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 A numerical study is carried out on convective heat transfer from an unconfined and 

stationary tandem of two spheroids to the surrounding flowing power law fluid of constant 

physical properties. Two modes of convection viz., forced convection and mixed 

convection are considered for the present study. The surface of both the spheroids is 

maintained at constant temperature. The focus of the investigation is to obtain the effect of 

pertinent variables (Reynolds number, Prandtl number, Richardson number, aspect ratio, 

power law index and space between two spheroids) on the average Nusselt number. 

Reynolds number is taken as 1, 25, 50 and 100. Prandtl number considered is 1 and 100. 

Chosen range is 0.5 to 2.0 for power law index. Spacings taken are 4a and 8a (here 2a is 

the length of spheroid in direction parallel to flow). The study is also repeated for the case 

of mixed convection where in Richardson number is taken as 0.5, 12, 1.5 and 2.0. 
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1. INTRODUCTION 

 

Flow past solid objects is found in numerous operations 

such as heat exchangers, fluidized reactors, packed columns, 

cyclones, filters, thickeners, catalytic reactors, pneumatic 

conveyors etc. Wide applications are found in process 

industry, food processing, polymer synthesis, mineral 

processing, drug synthesis, membrane separations, hydraulic 

transport etc. In addition, many instruments employ this 

concept in measurement of quantities in viscometers, 

chromatographs etc. Therefore, one can understand that there 

are plenty of applications of flow of fluids over immersed 

objects [1]. The successful handling of design and operation 

of such systems depends on thorough understanding of the 

underlying transport phenomena. A good number of works 

have been reported earlier with cylinders [2, 3] and spheres 

[4-9] as immersed objects. An examination of literature 

revealed that previous works pertaining to spheroids are 

focused on transport properties in case of Newtonian fluids 

[10-13], power law fluids [14-16] and tandem spheroids in 

Newtonian fluids [17-19] whereas studies on tandem 

spheroids in power law fluids is scarce [20]. 

The purpose of the present study is to analyze the 

mathematical model of the forced convection and mixed 

convection modes from two hot spheroids arranged at tandem 

in a power law fluid which was simulated and solved 

numerically. The present study aims to focus specifically on 

the influence of the aspect ratio, the power law index, the 

Reynolds number, Richardson number and the Prandtl 

number on the average Nusselt number, velocity streamlines 

and isotherm distributions. 

 

 

 

2. PROBLEM STATEMENT AND MATHEMATICAL 

FORMULATION 

 

The diagrammatic representation of the problem under 

consideration is depicted in Figure 1. A power law fluid is 

moving past a stationary arrangement in steady state 

consisting of two identical spheroids in tandem at finite 

Reynolds number. Normal to the flow direction, the length of 

the spheroid is 2b and parallel to flow, the length of the 

spheroid is 2a. For aspect ratio e less than one, the spheroid is 

oblate and for e greater than one, prolate spheroid results. 

When e is equal to one, then the spheroid becomes sphere. 

The fluid obeys power law, and moves with a velocity U∞ 

and temperature T∞ in the far field. The temperature of both 

the spheroids is kept constant at Tw which is greater than T∞, 

distributions for oblate, sphere and prolate respectively. 

The assumptions considered in developing the 

mathematical model are: (i) the gravitational force acts in the 

vertically downward direction; (ii) the viscous dissipation 

terms are neglected; (iii) radiation effect is insignificant; (iv) 

no slip condition for flow; (v) imaginary surfaces are created 

because it is not possible to simulate unbounded flow 

situation; (vi) physical properties of the fluid remain 

unchanged; (vii) at inlet the fluid has uniform velocity with 

boundary condition Vr = 0; Vz = 1; T = 0. and (viii) the 

outflow is fully developed with boundary condition 
𝜕𝑉𝑧

𝜕𝑧
=

𝜕𝑉𝑟

𝜕𝑧
=

𝜕𝑇

𝜕𝑧
= 0 . By applying these assumptions, the 

mathematical model comprises of the equations in 

dimensionless form shown in Table 1.  
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Table 1. Equations present in the mathematical model 

 
Description Equation Number 

Equation of continuity ∇. V = 0   (1) 

Equation of momentum V . ∇ V =  −∇ P +
1

Re 
 ∇ . τij   

(2) 

Equation of energy 𝑉 . ∇ 𝑇 =
1

𝑅𝑒𝑃𝑟
 ∇2 T   (3) 

