnetohydrodynamic flow and heat transfer 

of TiO2-H2O nanofluid over an exponentially stretching sheet are studied in this paper. It 

is assumed that the effective viscosity of TiO2-H2O nanofluid is a function of nanofluid 

concentration and nanoparticle diameter by use of new accurate correlation. Therefore, the 

flow and heat characteristics of TiO2-H2O nanofluid near a surface can be found under the 

effects of nanoparticle diameter for the first time. For this purpose, the governing partial 

differential equations are transformed to the nonlinear ordinary differential equations using 

similarity transformations. The resulting equations are solved analytically using Optimal 

Homotopy Asymptotic Method (OHAM) which is most applicable in the analysis of 

nonlinear problems. The effects of nanoparticle diameter, nanofluid concentration, and 

magnetic field on the flow and heat transfer of nanofluid are investigated in detail. The 

results show that the reduced skin friction is a descending function of nanoparticle 

diameter. The reduced Nusselt number is a complicated function of magnetic field, 

nanofluid concentration, and nanoparticle diameter. It can be found that for the specific 

values of parameters, the curves of reduced Nusselt number with respect to the parameters 

such as magnetic field and nanofluid concentration have peaks where the maximum of heat 

transfer occurs. 
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1. INTRODUCTION

The boundary layer flow and heat transfer of fluid over 

stretching sheet has significant applications in several 

engineering processes such as paper production, cooling 

process of plate in cooling bath, and glass manufacturing. 

Regarding these applications, the study of boundary layer 

behavior over a solid surface was started by Sakiadis [1]. 

Numerous powerful mathematical methods were used to 

investigate the problem of flow near a surface. Crane [2] used 

exact similarity solution to study forced convection over a 

stretching sheet. 

Since the pioneering work, effects of various parameters 

such as magnetic field on the flow and heat transfer of fluid 

over stretching sheet have been investigated by many authors. 

For example, the boundary layer flow and heat transfer of fluid 

in the presence of magnetic field was investigated by Pavlov 

[3], Ali et al. [4], and Hayat et al. [5]. It can be found from 

literature that the boundary layer flow and heat transfer of fluid 

is affected by definition of boundary conditions. The effects of 

suction and injection on the flow and heat transfer 

characteristics were studied by Ganji et al. [6] and Abbasi et 

al. [7]. 

In several engineering processes, the effects of viscous 

dissipation and thermal radiation on the flow and heat transfer 

of fluid in the presence of magnetic field are important. 

Considering these situations, the effects of magnetic field and 

viscous dissipation on the flow and heat transfer 

characteristics of fluid were investigated by many authors [8, 

9]. Also, the effects of magnetic field and thermal radiation on 

the boundary layer flow and heat transfer of fluid were 

investigated by Hayat et al. [10], Sheikholeslami and Ganji 

[11] and Malvandi et al. [12].

In the last decades, nanofluids are noticed for high thermal

performance in comparison with base fluids. For the first time, 

the effects of adding nanoparticle to the base fluid were 

investigated by Choi and Eastman [13]. He showed that the 

thermal properties of fluid increase by adding nanoparticles 

for low concentration. Since the pioneering work, various 

aspects of nanofluids have been studied by many authors [14-

17]. Malvandi et al. [18] studied heat transfer enhancement at 

film boiling of nanofluids over a vertical cylinder. Nallusamy 

[18] investigated the effects of Al2O3-H2O nanofluid on the

overall heat transfer coefficient for a shell and tube heat

exchanger. Also, many authors investigated the nanofluid

properties. For example, Anoop et al [19], Vajjha et al. [20]

and Corcione [21] revealed that thermal conductivity and

viscosity of nanofluids depend on the nanoparticle size and

nanofluid concentration. Lee et al. [21] investigated the effects

of nanoparticle sizes on viscosity for zinc oxide nanoparticle.

