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The purpose of this paper is to investigate numerically the laminar natural convection in
an annular space bounded by two coaxial horizontal cylinders equipped with two fins of
height h, ranging from 0.015 to 0.953. Rayleigh number, Ra, is considered between 103
and 10 The effect of the fin height and Rayleigh number, both varied with small
increments is analyzed. The resulting flow structures and heat transfer rates as well as the
effectiveness of the system are presented. The results show that for each Ra the increase in
h leads to a decrease or an increase in heat transfer rate depending on the fins height value,
and that the case without fins can be more favorable to the heat transfer rate compared to
the case with fins for intervals of h obtained as a function of Ra. It is also shown that the
increase in the Rayleigh number does not necessarily correspond to an increase in heat
transfer rate. In particular, the disappearance of the bicellular regime leads to a decrease of

the heat transfer rate when Ra increases.

1. INTRODUCTION

The study of natural convection in differentially heated and
finned cavities designed to control heat transfer rate has been
of great interest in recent decades and remains important in
thermal sciences research due to the involvement of this device
in many applications such as cooling of electronic components
[1], heat exchangers and annular nuclear reactor, etc. In many
applications such as building insulation and storage, the goal
is to reduce heat transfer rate, while in others, such as the heat
sink the increase in heat transfer rate is the objective sought,
since natural convection cooling remains noiseless and at low
cost.

Some of the published research has focused on analyzing
the heat transfer rate by acting on the height of the fins. Chai
and Patankar [2] studied the effect of the orientation and the
height of the fins on the natural convection between two
horizontal cylinders with internal fins of height ranging from
0.2 to 0.7, and Rayleigh number values equal to 103, 10, 10°
and 108. The results show that the internal orientation of the
fins has a negligible effect on the average Nusselt number ratio
(ratio of heat transfer rate to that of pure conduction) which
increases with the increase of the Rayleigh number and
decreases with the increase of the height of the fins. The
authors found that long fins block and weaken the fluid flow.
Similarly, it has been shown by Rahnama et al. [3] that using
fins enhances the heat transfer rate and that the effect of their
orientation is negligible. On the other hand, the long fins block
the circulation of the flow reducing the average Nusselt
number ratio. Afterwards, the numerical study conducted by
Rahnama et al. [4] on turbulent natural convection in the
presence of radial fins of height equal to 0.2, 0.4 and 0.8 with
a number of fins that ranges from 2 up to 12 for Rayleigh
numbers ranging from 10° to 10° showed that the
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effectiveness is less than 1 for all configurations. It decreases
further with the increase of the height of the fins, reducing the
rate of heat transfer compared to the case without fins. They
also showed that the Nusselt number increases with the
increase in the Rayleigh number. The results obtained by Jafari
et al. [5] indicate that in a medium limited by a cylinder and a
square, the more Rayleigh number increases the more Nusselt
number also increases. Mixed convection is analyzed by
Soliman and coworkers [6, 7] in horizontal tubes with radial
internal fins. The results indicate that the fins suppress the free
convection currents and therefore, the average Nusselt number
ratio improvement decreases as the height of the fins increases.
Abu-Hijleh et al. [8] studied the effect of several combinations
of number and height of low conductivity fins on the
normalized Nusselt number (average Nusselt number with
baffles to average Nusselt number at cylinder surface) for a
wide range of Rayleigh number. The results showed that there
is an optimal combination of the number of fins and their
heights that minimizes the normalized Nusselt number.
Farinas and coworkers [9, 10] studied the effect of fins with
height equal to 0.25, 0.3, 0.5 and 0.75 placed inside a
horizontal annular cavity and a horizontal rhombic cavity, on
the fluid flow, the distribution of temperature and on the
average Nusselt number for Rayleigh numbers ranging from
10% to 108. The longest fin has been shown to generate a flow
with a smaller stagnant area and a more convective flow that
contributes more efficiently to heat transfer rate. They also
found that the fin effectiveness decreases as Rayleigh number
increases. Alshahrani and Zeitoun [11] also demonstrated that
increasing the height of the fins for different inclinations
increases the total heat transfer which also increases with
increasing Rayleigh number. The use of unequal heights fins
in annular cavities is adopted by Zeitoun and Hegazy [12] to
improve Nusselt number. Elatar et al. [13] have shown that