Stress tensor τij = 2ηεij (4) 

Strain rate tensor εij= 
1

2
( 

𝜕𝑉𝑖

 𝜕𝑥𝑗
+

𝜕𝑉𝑗

𝜕𝑥𝑖
 ) 

(5) 

Viscosity 

η =  
I2

2

( 
n−1

2
 )

 

(6) 

Characteristic length L = 2b (7) 

Local Nusselt number 𝑁𝑢𝜃 = - 
∂T

∂n̂
 (8) 

Average Nusselt 

number 

 𝑁𝑢 =
1

2
 ∫ 𝑁𝑢𝜃 𝑠𝑖𝑛𝜃 𝑑𝜃

𝜋

0
 

(9) 

At right vertical edge 

(plane of symmetry) 

∂Vz

∂r
=  

∂T

∂r
= 0,   Vr

= 0 

(10) 

 

 
 

Figure 1. Flow past in a tandem spheroid geometry 

 

 

3. NUMERICAL METHODOLOGY 

 

Eqns. (1) to (10) mathematically describe the system 

shown in Figure 1. With relevant boundary conditions this 

problem is solved numerically using COMSOL Multiphysics 

solver. The region surrounding the spheroid, which is in close 

proximity to the surface, comprises of steep temperature and 

velocity gradients. This requires construction of an extremely 

fine mesh. In the present work, triangular cells were used to 

mesh the domain. Also steady, axi-symmetric, laminar flow 

and heat transfer in fluid flow modules are used with 

PARDISO scheme to solve the set of equations. Relative 

tolerance for primary convergence criterion is selected as 10-6 

which yields Nusselt number accurate to four significant 

digits.  

 

Table 2. Parameters used to characterize the domain 

 
Parameter Description Value 

Lu upstream length 200 

Ld downstream length 500 

s space between spheroids - 

W width of domain 60 

H height of domain 120 

 

To benchmark the present numerical procedure, 

simulations had been carried out for validating the present 

code. The results of validation are shown in Table 3.  

 

 

4. DOMAIN AND GRID INDEPENDENCE 
 

Initially selection of proper grid is made by using grid 

refinement approach. The chosen physical domain has been 

meshed with finite element grid as shown in Figure 2. The 

grid refinement test data conducted on Reynolds number, 

Prandtl number, power law index n=1, and aspect ratio e=2. 

For measuring the accuracy of the solution average Nusselt 

number is selected as monitoring variable. The parameters 

that characterize the domain shown in Figure 1 are provided 

in Table 2. All these parameters are scaled out with sphere 

diameter. To yield accurate result, the values chosen for these 

parameters are presented in third column of Table 2. The 

domain sizes corresponding to the selected case have been 

used in generating the simulation results in the paper. 

 

 
 

Figure 2. A typical grid distribution with quadrilateral cell  
 

Table 3. Validation of the present work  
 

Reference geometry of the object surrounding fluid Study (heat transfer) Avg. Deviation 

Juncu [2] two tandem circular cylinders Newtonian forced convection <2% 

Bhattacharya and Singh [4] sphere Newtonian mixed convection  <2% 

Dhole et al. [7] sphere power law steady 2D axi-symmetric <1% 

Kotouc et al. [9] sphere Newtonian mixed convection  <2% 

Alassar [11] oblate spheroid incompressible fluid forced convection  <1% 

Kishore and Gu [12] spheroid Newtonian momentum and heat transfer <2% 

Sreenivasulu et al. [16] unconfined spheroid power law forced convection  <1% 

Sreenivasulu and Srinivas [17] unconfined spheroid Newtonian mixed convection  <1% 
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5. RESULTS AND DISCUSSION 

 

The set of equations along with the boundary conditions 

applied for tandem spheroids were solved to demonstrate the 

effect of pertinent parameters (Re, Pr, e, n and s) on both 

flow and temperature using COMSOL Multiphysics solver. 

The ranges of the parameters selected are for aspect ratio (0.5 

to 2), power law index (0.5 to 2.0), Reynolds number (1 to 

100), Prandtl number (1 to 100) and spacing (4a and 8a).  

