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PROBABILISTIC MODELING OF THE EFFICIENCY
OF A STORMWATER DETENTION FACILITY
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ABSTRACT
In modern urban drainage systems, stormwater detention facilities are important tools to reduce flood effects and
discharges of uncontrolled pollutants into water receivers. For their design, simplified methods and continuous
simulations of observed data are generally used. One of the main targets is to limit the frequency and the entity
of overflows. In this article, a probabilistic approach for the derivation of the distribution functions of spilled
volumes to evaluate the efficiency of a stormwater detention facility is proposed. The possibility of pre-filling
of the storage capacity from a previous rainfall event, which can increase the probability of overflows from
the stormwater detention facility, has been considered. The effects of the simplified assumptions have been
deeply investigated and discussed. Final expressions have been applied to a case study, and results have been
compared to those obtained from the continuous simulation.
Keywords: pre-filling, probabilistic approach, spills, stormwater detention facilities.

1 INTRODUCTION
In last decades, the growth of impervious surfaces combined with the ongoing climate changes has
led to a significant increase of floods. These cause considerable damages especially in urban areas,
where the drainage system is often insufficient to convey large runoff volumes.
Stormwater detention facilities are often used to store rainfall volumes, which exceed the capacity
of the existing network, reducing flood effects. Moreover, they have the environmental benefit of
avoiding uncontrolled discharges of pollutants into receiving waters [1,2].
In their design, one of the main objectives is to limit spilled volumes, increasing the efficiency of
the facility. Often, for the estimation of the storage capacity simplified approaches are used. One of
the most popular, the so-called ‘design storm’ approach, is based on a ‘critical’ rainfall event,
extracted from a recorded series of rainfall data or defined by a standard pattern (rectangular, triangular, Chicago, etc.), as input in a rainfall-runoff model [3]. This method assumes the ‘critical’ event
isolated from the stochastic process of rainfalls, considering the storage volume always empty at the
beginning of each runoff. The possibility of pre-filling of the storage capacity from previous rainfall
events is neglected so that an underestimation of the minimum storage volume can occur.
To consider the whole chain of runoff events, continuous simulation of observed rainfalls is often
suggested. It allows obtaining more reliable and accurate results, but its use is conditioned to the
availability of long-term series of records [4,5].
To overcome the limitations of both simplified approaches and continuous simulations, in 1990s,
some authors [6–9] developed an analytical probabilistic approach for the modelling of stormwater
detention facilities. It allows deriving the probability distribution functions of some characteristics
of the storage process from those of the rainfall variables and from the characteristics of the drainage
catchment. Resulting expressions are generally easy to implement and reliable from a probabilistic
point of view. In recent years, many applications and developments of this kind of approaches have
been proposed [10–13].
In particular, the authors of [14–16] have deeply investigated the problem of pre-filling of the
storage capacity from previous rainfall events, often neglected or just mentioned in the literature.
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Pre-filling volumes from previous rainfall events highly increase the risk of spills from the storage
capacity, reducing the environmental and flood protection benefits of the facility.
This article focuses on the analytical probabilistic derivation of the distribution functions of
spilled volumes, important to evaluate the efficiency of a stormwater detention facility.
The possibility of pre-filling from a previous rainfall event is considered and the effects of simplifying hypothesis, made in the schematization of the process, on results have been deeply investigated
and discussed.
Finally, derived formulas from the proposed approach have been tested by their application to a
case study in Milano, Italy, and results have been compared to those obtained from the continuous
simulation of observed rainfalls data.
2 MODELING OF THE STORAGE PROCESS
The filling–emptying process from a stormwater detention facility has been schematized by means
of some simplifying assumptions described below:

•

•

Independent rainfall events have been identified from the continuous series of records. To this
aim, a minimum intervent time IETD between two consecutive rainfall events has been defined;
if the interevent time d is lower than IETD, two consecutive rainfalls have been joined together
into a single event, otherwise they have been considered independent.
The main characteristics of the rainfall process: rainfall depth h, rainfall duration q and interevent
time d, have been considered as independent random variables exponential distributed:
f h = ξ ⋅ e −ξ ⋅ h