In many problems, the results are achieved by solution of 

nonlinear ordinary differential equations. Therefore, various 

mathematical methods, such as homotopy perturbation 

method [22], modified homotopy perturbation method [23], 

differential transformation method [24], homotopy analysis 

method [25, 26], and optimal homotopy asymptotic method 

[27-30] were developed for solving ordinary differential 

equations. In many problems of fluid mechanic and heat 

transfer, the governing equations can be transferred to the 

nonlinear ordinary differential equations. Therefore, several 
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numerical and analytical methods were used to solve the 

ordinary differential equations instead of using CFD to solve 

partial differential equations [31, 32]. The mathematical 

methods were used to investigate the flow and heat transfer of 

fluid by Ganji [33], Ganji et al. [34], Ganji and Rajabi [35], 

Ganji et al. [36], Liao [37], Domairry and Nadim [38], Wang 

et al. [39], and Liao and Pop [40]. In this study, the governing 

equations are solved using Optimal Homotopy Asymptotic 

Method (OHAM) as one of the most appropriate method to 

solve the nonlinear equations. The authors used this method to 

solve the governing nonlinear ordinary differential equations 

of flow and heat transfer of fluid. For example, the governing 

nonlinear ordinary differential equations of Jeffery-Hamel 

flow were solved by Esmaeilpour and Ganji [41] using OHAM. 

In this paper, the boundary layer of magnetohydrodynamic 

flow and heat transfer of TiO2-H2O nanofluid over an 

exponentially stretching sheet is investigated analytically 

under the effects of nanoparticle diameter. The new correlation 

for viscosity of TiO2-H2O nanofluid was derived from 

experimental data which is used in this paper to investigate the 

effects of nanoparticle diameter on the flow and heat transfer 

of nanofluid near a sheet for the first time. In order to 

investigate the stated problem, the governing nonlinear 

ordinary differential equations of flow and heat transfer are 

solved using OHAM which is most applicable in the analysis 

of nonlinear problems. Consequently, the results of this paper 

can be useful by the engineers who want to know the effects 

of nanoparticle diameter on the flow and heat transfer 

characteristics near surface. 

 

 

2. DEFINITION OF THE PROBLEM  
 

The flow and heat transfer of nanofluid over a stretching 

sheet is investigated in this paper where the new accurate 

correlation for viscosity of TiO2-H2O nanofluid as function of 

nanofluid concentration and nanoparticle diameter is used. 

The sketch of flow is shown in Figure 1 which is assumed to 

be created by stretching of the sheet with large force. 

 

 
 

Figure 1. Sketch of the flow past a stretching sheet 

 

 

3. GOVERNING EQUATIONS 
 

The conservation equations of flow and heat transfer are 

defined in the following forms [28]. 
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The effective density, the effective heat capacity, and the 

effective thermal conductivity of nanofluid are defined as 

follow where the properties of fluid and particle are presented 

in Table 1. 

 

Table 1. The physical properties of fluid and particle 

 
 ρ(kg/m3) CP(J/kg.K) k (W/m.K) 

Fluid 998.3 4182 0.6 

Particle 10490 216.5 429 
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The effective viscosity of TiO2-H2O nanofluid is defined as 

follows. The below correlation was derived from experimental 

data [21]. Corcione [21] collected data from different sources. 

The best-fit for the selected experimental data is found by 

applying the following empirical correlation with a 1.84% 

standard deviation of error. The obtained correlation for 

effective viscosity is acceptable for nanoparticle volume 

fractions in the range of 0.0001 to 0.071 and temperatures 

between 293 K and 333 K. 
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dp is the diameter of nanoparticle and df is defined as follows. 
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M is the molecular weight of fluid, ρf is the density of fluid, 

and N is the Avogadro number. The above definitions of 

effective parameters are substituted into Eqns. (1-3). The 

resulting equations with appropriate boundary conditions are 

defined as follow. 