 

5.1 Forced convection 

 

From streamlines and isotherm contour plots (not shown 

here) the effects of various parameters could be qualitatively 

described. The shape of the immersed object had strong 

influence on heat transfer and hence on Nusselt number. By 

examining Figure 3 and Figure 4, the Nusselt number 

remained nearly constant with aspect ratio for all values of n 

and s when Reynolds number is 1.  
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Figure 3. Variation of Nusselt number with aspect ratio for different power law indices at Pr=1 

(s=4a for top two rows and s=8a for bottom two rows) 

 

The Nusselt number increased with Reynolds number at 

any given aspect ratio and power law exponent. When the 

spacing is 4a, for the first spheroid at any given Re other than 

1, the Nusselt number increased with change of shape from 
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oblate to sphere and remained constant for change from 

sphere to prolate. This is because of nearly unchanged 

velocity and temperature distributions around the object. But 

for the second spheroid, the Nusselt number remained 

constant for change of shape from oblate to sphere and 

decreased further for change of shape from sphere to prolate, 

when Prandtl number is 1 owing to increased thickness of 

boundary layer. At Pr equal to 100, the Nu remained constant 

with aspect ratio for given Re values of 25 and 50 with 

variation in shape. This is because both boundary layers are 

only marginally influenced by the shape of the object at these 

conditions. But for Re being 100, the Nusselt number 

increased with aspect ratio upto 1.5 and remained constant 

for further change in aspect ratio. This is because of 

significant rise in turbulent intensity owing to the formation 

of wakes at both leading and trailing edges of the second 

spheroid and this intensity is highly dependent on the shape 

of the spheroid.  
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Figure 4. Variation of Nusselt number with aspect ratio for different power law indices at Pr=100. 

(s=4a for top two rows and s=8a for bottom two rows) 
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When spacing is 8a, for the first spheroid, the Nu got 

increased with aspect ratio at all Pr and n. For the case of 

second spheroid at Pr being 1, there is a slight increase in Nu 

with change of shape from oblate to sphere and decreased for 

change from sphere to prolate. This is for all Reynolds 

numbers. But for the case of Pr at 100, and Re also at 100, 

the Nu number increased with increase in aspect ratio 

because of significant rise in turbulent activity. 

The influence of power law index on the Nusselt number 

for varied Reynolds number and aspect ratio is shown in 

Figure 5. For both spheroids, at Re equal to 1, the Nusselt 

number is not influenced by power law index at any given e 

value. At other Re values (25, 50 and 100), pseudoplastics 

had given out high Nu values. This is due to less viscosity 

thus leading to enhanced heat transfer. The power law index 

has more pronounced effect at higher Pr values for given Re 

and e values. When Pr is taken as one, the intensity of 

convective currents is small thus yielding small Nu values.  

At large Pr more intense convective currents lead to higher 

values of Nusselt number. These effects are more prominent 

in the prolate case compared to the oblate case at all 

Reynolds numbers. Also, the magnitudes of Nusselt number 

realized are more for spacing of 8a owing to more turbulence 

generated by wakes. The value of Nu decreased with n and 

increased with Re, Pr, aspect ratio and spacing. 
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Figure 5. Variation of Nusselt number with power law index for different aspect ratios at Pr=1. 

(s=4a for top two rows and s=8a for bottom two rows) 
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The influence of Prandtl and Reynolds number on the 

Nusselt number for different power law indices, aspect ratios 

and spacings can be seen from Figures 3 to 5. A close 

inspection of all the plots revealed that the non-Newtonian 

characteristics attain significance at higher Prandtl and 

Reynolds numbers. Once the wake formation begins, 

enhanced heat transfer coefficients could be realized at large 

Prandtl numbers. At lower Prandtl and Reynolds numbers 

irrespective of the power law index, the shape of the body as 

represented by e has marginal effect on Nusselt number. The 

Nusselt number increased with Reynolds number and this 

observation is consistent for all cases considered so far in the 

forced convection study. 

 

5.2 Mixed convection 

 

In mixed convection, in addition to the parameters selected 

for previous case, Richardson number (Ri) is also chosen 

within the range of 0.5 to 2.0. The effect of aspect ratio on 

the Nusselt number experienced by the spheroids for 

different Richardson numbers and power law indices at 

various Reynolds and Prandtl numbers is presented in Figure 

6.  
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Figure 6. Variation of Nusselt number with aspect ratio for different power law index at Re=1, Pr=1 