(1)

f θ = λ ⋅ e − λ ⋅θ

(2)

fd =ψ ⋅ e

•
•

•

•

−ψ ⋅( d − IETD )

(3)

where: x = 1/μh, l=1/μq and y =1/(μd – IETD), with μh the average rainfall depth, μq the average
rainfall duration and μd the average interevent time.
On-line stormwater detention facilities have been considered: when the storage capacity is full
and inflow occurs at a greater rate than outflow, the excess volume is spilled.
A couple of events, isolated from the stochastics process of rainfalls, has been considered, that
is, it has been assumed that the storage volume can be pre-filled from no more than one previous
rainfall event. As discussed by Raimondi and Becciu [16], this hypothesis can be reliable only
when a sufficiently long InterEvent Time Definition IETD and high outflow rates are considered.
For stormwater detention facilities with low outflow rates (e.g. infiltration basins) or when strict
limitations on discharges in the downstream drainage system are imposed, this hypothesis can
underestimate the pre-filling probability and, as consequence, the overflow probability.
Incoming hydrographs have been assumed rectangular, that is, constant runoff has been c onsidered;
this hypothesis can be acceptable since in the modelling of stormwater detention facilities, r ainfall
volumes are more influent than rainfall intensities. Moreover, the pattern of i ncoming hydrographs
can be neglected, especially when inflow rates are higher than outflow rates.
Hydrological losses L for infiltration, evapotranspiration and filling of depression storages have
been averaged over the whole rainfall duration, that is, they are constant and do not vary with
rainfall intensity.
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Figure 1: Schematization of the filling–emptying process from a stormwater detention facility.

•

•

Rainfall-runoff transformation has been neglected and net rainfall intensities i have been
considered as inflow rates in the basin. This hypothesis can be reliable only for small catchments;
as a consequence, runoff duration is considered equal to rainfall duration, although the duration
of a runoff event is usually longer than that of a rainfall event.
The stormwater detention facility is emptied, with a constant outflow rate q, only after the end of
each runoff event (Fig. 1). The outflow goes on until the facility is empty or a next event begins.
This management rule is often used in real-time control applications, when it is necessary to
temporarily retain a certain volume to reduce the risk of downstream system overload, or for
water quality control purposes.

3 PROBABILISTIC ANALYSIS OF SPILLS
The efficiency of a stormwater detention facility can be evaluated by assessing its capacity to cope
with spills. With reference to a couple of consecutive rainfall events (Fig. 1), the conditions of spills
are:

•
•
•

spill of a single event only;
spill of both runoff events with pre-filling from the first event at the beginning of the second one;
and
spill of the second runoff event only, with pre-filling from the first event at the beginning of the
second one.

In particular, the probability that the spilled volume ws exceeds a percentage a of the storage
capacity w0 has been calculated, that is, the probability Prob(ws > a · w0).
Two different conditions have been distinguished in the probabilistic derivation. The possibility
that spilled volume is influenced by pre-filling from the previous rainfall event, defined by the
condition w0  /q > IETD and the hypothesis that spilled volume is only due to a single rainfall event,
defined by the condition w0  /q ≤ IETD. w0  /q is the time that the storage capacity w0, completely
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filled, takes to empty with a constant outflow q. If it results less than IETD, the minimum interevent
time, isolated rainfall events have been considered.
In all expressions, volumes and flow rates have been expressed per unit of effective catchment
area j · S, where j is the runoff coefficient and S is the catchment area. Furthermore, the following
auxiliary dimensionless variables have been used: b = q · x/(q · x + 2 · y) and q* = q · x/l.
If the stormwater detention facility is emptied, with a constant outflow rate q, only after the end
of each runoff event (Fig. 1), and the possibility of spill from a single event only is considered, that
is, condition w0   /q ≤ IETD is assumed, spilled volume ws can be expressed by:
ws = h – L – w0

case I.(4)

where case I has the condition:
h – L – w0 > 0;
Introducing in eqn (4) the probability distribution function of rainfall depth, eqn (1), it becomes:
P = Prob ( ws > a ⋅ w0 ) =

hB

∫

f h ⋅ dh = e

− x⋅ L + w0 ⋅(1+ a )

