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In soliton theory, nonlinear mathematical models and their solutions have great
importance due to their geometrical behavior. The major focus of this article is to
discover solutions of the traveling wave for the equation of foam drainage and NLEES
of 4 order. The (G'/G)-expansion approach is used on these nonlinear differential
equations. With the proper utilization of complex transform these nonlinear PDEs are
converted into an ODE. It is noticed that (G'/G)-expansion technique is a sophisticated
and accessible tool in engineering, optics, and mathematical physics to find solutions

for NLEEs. The method proposed is very efficient and responsible.

1. INTRODUCTION

We have observed extraordinary progress in the theory of
soliton over the past few years. In mathematical physics, a
soliton is a self-strengthening solitary wave packet that
preserves its shape when it propagates at a continuous speed.
Solitons were studied for their application in physical
phenomena by mathematicians, physicists and engineers.
Soliton waves were first observed by an engineer John Scott
Russell. In nature, a number of scientific and physical
problems are demonstrated by differential equations which are
of great significance. Exact traveling wave solutions of
differential equations are one of the important tools for
understanding of these nonlinear phenomena as well as
applications. To find out the different techniques for solitary
wave solutions of partial differential equations is the great
success of mathematicians. Exact solutions essentially
contribute in nonlinear physical sciences, resultantly, we are
able to study physical conduct and discuss further
characteristics of the problem that provide track to further
applications.

A good approach given by Wang et al that is known as
(G'/G)-expansion method, provides the exact traveling wave
solutions of nonlinear evolution equations (NLEEs). In this
method, a linear ordinary differential equation of 2™ order G"
(m) +6G' (M) +oG (m)=0 is used as the auxiliary equation.
(G'/G)-expansion method [1-8] is used for solving numerous
types of the nonlinear evolution equations. Duranda and
Langevin [9] investigated theoretically the effect of surface
viscoelasticity on the drainage of an aqueous foam and
presented numericall some solitry wave solutions of drainge
equation for intermediate values of new control parameter. A
new modification was proposed by Naher et al. [10] in (G'/G)-
expansion method to study the higher dimensional modified
KdV-Zakharov-Kuznetsev equation. Later, the new extended
(G'/G)-expansion method purposed by Roshid has been
applied on the (3 + 1)-dimensional potential-YTSF equation
[11]. Method of Multiple (G'/G)-expansion was used by Chen
and Li [12] in the current year for NLEEs. Wang et al. [13]
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applied multiple (G'/G)-expansion method to discover Broer-
Kaup's traveling wave solutions and approximate long water
wave equations. Aslan and Oz’is [14] used (G'/G)-expansion
method to find out the traveling wave solutions of NLEEs. The
solutions are expressed in the proposed method in terms of
rational trigonometric, hyperbolic and rational functions. The
suggested approach is an important instrument and much user-
friendly for obtaining exact solutions of NLEEs. For exact
solutions, Yang [15] proposed a new integral transform to find
the analytical solution of heat diffusion problem and also Yang
[16] introduced a technology as new integral transform method
to find the solution for the differential equation in the steady
heat transfer Problem. Furthermore, Yang et al. [17] presented
an original study on exact travelling wave solutions of non-
differentiable type of local fractional Korteweg-de Vries
equation and Yang et al. [18] examined the exact travelling
wave solutions via e local fractional Riccati differential
equation method using travelling wave transformation of the
non-differentiable type problems.

2. ANALYSIS OF (G'/G)-EXPANSION METHOD

The nonlinear PDE in the general form can be expressed as

)
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Here O is polynomial in m(x, #). The method of (G 7/G)-
expansion is as follows:

Step 1: Reduce Eq. (1) into ordinary differential equation by
assuming the wave transformation

h(x,t) = h(£),§ = kx + ly + mz + wt. )
and Eq. (1) change into the ODE.
Q(h K, R",R",..) = 0. 3)
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where, superscripts represent the derivative of h w.r.t. £ and ©
represents constant.

Step 2: It is possible to obtain constant of integration (s) by
integrating Eq. (3) sequentially, if feasible, one or more times.
The constant of integration (s) may be fixed to 0 for
minimalism.

Step 3: Suppose that the wave solution can be written as
follows, according to the proposed algorithm.