(s=4a for top two rows and s=8a for bottom two rows) 
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For a given Re, Nusselt number has maximum value for 

sphere at low Reynolds number and Prandtl number for the 

spacing 4a for both spheroid and also for second spheroid 

when spacing is 8a. But for the first spheroid with 8a spacing, 

highest Nu value was realized at aspect ratio of 1.5. This is 

because, highest turbulent activity could be realized for this 

geometry at given conditions. The Nusselt number value 

increased with Richardson number at any given 

circumstances. It can be observed that maximum Nusselt 

number can be attained for sphere at low Re and Pr. But at 

higher Reynolds number and Prandtl number the Nusselt 

number value is maximum for prolate spheroids at any given 

power law index. 
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Figure 7. Variation of Nusselt number with power law index for different aspect ratio at Re=1, Pr=1 

(s=4a for top two rows and s=8a for bottom two rows) 

 

The effect of power law index, n, on the Nusselt number 

for varying Richardson number and aspect ratio is shown in 

Figure 7. It is observed from the graphs that the Nusselt 

number value decreased with power law index. This means 

for shear thinning fluids Nusselt number is maximum nearly 

for all the cases considered. This is because of more turbulent 
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activity generated in shear thinning fluids leading to 

decreased thickness in boundary layers. The effect of 

Richardson number on the Nusselt number for different 

power law indices and aspect ratios is shown in Figure 8. The 

graph is plotted between Nusselt number for both spheroids 

versus Richardson number for different aspect ratios. The 

plots indicate that at small values of Ri it is the recirculation 

which is significant and at larger values of Ri the increased 

temperature difference between the spheroid and the fluid 

enhances the heat transfer. As for as the mixed convection is 

concerned, the trends are same for all spaces considered i.e., 

4a, 6a and 8a. 
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Figure 8. Variation of Nusselt number with Richardson number for different aspect ratios 

(s=4a; Pr=1, Re=1 for top two rows and s=8a, Pr=100, Re=100 for bottom two rows) 
 

 

6. CONCLUSIONS 
 

A numerical computation on heat transfer from two 

tandem spheroids to the surrounded flowing power law fluid 

had been investigated to know the influence of the Reynolds 

number, Prandtl number, power law index, aspect ratio and 

spacing between the spheroids on the average or mean 

Nusselt number. Two modes of convection viz., forced and 

mixed were studied in the present investigation. The results 

of the numerical analysis were summarized here. Overall, it 
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can be concluded that for both modes, Nusselt number 

increased with Reynolds number, Prandtl number and aspect 

ratio. Nusselt number decreased with power law index. Nu 

values obtained for prolate spheroids are higher than oblate 

spheroids. Pseudoplastic fluids yielded higher Nu values 

compared to dilatants fluids. In case of mixed convection 

Nusselt number increased with Richardson number. 
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NOMENCLATURE 

 

a half length of the axis parallel to flow, m 

b half length of the axis perpendicular to flow, m 

cp specific heat of the fluid, J kg-1 K-1 

e Aspect ratio, b/a 

Gr Grashof number, 𝑔𝛽(𝑇𝑤 − 𝑇∞)𝐿3 (
𝜌∞

𝜂
)

2

 

h heat transfer coefficient, W m-2 K-1 

k thermal conductivity of the fluid, W m-1 K-1 

L characteristic length equal to 2b, m 

Lu upstream length, m 

Ld downstream length, m 

n̂ unit outward normal to the spheroid surface 

Nu Nusselt number, hL/k 

Pr Prandtl number, cp 𝜂/k 

P pressure, Pa 

Re Reynolds number, LU∞ ρ/𝜂 

Ri Richardson number, Gr/Re2 

s space between spheroids, m 

T fluid temperature (dimensionless) (=
𝑇′−𝑇∞

𝑇𝑤− 𝑇∞
) 
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Tw temperature on the surface of the spheroid, K 

𝑇∞ fluid temperature in the free stream, K 

𝑈∞ far away free stream velocity, m s-1 

vr r-component of the velocity, m s-1 

vz z-component of the velocity, m s-1 

W width of the geometry, m 

x stream wise coordinate, m 

y transverse coordinate, m 

 

Greek symbols 

 

ε rate of strain tensor, s-1 

η viscosity of fluid, Pa.s 

θ polar angle 

ρ density of fluid, kg m-3 

𝜌∞  density of fluid at the reference temperature 𝑇∞, kg m-3 

τ extra stress tensor, Pa 

 Coefficient of volumetric expansion, K-1 

 

Subscripts 

 

i, j dummy argument 

r, z cylindrical coordinates 

w wall condition 
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