(5)

hA

where:
hA = L + w0 · (1 + a); hB = ∞.
If the possibility of pre-filling from the previous rainfall event is considered, that is, condition
w0  /q > IETD is assumed, spilled volume ws results:
h − L − w0
2

ws = ∑ hi − 2 ⋅ L − q ⋅ d − w0
 i =1
0


case I.
case II, case III. (6)
ottherwise

where case I has the condition:
h – L – w0 > 0.
case II has the conditions:
h – L – w0 > 0;
w0 – q⋅d > 0;
2

∑ hi − 2 ⋅ L − q ⋅ d − w 0 > 0 .
i =1

and case III has the conditions:
h – L – w0 ≤ 0;
h – L – q⋅d > 0;
2

∑ hi − 2 ⋅ L − q ⋅ d − w 0 > 0 .
i =1

Last condition in case II and case III,
the simplified form:

2

∑ hi − 2 ⋅ L − q ⋅ d − w 0 > 0 , can be expressed by means of
i =1

799

G. Becciu & A. Raimondi, Int. J. Sus. Dev. Plann. Vol. 10, No. 6 (2015)

(a) 2 (h – L) – q⋅d – w0 > 0(7)
				or by
(b) h* – 2⋅L – q⋅d – w0 > 0(8)
2

where h* = ∑ hi has a Gamma probability distribution function.
i =1

Condition (a) assumes, as simplifying hypothesis, that the sum of two exponential probability
distribution functions is an exponential probability distribution function too. Condition (b) instead
considers the sum of two exponential probability distribution functions as Gamma distributed. The
purpose of testing the two different conditions (a) and (b) in the derivation of the probability distribution function of spilled volumes is to verify the goodness of the simplifying hypothesis (a), that is
generally simpler to apply in practice.
Considering expression (a), (eqn 7), the definition of spilled volume ws (eqn 6) and the probability
distribution functions of rainfall depth and interevent time (eqns 1 and 3, respectively), the probability distribution function of spilled volumes results:
Pa = Prob ( ws > a ⋅ w0 ) =

dB

∫

dA

hB

hD

hA

hC

f d ⋅ dd ⋅ ∫ f h ⋅ dh +

∫

f h ⋅ dh

 − x ⋅q⋅IETD + w ⋅(1+ a ) y⋅IETD − w0 ⋅x + y ⋅⋅(1− a ) 
0

− x⋅ L  2 
 q
  + e − x⋅ L + w0 ⋅(1+ a )
⋅ e
−e
= (1 − b ) ⋅ e




(9)

where:
dA = IETD; dB = w0 · (1 – a ) /q, hA = L + [w0 · (1 + a) + q · d] / 2; hB = L + w0 and
hC = L + w0 · (1 + a); hD = ∞.
Considering expression (b) (eqn 8), and the definition of spilled volume ws (eqn 6), the probability
distribution function of spilled volumes can be expressed by:
hB*

dB

Pb = Prob (w s > α ⋅ w 0 ) =

∫
dA

f d ⋅ dd ⋅

∫
hA*

f h* ⋅ dh* +

hB

∫ f h ⋅ dh (10)

hA

where dA = IETD; dB = w0 (1 – a ) /q, h*A = w0 · (1 + a) + q · d + 2 · L; h*B = ∞ and hA = L + w0 ·
(1 + a); hB = ∞.
By substituting eqns (1), (3) and (8) in eqn (10), it results
ψ ⋅IETD −
δ ⋅ψ
Pb =
⋅e
2
( µh −2⋅L )

w 0 ⋅(1+α )

µ h − 2⋅L

⋅ 1 + w 0 ⋅ (1 + α )  ⋅

w ⋅(1−α )
 IET D

− 0
 − δ 
 −ξ ⋅ L +w 0 ⋅(1+α )
δ ⋅q



−
⋅
+
⋅
−
e
⋅
1
+
q
⋅
IETD
+
δ
e
1
w
1
α
+
δ
⋅
q
(
)
)

0 (


 + e





(11)
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µh − 2 ⋅ L
ψ ⋅ ( µh − 2 ⋅ L ) + q

.