02 — 4¢ [ €1 sinh (%wlaz - 4<p§7) + ¢, cosh (%\/02 - 4(pf_)

“

M n
_ G’
h(&) = a, +Z a, (E) .
n=1

where, G is the solution of first order nonlinear equation in the
following form:

G" + 6G' + ¢G = 0. 5)

Unknown constants are o and ¢. General solution is used in
Eq. (4), we get

o
2 ¢, cosh (% o2 — 4(p) + ¢, sinh (%\/02 - 4<p<f_) 2’
0% —4¢ > 0.
G'() (L oz T 20E LA ey
G(f—) ={,/—-02+4¢ —clsm(iw/—a + <p€)+czcos (7\/—0 + (pf) g (6)
2 c; Cos (%w/ —02 + 44)5) + ¢, sin (%\/—02 + 4gof_) 2
g2 —4¢ <0.
2¢ A _
c1+czf_ 2,0 4¢ = 0.

where, ci, ¢2 are unknown constants and, we have
G' &) G'\* G'
() -6 +(5)
GI " ’ 3 ’ 2 r

<G((§))) = [2 <%> + 30 <%> + (0% + 2¢9) (%) + @A
where, the derivatives w.r.t & have defined the primes. We
follow these four steps to find out h explicitly.

Step 4: Using Eq. (4) and (5) into Eq. (3) get all values
together with the identical order of (G'/G), the left-hand side
of the Eq. (1) is changed into a polynomial in (G"/G). After this
by putting each coefficient of this polynomial equal to 0 gives
a system of algebraic equations by using MAPLE 18 for £, /,
m, w, € and a,, n=0.1, ..., M.

Step 5: Then solve the obtained set of the algebraic
equations for &, I, m, w, € and a,, n=0.1, ..., M with the help of
Maple 18.

Step 6: Use these obtained results from the preceding steps
to get a series of fundamental solutions h(§) of equation (3)
which is depending on (G'/G). Since the solutions of Eq. (4)

will be known for us, and then we can be able to attain the
exact solutions of Eq. (5).

’

’

3. NUMERICAL APPLICATIONS

To demonstrate the method of (G'/G) expansion method we
solve the following two problems.

3.1 Equation of foam drainage

Assume the equation of Foam drainage [9]
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channel formed of a cross-section at the intersection spot from
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three films, mostly referred to as the border of the plateau
(Channels filled with liquid). We concentrate on measurable
detail of coupling of drainage. Foam effluent is the movement
of fluid from the boundaries of the Plateau and the point
wherever four channels satisfy among the gravity bubbles and
capillarity. Drainage of foam stability plays a vital part in foam
balance. In case, the structure of foam becomes fragile, when
the foam become dry.

Considering the wave transformation as 1 = q,’)(f—), =
y(x + wt), here unknown constants are w and y, the given
partial differential Eq. (7) is being changed to

(¢2 - ﬁ%) =0.

Integrate Eq. (8) w.r.t. # and putting integration of constant
equal to 0, we have

0

Y
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By substituting ¢ (&) = h?(&), we have
yoh? +y (h* - gh. 2hh') = 0. (10)

Or equivalently
w+h?—yh

With the help of homogenous balancing principle for 4’ and
h?, we obtain

M+1=2MM =1.

We suppose the solution of Eq. (10) according to the value
of M as

Gl
h=a0+a1(E>,a1¢0. (11)



where, the unknown constants are ao and a; to be find later.
G = G(f) satisfy the linear ordinary differential equation of
2" order of the form

G"(§) + 26" (§) +uGc(§) = 0. (12)

Constants are A and u, from Eq. (12), we have

Gl

G

7z — 22 —
kysinh YA~ 4 + kycosh YA~ 4g
A2 —4pu 2 2
2 (22 — 22 —
kycosh (ATLWS() + k,sinh (AT‘}H(’S)

_& a2

—4u > 0.
RNrey: /12/ klsmh(v K ’12"?>+k cash<" k= ’125)\

2 (4, — 22 (4, — 12
\klcosh (M}+kzsinh<4ﬂf“)))

A
— 5. A2 =4 <0,
2k, __/_1'/12
ki + k& 2

—4u = 0.