 

𝑢 = 𝑢0𝑒
𝑥
𝑙 , 𝑣 = 0,  𝑇 = 𝑇∞ + 𝑇0𝑒

𝑥
2𝑙 , 𝑎𝑡 𝑦 = 0 

𝑢 → 0, 𝑇 → 𝑇∞, 𝑎𝑡 𝑦 → ∞ 

 

The non-dimensional similarity transformations are 

presented in the following forms which are used to achieve 
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nonlinear ordinary differential equations from governing 

partial differential equations. 
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The resulting nonlinear ordinary differential equations with 

appropriate boundary conditions are presented as follow where 

primes stand for derivatives with respect to η. 
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𝑓 = 0, 𝑓′ = 1, 𝜃 = 1, 𝑎𝑡  𝜂 = 0 

𝑓′ = 0, 𝜃 = 0, 𝑎𝑡 𝜂 = ∞ 
 

M and Pr are defined in the following forms: 
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4. SOLUTION WITH OPTIMAL HOMOTOPY 

ASYMPTOTIC METHOD 
 

The governing nonlinear ordinary differential Eq. (13) and 

Eq. (14) are expressed as follow by means of OHAM. 
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f and θ are defined in the following forms, where f0, f1, f2, θ0, 

θ1, and θ2 are functions of similarity variable η. 
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H1 and H2 are defined as follow, where C11, C12, C21, and 

C22 are constants. 
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The above definitions of H1, H2, f, and θ are substituted into 

Eq. (17) and Eq. (18) and the same powers of P are collected. 

The resulting ordinary differential equations are solved for the 

particular case as follows. 
 

𝜑 = 0.03, 𝑀 = 0.1, 𝑃𝑟 = 7,
𝑎𝑛𝑑 𝑑𝑃 = 25.10−9 

 

The final results are achieved as follow: 
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The above definitions of f0, f1, and f2 are substituted into Eq. 

(29) to obtain the mathematical formulation for f. This 

approach is also adopted to achieve θ as follows. 
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The above definitions of f and θ are substituted into Eq. (13) 

and Eq. (14) to obtain the results which are named as R1 and 

R2, respectively. G1 and G2 are achieved by integration of 

square errors as follow. 
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C11, C12, C21, and C22 are constants of the above equations. 
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C11, C12, C21, and C22 are achieved as follow from solving 

the above equations. 

 

𝐶11 = 0.2242835815, 𝐶12 =
−0.3375938152e-1, 

𝐶21 = 1.353843870, 𝐶22 = −0.2069073548 

 

Final definitions of f and θ for the stated parameters of dp, 

φ, M, and Pr are obtained in the following forms. 
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5. RESULTS AND DISCUSSION 

 

In this paper, the effects of magnetic field, nanoparticle 

diameter, and nanofluid concentration on the flow and heat 

transfer of nanofluid over stretching sheet are investigated. For 

this purpose, the nonlinear ordinary differential Eq. (13) and 

Eq. (14) are analytically solved for various values of magnetic 

field, nanoparticle diameter, and nanofluid concentration. 

According to Figure 2, the analytical results in the limiting 

case are in good agreement with the previous published results 

by Sajid and Hayat [42]. 

 
 

Figure 2. Profile of f(η), θ(η), and f'(η) for the case Pr=1, 

kr=1, φ=0, and M=0 

 

 
 

Figure 3. Effects of M and dp on the reduced skin friction for 

φ= 0.02 

 

Figures 3-5 show the effects of magnetic field and 

nanoparticle diameter on the reduced skin friction for the 

various values of nanofluid concentration. It can be found that 

the reduced skin friction is an increasing function of magnetic 

field for all values of nanofluid concentration and nanoparticle 

diameter. The Lorentz force is an increasing function of 

magnetic field and it acts opposite to the motion of fluid in this 

study when the flow of fluid is affected by magnetic field. 

Therefore, with the increase in magnetic field, the reduced skin 

friction increases. 