Threshold conditions of the probability distribution functions of spilled volumes, eqns (5), (9)
and (11), are:
limw
limw

0 →∞

0 →0

P = e −ξ ⋅L (12)

Pa = limw

0 →∞

Pb = 0 (13)

lim q →∞ P = 0 (14)
lim q → 0 Pa = e

lim q → 0 Pb =

1
( µh − 2 ⋅ L )

−

2

−ξ ⋅ L +w 0 ⋅(1+α ) 

(15)

w 0 ⋅(1+α )

−ξ ⋅ L +w ⋅(1+α ) 
µ − 2⋅L )
(16)
⋅e ( h
⋅ 1 + w 0 ⋅ (1 + α )  + e  0

4 APPLICATION
Derived expressions for the estimation of the probability distribution functions of spilled volumes
have been validated by their application to the rainfall series recorded at gauge station of MilanoMonviso (Italy) during the period 1991–2005. An IETD = 10 h has been used in the analysis,
corresponding to the identification of 979 rainfall events from the continuous chain of records.
Average values of rainfall depth, rainfall duration and interevent time are shown in Table 1, while
standard deviation and variation coefficients are shown, respectively, in Tables 2 and 3.
Table 1: Average values of rainfall characteristics.
μh (mm)]

μJ (h)

μd (h)

18.49

14.37

172.81

Table 2: Standard deviation of rainfall characteristics.
sh (mm)

sJ (h)

sd (h)

21.33

14.81

223.89

Table 3: Variation coefficients of rainfall characteristics.
Vh (dimensionless)
1.15

Vq (dimensionless)

Vd (dimensionless)

1.03

1.30

G. Becciu & A. Raimondi, Int. J. Sus. Dev. Plann. Vol. 10, No. 6 (2015)

801

Resulting values of variation coefficients, shown in Table 3, point out that only rainfall duration
well fits an exponential distribution function (coefficient of variation V ≅ 1). This aspect was
previously discussed by Guo and Adams [7] and Raimondi and Becciu [16] that concluded that for
most of Italian basins, the Weibull and the double-exponential probability distribution functions are
more correct to fit experimental data. Anyway, the gain in results accuracy from the use of such
probability distribution functions is minimal compared to the increasing complexity in derivation of
probabilistic expressions. The use of an exponential distribution function to fit series of rainfall data
is widespread in the literature to reduce the complexity of analytical derivation [17–22]. Correlation
coefficients among rainfall variables are shown in Table 4:
While correlation between rainfall depth and interevent time and rainfall duration and interevent
time is quite low, there is a strong correlation between rainfall depth and rainfall duration. As
discussed by Becciu and Raimondi [23], this can lead to a deviation of results of derived formulas
from those from the continuous simulation. However, since the assumption that the stormwater
detention facility is emptied only after the end of each runoff event has been considered, the
dependence of the probability distribution function of spilled volumes from rainfall duration is
excluded, and the correlation between rainfall depth and duration does not influence the results.
In the application, hydrological losses L have been considered equal to 2 mm and the constant
outflow rate q has been assumed equal to 1 mm/h, less than the average rainfall intensity μi = μh  /μJ,
equal to 1.29 mm/h.
Results from derived formulas have been compared to results from the continuous simulation of
observed data, schematization of which is shown in Fig. 2:

Table 4: Correlation coefficients among rainfall characteristics.
rh,q

rh,d

rd,q

0.62

0.11

0.11

Figure 2: Schematization of two consecutive runoff events.
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Reference equations are:

w pr ,i

w pr ,i −1 + hi −1 − L − q ⋅ di

= w pr ,i −1 + w0 − q ⋅ di

0

case I
case III (17)
otherwise

wpr,i is the pre-filling volume at the beginning of the rainfall event i
and wpr,i-i is the pre-filling volume at the beginning of the rainfall event i‑1.
case I represents the conditions:
hi–1 – L – w0 ≤ 0;
hi–1 – L – q⋅di > 0.
and case II represent the conditions:
hi–1 – L – w0 > 0;
w0 – q⋅di > 0.