Using the Eq. (11) in Eq. (10) and by equating coefficients
of the identical order of (G) , we obtain a collection of

algebraic equations for w agpand a; as follows

G

N1
G
<E> H 2a0a1 + allz =5 0,

¢\’
E L aq +a1)l=0.

Constants @ ag and a; can be obtained with the help of
MAPLE 18, we have one of the solution set

N
<—> tw+ ap? + a; Au=0,

1 1
ap = —Exlz,al =-iLw= —1/14 + 2. (13)

By using values of the constants agpa; and a; into Eq. (11),
we obtain

h=—,1<G—’>_1,12,w:_1/14+/12M_ (14)
G 2 4
Case I: When 42-41>0,
hy
AT =g fasinh <@) + kycosh (@> "

2 Mz — 7z — ’
k,cosh (#) + k,sinh (%)

here, k; and k; are constants.
If £,/=0, then obtained solution (15) can be expressed as

hy = ( e f) (16)
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If £,=0, then obtained solution (15) can be expressed as:

A2 -4 A2 —4ué
hy = A (‘/ ‘“() (17)
2 2
Case II: When 12-4u<0,
h,
(A — A% VA — 2%
_l W —kysinh (ﬂ + k,cosh (f) (18)

2 (4 — )2 (4 — )2
kicosh <M> + k,sinh (M}

If =0, then obtained solution (18) can be expressed as:

A4 — 22 4y — 2§
\/ l; coth(\/ #2 §>.

hs = — (19)

If k»=0, then obtained solution (18) can be expressed as:

M 4p — A2 Jau — 22§
> tanh > .

h’6:

(20)

Case III: When A>-4u=0.

22k,
T kg + kyE

21

Here in all above cases

&= y(x+ (—%A‘* +Az,u)t).

3.2 4th order nonlinear evolution equation
Consider the fourth order NLEE [14]

Nee — aNxeNxx + DNzt = 0. (22)

In above equation a and b are arbitrary constants. NLEE of
4% order is one of the good mathematical model for studying
non-linear waves of water which Dysthe first pointed out in
1979. Within the presence of air flowing and a fundamental
current sheer, he gained through gravity waves producing at
the interface of two superposed fluids of immeasurable depth
over water.

By mean of applying of the transformation as & =x-wt, the
given partial differential Eq. (22) is being changed to ordinary
differential equation

wn” —a(n")? —bn™ = 0. (23)
By putting m=n", we have
wm —am? — bm" = 0. (24)

With the help of homogenous principle, we balance the
m”and m?, we obtain

ZM=M+2,M = 2.

Now, we consider solution of Eq. (24) as



G’ G'\?2 6b 6bA 6bu
m=ata(g)+a(s) oo @ I T @)
= —4bu + b2
where, the unknown constants are ao, @1 and a» to be find later.

G:G(gg) satisfy the linear ordinary differential equation of By using the values of ao, a1 and a; in Eq. (25),

nd
2™% order of the form 6b( ’)2 6bA( ) 6bu
m=—|\=| ——\|=)——
6"(§) + 46 (§) +uG() = 0. 26) A
w1 and 4 are constants, from Eq. (26), we get Case I: When 1%-4>0,
— 2 = 2
= (klsinh (,MZ - 4#5) + kycosh <\//12 - 4#5)\ /kﬁinh( 12;4M>+kzcosh<@§>\
ik e (e | [ Wl i W
\klcosh( —>+ k smh( —)/ k1€05h< ’ ;4#§)+k25inh< . ;4“6) (28)
- AZ 4u > 0. 6%‘-
G_’ = -k smh : 4” A 5) + kyc (74# — AZ;) :
G 1[4# A? ! /klsinh AZ_W?)*—"’-ZCOSh( — \
Vi — 2 ;’) <\/ - AZS) / W—au (rE ; ; F4E
K h kysinh _ u 3 — — _
\ cos ( ; + k,sin m= 3b( 2a )ﬂ" \klcosh< 12;4u§>+k25inh< AZ;‘M)) i (29)
—E,AZ —4u < 0.
2k, A 2—4u=0 3b”§2'
frkg 2= '

where, ki and k are arbitrary constants.