Figures 3-5 show that the reduced skin friction is a 

descending function of nanoparticle diameter. The effective 

viscosity of TiO2-H2O nanofluid is a decreasing function of 

nanoparticle diameter for each value of nanofluid 

concentration. Therefore, with the increase in nanoparticle 

diameter, the reduced skin friction decreases because of 

reduction in viscosity. It can be found that the reduced skin 

friction is a nonlinear decreasing function of nanoparticle 

diameter. The variation of reduced skin friction with respect to 

the nanoparticle diameter is higher for lower values of 

nanoparticle diameter. Also, the variation of reduced skin 

friction with respect to the nanoparticle diameter is higher for 

380



 

higher values of nanofluid concentration. It means that the size 

of nanoparticle diameter is more important with the increase 

in nanofluid concentration. 

 

 
 

Figure 4. Effects of M and dp on the reduced skin friction for 

φ= 0.04 

 

Finally, the general correlation for defining the reduced skin 

friction as a function of magnetic field, nanoparticle diameter 

and nanofluid concentration is obtained as follows: 
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By applying the equation of skin friction, the variation of 

the results with respect to different parameters can be obtained. 

 

 
 

Figure 5. Effects of M and dp on the reduced skin friction for 

φ= 0.06 

 
 

Figure 6. Effects of φ, M and dp on the reduced skin friction 

 

Figure 6 shows the variation of reduced skin friction with 

respect to the magnetic field parameter for the various values 

of nanofluid concentration and nanoparticle diameter. It is 

shown that the reduced skin friction is an ascending function 

of nanofluid concentration.  

The effective viscosity of TiO2-H2O nanofluid is an 

increasing function of nanofluid concentration for each value 

of nanoparticle diameter. Therefore, with the increase in 

nanofluid concentration, the reduced skin friction increases 

because of increase in viscosity. Also, the variation of reduced 

skin friction with respect to the nanofluid concentration is 

higher for higher values of nanofluid concentration. 

Figures 7-9 show the effects of magnetic field and 

nanoparticle diameter on the reduced Nusselt number for the 

various values of nanofluid concentration. It is shown that the 

reduced Nusselt number is a complex function of stated 

parameters. Figure 7 shows that the reduced Nusselt number 

is an increasing function of nanoparticle diameter where the 

nanofluid concentration is defined as a small value of 0.02. 

 

 
 

Figure 7. Effects of M and dp on the reduced Nusselt 

number for φ= 0.02 
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Also, the variation of reduced Nusselt number with respect 

to the nanoparticle diameter is higher for lower values of 

nanoparticle diameter. According to Figure 7, it can be found 

that the curves of reduced Nusselt number with respect to the 

magnetic field have peaks which are named critical values in 

this paper. The reduced Nusselt number with respect to the 

magnetic field is changed from increasing function to 

decreasing function by passing critical values. Also, it is 

shown that critical values of magnetic field are decreasing 

function of nanoparticle diameter. 

Figure 8 shows the effects of magnetic field and 

nanoparticle diameter on the reduced Nusselt number where 

the nanofluid concentration is defined as 0.04. 

It is shown that the reduced Nusselt number is a nonlinear 

increasing function of nanoparticle diameter. According to 

Figure 8, it can be found that the reduced Nusselt number is an 

increasing function of magnetic field for small value of 

nanoparticle diameter and the curves of reduced Nusselt 

number with respect to the magnetic field have peaks for large 

values of nanoparticle diameter. 

 

 
 

Figure 8. Effects of M and dp on the reduced Nusselt 

number for φ= 0.02 

 

 
 

Figure 9. Effects of M and dp on the reduced Nusselt 

number for φ= 0.02 

Therefore, the reduced Nusselt number is changed from 

increasing function of magnetic field to decreasing function of 

magnetic field by passing the peaks for large values of 

nanoparticle diameter. 

Figure 9 shows the effects of magnetic field and 

nanoparticle diameter on the reduced Nusselt number where 

the nanofluid concentration is defined as 0.06. According to 

Figure 9, it can be found that the reduced Nusselt number is a 

complicated function of nanoparticle diameter. The reduced 

Nusselt number is an increasing function of nanoparticle 

diameter for small values of magnetic field whereas it is a 

complicated function of nanoparticle diameter for large values 

of magnetic field. Therefore, the diameter of nanoparticle is 

more important where the nanofluid is made by high 

concentration. 