https://crossmark.crossref.org/dialog/?doi=10.18280/ijht.380207&domain=pdf

increasing fin height and conductivity ratio causes increased
fin effectiveness in a vertical-walled square cavity. The
numerical study of the laminar natural convection of
nanofluids [14, 15] between two radial concentric cylinders
with radial fins fixed to the inner cylinder has shown that as
the height and the number of fins increase, the fin effectiveness
increases with a greater effect of the height. As the Rayleigh
number increases the buoyancy force is intensified and thus
the Nusselt number is improved. The use of two porous fins
attached to the inner cylinder has shown that increasing the
Rayleigh number increases the average Nusselt number in an
annular cavity as studied by Kiwan and Zeitoun [16]. Masliyah
and Nandakumar [17] found that Nusselt number increases
with increasing fin height in a circular tube with internal fins.
The optimization of the finned pipe configuration as a function
of fin height, number of fins, fin thickness, and ratio of inner
and outer tube radii is investigated by Igbal and coworkers
[18-20] to improve the heat transfer rate coefficient. Various
optimal configurations have been proposed based on practical
and industrial requirements. The study of the effect of
changing initial conditions carried out by Idrissi et al. [21],
showed the existence of a bifurcation point separating two
flow regimes: uni- and bi-cellular. The bicellular regime leads
to substantial enhancement of the heat transfer rate compared
to the unicellular one.

Most of the studies presented previously, in the analysis of
the phenomenon of convection with fins, take into account the
effect of several geometrical and thermo-physical parameters
that can improve the heat transfer. Despite the large number of
scientific contributions related to thermal analysis in finned
cylindrical cavities, the variation of the height of the fins and
Rayleigh number remains among the most common and
practical ways whose effect on heat transfer is important and
continues to be studied and analyzed. The present paper
focuses for the first time to the best of our knowledge, on the
study of the effect of fin height considered with a very tight
increment, on heat transfer rate and fluid flow. The effect of
Rayleigh number varied with small increment is also analyzed
to determine the conditions required for increasing or
decreasing the heat transfer rate.

2. MATHEMATICAL MODELING OF THE PROBLEM

The schematic of the geometry analyzed in this study is
shown in Figure 1, consisting of an annular space filled with
air (Pr = 0.7), bounded by two isothermal cylinders, coaxial,
horizontal, very long, which allows us to consider the problem
as two-dimensional. The cylinder walls and the two fins are
assumed to be highly conducting, in order that temperatures
remain uniform along the cylindrical walls and the fins. The
isothermal fins are arranged on the hot wall of temperature T;
(inner cylinder of radius r;) symmetrically with respect to the
vertical plane containing the axis of the cylinders. The cold
wall (outer cylinder of radius r,) is at a temperature T, (T, <
T;). The radius ratio of the cylinders is R = ro/ri = 2. The fins
are placed at the angular position g = 0.82% from downward
and have a dimensionless height h defined with respect to r;
and a very low dimensionless thickness of value 0.015 defined
with respect to the inner half-perimeter (xr;). The choice of this
fins position is justified by the fact that in the finless case, the
bicellular regime which appears at the top of the annulus [22]
increases the heat transfer rate, and that in the case with fins
with the height 0.140 and the thickness 0.109, it has been
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shown that this position rises the heat transfer rate relatively to
others [23].

1.

Figure 1. Schematic of the geometry

The fluid occupying the annular space is considered to be
incompressible and viscous, obeying the Boussinesq
approximation. The problem considered is laminar and steady.
The governing conservation equations, written in
nondimensional form using the vorticity-stream function
formulation (@, i ), are given by:

Ay+w=0 (1)
oo Ua—w+\ia—w:PrAw+RaPr sin(pa—T+ma—T )
ot or r op or r op
T T VT g o
ot or r op

The stream function is related to the radial and tangential
components of the dimensionless velocity by the following
relations:

“4)

Ra and Pr are respectively the Rayleigh and Prandtl
numbers defined by:

Ra = gﬁ(Tl _To)ri

,pr=Y (5)
o

Vo

The physical quantities o, v and g are respectively: the
thermal diffusivity, the kinematic viscosity and the coefficient
of thermal expansion.

The boundary conditions write:

- On the inner wall:

oy

r=1: =0,
v or

o’w
:0, ?'PO):O,T:]. (6)

- On the outer wall:
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It is furthermore considered that the problem is symmetrical.