Usmg the Eq. (25) in Eq. (24) and by equating coefficients If £1=0, then solutions in Eq. (28) and (29) can be expressed

of ( ) with same order, we obtain a collection of algebraic as

equations for w ao, @ and a; as follows

2 -4 JA2—4ué\ 6b
. my = —3b (—“) coth? (—“5> 2R (30)
G’ 2a 2 a
(E) twag — aai — ba;Au — 2bayu? =0,
G n, = —3b /12__4# ﬂf coth? —"/12_4“5 d&dé
o) e 2aaya; — ba;A? — 2ba,u — 6baAu =0 z 2a o 2 31)
_ 3bug?
( > twa, — 2aa,a, — aa,? — 3ba,;A — 4ba,A* — 8ba,u a
=0, If k=0, then solutions in Eqns. (28) and (29) can be
a3 expressed as
(E) 1 —2aa,a, — 2ba; — 10ba,A =0,
2 -4 JAZ—4ug\ 6b
a'\* ms = —3b( H) tanh? <J> 2K (32)
i aa,® — 6ba, = 0. Za L a
22— 4 ¢ JZ=aud\
Constants @ ao, a1 and a can be obtained with the help of N3 = —3b< 5 ”> ff tanh? (%) dédé
MAPLE 18, we obtain following two solution sets a 3hyE? (33)
U
1 Solution Set: a '
Case II: When /2-4u<0,
2
/ — )2 / — 32
dpt — 22 —kysinh (wfli + k,cosh (M}
m, = —3b< _Sh (34)
2a (a4, — 22 Y a
kqcosh (M} + k,sinh (M}
2
ap—212§ ap—22¢
B klsinh< 2 >+k2cosh< 2 > ,
au-22 g 15 3bus
N =—3b (25 [f dédf — 24 (35)
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If k=0
expressed as

, so the solution in Eqns. (34) and (35) can be

If £1=0, then solutions in Eqns. (43) and (44) can be simplif

ied as
4p— 22 Jau—228\ e6b -4 VA2 —4uE\ b(A%+2
= —3b< s >coth2 ( a 5) 2 (36) My = —3b< “) coth? ( ”§> _b@ra) s
2a 2 a 2a 2 a
ap— 22\ (¢ Vo =2zE\ .
hs = —3b <“2—> ﬂ coth? (#) dEdE _ (P ﬂ \//12 i)
- b + 2
2a ’
If k=0, so the solutions in Eqns. (34) and (35) can be 3 . o
expressed as If k,=0, then solution (43) and (44) can be simplified as
2 _ [12 _ c
(A V4/1 A% _ 6bu Mo = —3b A= tanh? VAT =4
me = —3b| ——— : (3%) 2a 2
2a a (47)
B b(2% + 2p)
ap— 22\ (% Ja =28\ a
ne = —3b (“2—‘1) f f tanh? (qu> dEdE i
i (39) ) J _
A* =4 JAZ—4 -
_ 3bug? Tho = —3b (—“) f f tanh? (—“E) d&d
a 2a 5 2 (48)
b(A? + 2u)&?
Case III: When A>-44=0, g
k? 6b . 2.
m, = —24b 1 _ ——H. (40) Case II: When A*-44<0,
a(ky +k,¢) a
my, = )
_12? _/125
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0 a(kl + ng) ( 2a ) \/4;1—/125 . 4#-12 (49)
B kqcosh 2 +kzsmh
Here in above all the cases é=x-(-4bu+bi>)t. b(124220)
—
2" Solution Set:
2 N1 = )
a = b(l + 2#) @ = 6bA s h(mjﬂc h( 4u—12¢">
o— 241 — I 18in > 5 COS| 5
a a z - =
—6b (42) -3 (%5) 1, ddé— (50
@ =——, 0= —bA% + 4bpu.

By using the values of ao, a1 and a» in Eq. (25), we have

b(A% + 2u)

_ —6b(G'\* 6bA[G
m= a \G a \G a
Case I: When A2-4.>0,
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klsinh< A 24ug>+k2cosh< A 24%7
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ST ey e
2a 2 _ 2
k,cosh (#) + k,sinh <w>
B b(A% + 2u)

— Y

UE]

kysinh <*/'1—) + kycosh (N/Ti
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L
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where, k) and k; are arbitrary constants.

ap-22% ap-12¢
kqcosh| 2 +k,sinh 2

b(A2+2u)E?
2a !