Figure 10 shows comparison between the curves of reduced 

Nusselt number with respect to the magnetic field parameter 

for the various values of nanofluid concentration and 

nanoparticle diameter. It can be found that the reduced Nusselt 

number is an increasing function of nanofluid concentration 

for large values of nanoparticle diameter. According to Figure 

10, the reduced Nusselt with respect to the nanofluid 

concentration is changed from increasing function to 

decreasing function by passing through the critical value of 

nanofluid concentration for small values of nanoparticle 

diameter. 

 

 
 

Figure 10. Effects of φ, M and dp on the reduced Nusselt 

number 

 

The results in this paper show variations of reduced skin 

friction and reduced Nusselt number with respect to the 

parameters such as magnetic field, nanofluid concentration, 

and nanoparticle diameter. The maximum of heat transfer and 

skin friction can be controlled by use of these results which are 

investigated in this paper. 

 

 

6. CONCLUSION 

 

In the present work, the effects of nanoparticle diameter, 

nanofluid concentration, and magnetic field on the flow and 

heat transfer characteristics of TiO2-H2O nanofluid over an 

exponentially stretching sheet are investigated by use of new 
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accurate correlation for viscosity which was derived from 

experimental data. The governing partial differential equations 

are first transformed into nonlinear ordinary differential 

equations and the resulting equations are solved analytically 

using Optimal Homotopy Asymptotic Method. It is found that, 

the reduced skin friction is an ascending function of magnetic 

field parameter and nanofluid concentration, whereas it is a 

nonlinear decreasing function of nanoparticle diameter. It is 

shown that the variation of reduced skin friction with respect 

to the nanoparticle diameter increases with the increase in 

nanofluid concentration and it increases with the decrease in 

nanoparticle diameter. According to this study, the reduced 

Nusselt number is an increasing function of nanoparticle 

diameter for small values of nanofluid concentration and the 

variation of reduced Nusselt number with respect to the 

nanoparticle diameter is a function of magnetic field for large 

values of nanofluid concentration. The results show that the 

variation of reduced Nusselt number with respect to the 

nanofluid concentration is a function of nanoparticle diameter. 

It is shown that the reduced Nusselt number is a nonlinear 

increasing function of nanofluid concentration for large values 

of nanoparticle diameter and the curves of reduced Nusselt 

number with respect to the nanofluid concentration have peaks 

for small values of nanoparticle diameter. According to this 

paper, the variation of reduced Nusselt number with respect to 

the magnetic field is a complicated function of nanofluid 

concentration, nanoparticle diameter, and the value of 

magnetic field which is investigated in detail. 
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NOMENCLATURE 
 

𝐵0 Uniform magnetic field, T 

C
 

Constant 

𝐶𝑝 Specific heat at constant pressure, J/kg.K 

Ec Eckert number 

f Dimensionless stream function 

H Auxiliary function for P 

k Thermal conductivity, W/m.K 

rK  Thermal radiation parameter 
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k  Mean absorption coefficient 

M Magnetic field parameter 

MHD Magnetohydrodynamic 

P Embedding parameter 

Pr Prandtl number 
Q  Heat source parameter 

Q Heat source 

rq  Radiative heat flux 

T Temperature, K 
T  Temperature far away from the wall, K 

0T  Reference temperature, T 

u Velocity component in x direction, m/s 

0u  Reference velocity, m/s 

v Velocity component in y direction, m/s 

 

 

 

Greek symbols 

 

α Thermal diffusivity (m2/s) 

η Similarity variable 

θ Dimensionless temperature 

μ Viscosity (kg/m.s) 

ρ Density (kg/m3) 

σ Electrical conductivity of the fluid 

  Stefan–Boltzmann constant (W/m2.K4) 

Φ Nanoparticle concentration 

 

Subscripts 

 

f Fluid 

Nf Nanofluid 

P Particle 
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