The symmetry conditions write;

g:o Yr
op

=0 and ¢=7:w=0, ®=0, (10)

The numerical model used to solve the governing Eqns. (1-
3) iteratively is based on the Centered Finite Difference
method with the ADI (Alternating Direction Implicit) scheme.
Thomas algorithm is applied to solve the obtained tri-diagonal
matrix systems. The initialization of the calculations is
processed by the introduction of zero fields of the vorticity and
stream function, and a pure conduction temperature field. The
results are obtained for steady-state flows. In order to keep the
convergence time to a minimum without losing accuracy a
65x65 grid was found sufficient. The validation was carried
out by comparing the results of the heat transfer rate obtained
at h = 0 with those obtained in the case without fins studied in
a previous work by Cheddadi et al. [22]. The results show a
good agreement since the difference that does not exceed
0.24% found for Ra = 10

The local Nusselt number along the outer cylinder is

calculated as the ratio of convective to conductive heat transfer:

oT

Nu, (r=R,¢)=—RInR—
o ( ?) o (11)

r=R

The average heat transfer rate defined by the Nusselt at the
cold wall is given by:

do

r=R

— 17 1 ToT
Nu=—|Nu dp=——R InR | —
Hwwso=—trmniZ] @0 o

T

3. RESULTS AND DISCUSSION

The present work investigates the effect of the fin height h,
and of Rayleigh number Ra, on the flow structure and the heat
transfer rate through the cylindrical annular cavity. The fin
height is ranging from 0.015 to 0.953 with the increment of
0.015 and the Rayleigh number varies from 10% to 10*
incremented by 10 units in some cases where the need arises.

During the variation of h for the Rayleigh numbers studied,
different flow regimes are observed. At low heights, the
unicellular regime, UCR, established is similar to that of the
finless case. The increase in h shows for the low Ra (1000 <
Ra < 2790) the appearance of a small cell near to the fin,
indicating that the regime is bicellular, BCR. With the
continuous increase in height different regimes appear:
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bicellular-bi-vortex, BCBV, characterized by the presence of
a main cell with two vortices of different sizes in addition to a
secondary cell, bicellular-tri-vortex, BCTV, quad-cellular,
QCR, where four cells are noticed, then tricellular, TCR.
Figure 2 (a) illustrates these regimes for Ra = 2000 and shows
the conditions of their appearance as a function of h. Note that
for the Ra numbers considered, the fluid along the hot cylinder
moves upward to reach the fin and tends to jump it, but it is
guided along the fin until meeting the cold wall and then
descends along the outer cylinder creating a nearly stagnant
flow area in the upper space especially for low and
intermediate heights. The intensity of the secondary cell does
not exceed 3.2% of the intensity of the main cell at h = 0.515
for Ra = 2790. For higher Ra (2800 < Ra < 3770), it is worth
noting that the appearance of the BCR regime is intermittent.

h=0.609, TCR

(@)



h=0.578, BCR h=0953, BCR
(b)

Figure 2. (a) Streamlines and isotherms for Ra = 2000; (b)
Streamlines and isotherms for Ra = 7000

A bi-vortex regime BVR interposes for restraint height
intervals: 0.328 < h < 0.453 for Ra = 3000 and 0.296 < h <
0.453 for Ra = 3500 and at 0.281 <h < 0.453 for Ra = 3770.

For Ra > 3770, the increase in h leads to the appearance of
two regimes: bi-vortex BVR, then bicellular BCR. Figure 2 (b)
shows the appearance of these two structures for Ra = 7000.
Summarizing results of similar flow regimes for 3770 < Ra <
10 000, Figure 3 presents in the h-Ra plane the transition lines
between all flow structures described above.
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Figure 3. Flow regimes in the h-Ra plane

The Nusselt number variation curves, Nu, as a function of h,
shown in Figure 4 (a), indicate that for each Ra, Nu decreases
with increasing h and reaches a minimum. The maximum of
decrease is noted for Ra = 10 000, in the order of 5.32%. For
1000 < Ra < 2790, Nu increases with h independently of the
different flow regimes that are established. Except for Ra >
2670 where the flow regimes start to influence the Nu curves.
For 2800 < Ra < 3770 Nu undergoes a jump in the transition

to the BCR regime, equal to 8.16% at h = 0.203 for Ra = 3000
and 13.06% at h = 0.265 for Ra = 3770, then decreases rapidly
at the transition BCR-BVR. This jump in the curve of Nu as a
function of h corresponds respectively to the UCR-BCR
regime change for the increase of Nu then to the BCR-BVR
for the decrease (Figure 3). Afterwards Nu increases gradually,
undergoes an accentuated rise related to the BVR-BCR
transition, and reaches its maximum at h = 0.953. For heights,
0.062 < h for Ra = 10% and 0.390 < h for Ra = 10%, the decrease
of Nu can be related to the blocking effect of the flow by the
fins that outweighs their heating effect, which can be
explained by the fact that the heat exchange surface has not
increased much. For the relatively higher heights Nu increases
as a function of h indicating that the effect of heating by fins
is dominant. The increase of Nu when h goes from 0.25 to 0.5
and then to 0.75 is in agreement with the finding of Farinas et
al. [9].
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Figure 4. (a) Variation of the average Nusselt number as a
function of h; (b) Variation of the effectiveness as a function
of h