If k; = 0,then solutions in equation (49) and (50) can be
simplified as

4u — V4 2
m12=—3b<# > < i lf)
2a
(51)
B b(A% + 2u)
a
-2 z [au—22% - =
(43) iz = =3b () [y coth? (4%5) ®de- 5
b(A2+2p)E? (52)
2a ’
If k=0, then solutions in Eqns. (49) and (50) can be
simplified as
(44) 2 (4M - ) <,/4M m)
myz = —
2a (53)
b(A% + 2u)

a
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3
4u — A? Jau— 228\ _
N3 = —-3b <luz—a> ff tanhz (HTg) dfdf

! s (54)
b(A% + 2u) &2
a 2a '
Case III: When A2-4u=0,
k? b(2% + 2)
My, = —24b - : (55)
a(ky + k,€) a
3
k2 o
Ny = —24b ff—z d&dé
Ja(ky +k;€) (56)

b(A% + 2u)&?
2a '
Here in above all the cases =x-(-4bu+bi*)t.

4. RESULTS AND DISCUSSION
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Figure 1. Solution of soliton 4(x, y) for k=1, y=1, =3, u=1,
k2::1.5

Through graphical demonstrations, we observe that the
soliton is a wave that keeps its shape preserve after colliding
by some other similar wave. By solving nonlinear evolution
equations including the equation of foam drainage and the
equation of 4™ order evolution, we get required solitary wave
solutions by using distinct values of random parameter. If the
speed is positive, the solitary wave move in right direction and
if the velocity is negative, it moves in left direction. The
amplitude and velocities are controlled by parameters of
various kind. Figures represent graphical illustration for
different parameter values. Figure 1 describes a periodic wave
solution by using parameters values as y=1, A=3 and u=1,
Figure 2 also describes a periodic wave solution by using
parameters values as y=1.5, /=4 and p=2. Similarly Figures
from 1 to 11 demonstrate that periodic wave solution for
different values of parameters. Figure 12 represents a solitary
wave solution by using parameters values as A=4 and u=2.
Figure 13 represents a solitary wave solution by using
parameters values as =3 and x=1. The soliton solution which
are shown in Figures 12 to 15 and Figures 17 to 20 represents
solitary wave solutions for different values of parameters like
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w and A. Figure 16 presents the peakon solution by using
parameters values as 4=2 and A=4. In all above discussed cases,
we obtain identical solitary wave solutions for different values
of parameters which absolutely show that the final solution is
not always based on these parameters effectively. Therefore,
we can consider random values of these parameters as input
into our solutions. The results are obtained by using analytic
technique (G/G)-expansion method. Graphical representations
reveal the accuracy of the proposed technique.
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Figure 12. Solution of soliton m(x, ¢) for A=4,
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Figure 13. Solution of soliton m(x, f) for a=1.5, k=1, p=1,

k=1.5, A=3, b=2 Figure 17. Solution of Soliton ms(x, £) for A=3, b=2, a=0.5,
u=2
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Figure 14. Solution of soliton mx(x, ) for a=1.5, =3, b=2, Figure 18. Solution of soliton ma(x, f) for A=2, k»=1.5, k=1,
u=1 w=2,b=2,a=0.5

Figure 15. Solution of soliton mx(x, #) for u=2, =4, b=2.5 Figure 19. Solution of soliton m4(x, ¢) for u=2, k=2, b=1,
a=1.5, k=1.5, A=1
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5. CONCLUSIONS

The more general and also new useful exact solutions of
NLEEs has been attained in this research paper via using the
method of (G/G)-expansion method. For this purpose, the
equation of nonlinear foam drainage and the evolution
equation of fourth order were considered. Through various
values of parameters, we obtained the desired soliton solutions
of different types. The exactness of the obtained results is
guaranteed by using obtained solutions into the partial
differential equation by using software Maple 18. The
methodology of the proposed method is very simple, efficient
and straightforward. It was observed that the method under
consideration is reliable, effective and have lesser
computational work. Precisely, this method is very reliable and
widely applicable for obtaining exact solution of NLEEs.
Computational work and the graphical illustration shows the
validity of the given algorithm. Outcomes attained through this
technique are straightforward and very encouraging to
determine exact solutions of any kind of NLEEs. The graphical
illustrations noticeably show the solitary solutions.
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