ws,i

ws,i −1 + w pr ,i + hi − L − w0

= w pr ,i −1 + h i − L − w0

0

case I
case III (18)
otherwise

ws,i is the spilled volume at the end of the rainfall event i and ws,i-i is the spilled volume at the end
of the rainfall event i‑1.
where case I represents the conditions:
wpr,i > 0;
ws,i–1 + wpr,i + hi – L – w0 > 0;
and case II represent conditions:
wpr,i ≤ 0;
hi – L – w0 > 0.
Figure 3 shows the probability distribution function of spilled volumes, comparing results from
continuous simulation and derived formulas for a = 0, that is, the probability of spilled volumes
different from 0.

Figure 3: Overflow probability versus storage volume for a = 0.
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Figure 4: Probability distribution functions of spills versus storage volume for a = 0 and a = 1.
The use of the simplified expression (a) in the derivation of the probability distribution function
of spilled volumes involves negligible differences in results with respect to complete expression
(b) and can be easily applied in practice.
Figure 4 compares the probability distribution functions of spilled volumes for the two threshold
conditions of the a coefficient, that is, the probability of spilled volumes higher than 0, Prob(ws > 0),
with a = 0, and the probability of spilled volumes higher than the storage capacity, Prob(ws > w0),
with a = 1.
Obviously, with a = 0 the probability distribution function of spilled volumes is higher than for
a = 1. In this case, the use of a simplified expression (a) is equivalent to complete expression (b).
Differences between results from the application of derived formulas and the continuous simulation of observed data can be mainly due to the simplified assumptions made in the derivation: the
hypothesis of independence of the rainfall characteristics, the hypothesis of considering only a
couple of rainfall events at time and/or the hypothesis of exponential distribution of rainfall
characteristics.
In particular, results from the application of the final expressions are little affected from the simplifying assumption of independence of rainfall variables, except for little correlation between
rainfall depth and interevent time (see Table 4).
Moreover, as discussed by Raimondi and Becciu [16], with an IETD = 10 h, the hypothesis of
considering only a couple of rainfall events a time can be acceptable, since only in few cases the
pre-filling of the storage capacity is due to more than on previous rainfall event. This assumption
influences more the probability distribution function of spilled volumes for a = 0, as shown in Fig. 4.
The effects of the hypothesis of the exponential distribution of rainfall variables could be tested
by the use of a Weibull or a double-exponential distribution function that best fit the frequency
distribution of rainfall depth and interevent time [7,16].
5 CONCLUSIONS
The efficiency of stormwater detention facilities is very important for environmental purposes and
flood protection of downstream areas. The reduction of spills from these facilities should be one of
the main targets in their design.
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In this article, an innovative approach for the estimation of the efficiency of stormwater detention
facilities to cope with overflows has been discussed. It is based on the analytical probabilistic
derivation of the distribution functions of spilled volumes. With reference to a couple of rainfall
events, the proposed method allows considering the effects of the pre-filling from the first runoff on
the spilled volume at the end of the second one.
Derived expressions are very simple to apply and can be a valuable support to engineers in the
design of stormwater detention facilities. The probability distribution functions of spilled volumes
result mainly function of the average values of the rainfall characteristics, storage capacity and
outflow rate. They also allow evaluating the probability to have a certain amount of spilled volume
in relation to the storage capacity. Moreover, final expressions take into account the minimum interevent time used for the identification of independent rainfall events and the hydrological losses for
infiltration, evapotranspiration and filling of depression storages.
Effects of all simplifying hypothesis on resulting formulas have been deeply investigated and
discussed. The reliability of the proposed approach has been tested by its application to a case study.
Goodness of derived formulas has been confirmed by the comparison between results from their
application with those from the continuous simulation of observed data. The use of the proposed
approach can be suitable in many engineering applications, especially when strict discharge limits
increase the probability of spills from stormwater detention facilities and when the continuous simulation of series of recorded storm events is not possible or reliable according to the amount and
quality of rainfall records.
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