The effectiveness of the system, #, is defined as the ratio of
the average Nusselt number for the configuration with fins to
the average Nusselt number for the configuration without fins



Nu with fins

= Nu without fins

a function of h and shows that for the very low heights it is
almost equal to 1. Afterwards it decreases with the increase of
h, then increases to the limit value of 1 indicating that the
configuration without fins can be considered as being
favorable to the heat transfer rate for intervals of h obtained as
a function of Ra, from h = 0.0 to h = 0.062 for Ra = 10° and to
h = 0.390 for Ra = 10% As h increases, 7 rises and undergoes
two jumps corresponding to the two transitions towards the
BCR regime. From h = 0.390, # becomes strictly greater than
1 for all Ra indicating that the heat transfer rate is greater in
these cases relatively to the finless case. Farinas et al. [9]
showed that the effectiveness increases with the increase of the
fin height, and in some cases  is slightly less than 1 in the six-
fin configuration with h = 0.25. Whereas in the present study
the increment of h is much smaller, 0.015, for heights ranging
from 0.015 to 0.953, which allowed the observation of the
decrease of # as a function of h in the cases cited above.

In addition, for 2800 < Ra < 3770 the fin heights taken in
intervals: 0.218< h <0.296 for Ra = 2800, 0.203 <h < 0.312
for Ra = 3000 and 0.234 < h <0.281 for Ra = 3500 as well as
h = 0.265 for Ra = 3770, offer a better effectiveness than that
obtained for all the other values of Ra, in the same intervals of
h, for cases with and without fins. This finding is certainly
related to the presence of the BCR regime already mentioned
in these intervals. For the other Rayleigh numbers, Figure 4 (b)
shows that for Ra = 10° the effectiveness is greater than that
obtained for the heights considered. In their studies with other
configurations, Farinas et al. [9, 10] and Elatar et al. [13] found
that it is at Ra = 10% where the effectiveness is greatest
compared to that calculated at the other higher Ra. These
authors justify their results referring to the conductive heat
transfer, which is dominant for Ra = 10° and the fin blockage
effect which is negligible. Note that in the present study,
similar conclusions would have been drawn if only three
particular values of h had been selected, for example: h = 0.25,
0.5 and 0.75 (see Figure 4 (b)), but acting with the very small
increment of h equal to 0.015 allows to find out more precise
results, and subsequently provides the possibility to increase
or decrease the heat transfer in the cavity.

Regarding the effect of Ra on the average Nusselt number
for the different heights studied, Figure 5 (a) shows that Nu
generally increases with Ra. The establishment of the different
flow regimes does not indicate a remarkable change in the
variation curve of Nu as a function of Ra except for 0.203 <h
<0.312 where an increase of Nu is noticed, related to the BCR
regime, when the secondary cell grows rapidly for a slight
variation of Ra. At the disappearance of the BCR regime for
0.203 < h < 0.312 and 0.484 < h < 0.671, Nu undergoes a
noteworthy fall. It can be concluded that the increase of the
secondary cell and the disappearance of the BCR regime have
a significant influence on the variation of Nu. Note that for the
finless case Nu increases also with the rise of Ra, and remains
lower than that obtained for the height limit h = 0.390. Nu for
this height is equal to 1.1333 at Ra =1000 and 1.7831 at Ra =
10000. For the finless case, Nu is 1.0436 at Ra =1000 and
1.7766 at Ra =10000.

For heights h < 0.390, the heat transfer rate may be lower
than that of the case without fins, depending on the value of
Ra, Figure 5 (b). The configuration without fins is in this case
advantageous to heat transfer rate. When h > 0.390 the fin
configuration remains more favorable to heat transfer rate

. Figure 4 (b) shows the variation of # as
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regardless of the Rayleigh number, despite the fall in heat
transfer rate at the disappearance of the BCR regime for
heights 0.484 < h < 0.671. The effectiveness for h = 0.390
compared to the finless case remains greater than 1 when the
Rayleigh number varies from 1000 to 10000. # is equal to
1.004 at Ra =10000.
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Figure 5. (a) Variation of the average Nusselt number as a
function of Ra for 0.015 < h <0.953; (b) Variation of the
effectiveness as a function of Ra for 0.015 <h <0.953

Figure 6 (a) summarizes the results of the average Nusselt
number and the effectiveness in the h-Ra plane through the
abacus giving the iso-value lines of Nu and the effectiveness
divided into three zones:

Zone |: The increase in the height of the fins for a given
Rayleigh number leads to a decrease in the Nusselt number
with a minimum observed at the heights identified by the line
L1. Then Nu increases and reaches the height limit indicated
by the line L2 (0.062 for Ra = 10° and 0.390 for Ra = 10*) for
which it is equivalent to that obtained for h = 0.015. As an
example, for Ra = 5000, Nu decreases from 1.47 to 1.42
between h = 0.015 and h = 0.218, then increases to 1.47 for h
= 0.328 (point A), a value identical to that obtained for h =
0.015. As a result, in this zone limited by L2, despite the UCR-
BVR transition, the height h =0.015 is more favorable to the



heat transfer rate compared to higher heights but remains less
favorable than or as favorable as the values marked by L2.
Since the effectiveness for this height is almost equal to 1
(Figure 6 (b)), the case without fins is recommended because
of its simpler design. The use of fins in Zone I is recommended
only if the objective is to reduce heat transfer rate.
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Figure 6. (a) Average Nusselt number in the h-Ra plane; (b)
Effectiveness in the h-Ra plane

Zone 1l: This zone limited by heights strictly greater than
the values indicated by L2, shows that for a constant Rayleigh
number, Nu increases with the increase of h. A significant
increase in Nu is noticed at the BVR-BCR transition. The
other transitions between the different regimes observed for
weak values of Ra do not correspond to a remarkable change
of Nu. In this case, the increase in height increases the heat
transfer rate regardless of Ra. The same observation is made
on the enhancement of the effectiveness as a function of h in
this zone, Figure 6 (b).

Zone Il1: This particular zone in the form of a triangle where
the flow regime is BCR indicates that for a given Ra number,
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Nu remains almost constant. As an example, at Ra = 3000, Nu
is equal to 1.35 for heights ranging from h =0.203 to h = 0.312.
In addition, the effectiveness is greater than 1 and to that
obtained at Ra = 1000 and at Rayleigh numbers greater than
3770.

On the other hand, for a constant value of h, Nu has an
identical value for two distinct Rayleigh numbers. Ath =0.234
Nu is equal to 1.47 at Ra = 3500 and at Ra = 5500.

4. CONCLUSIONS

Laminar natural convection inside an air-filled cylindrical
annular space of radius ratio R = 2, fitted with two thin fins
attached to the hot wall at the position @ = 0.827 has been
studied numerically. The height of the fins h varies from 0.015
to 0.953 and Rayleigh number Ra is ranging from 103 to 10%.
The present study focuses on the parameters h and Ra, that
affect heat transfer. The numerical results obtained show that
increasing h can favor or disadvantage the heat transfer. It also
shows that increasing Ra, is not necessarily synonymous with
increased heat transfer rate nor with decreased effectiveness.
These results could be obtained due to the choice of very small
increments equal to 0.015 for h and 10 for Ra, which gives
more reliable results than those obtained with larger
increments studied by other authors. The following
conclusions can be deduced from this study:

1. For heights below a limit value according to Ra
(0.062 for Ra = 10° and 0.390 for Ra = 10%), the height h =
0.015 gives a maximum average Nusselt number that is almost
identical to that obtained for h = 0.0. The absence of fins gives
therefore the greatest heat transfer and consequently the
effectiveness is less than 1. Beyond these limit values, Nusselt
number grows with h, the configuration with fins becomes
more and more favorable to heat transfer.

2. For heights in a small range around h = 0.25 and for
2800 < Ra < 3770, the effectiveness is greater than 1 and to
that obtained for the other values of Ra.

3. For heights 0.203 <h <0.312 and 0.484 <h <0.671,
the increase of Rayleigh number with a tight increment leads
to the disappearance of the BCR regime, with a subsequent
decrease in heat transfer rate.
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NOMENCLATURE

g gravitational acceleration, ms~

h dimensionless height of the fins

Nu average Nusselt number

Pr Prandtl number

Ra Rayleigh number

R radii ratio

r dimensionless radial coordinate

To outer cylinder radius, m

7 inner cylinder radius, m

T, outer cylinder temperature, K

T; inner cylinder temperature, K

t dimensionless time

uv dimensionless velocity components

respectively in the directions » and ¢

w dimensionless thickness of the fins
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configuration of finned annulus in a double pipe with
fully developed laminar flow. Applied Thermal
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Greek symbols

a thermal diffusivity, m?s™!
Yij thermal expansion coefficient, K™!
n effectiveness of the system
v kinematic viscosity, m?s™!
o polar angle
Om angular position of the fins
7 dimensionless stream function
1) dimensionless vorticity
Subscripts
i inner
outer





