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Many problems in nature can be solved by resorting to numbers in a particular sequence.
For example, the numbers in the so called Fibonacci sequence have been successfully
applied in computer science, mathematics and game theory. Another example is the
triangular number sequence, which has two main applications: the handshake problem and

gfglw r?arrdn?c-mic distortion, pulse modulation, thg round-_robin tournament. These two sequences can be found in thg Pascgl's triangle;.
pascal triangle, triangular  numbers, With the aim of enhancmg thg waveform qL_Jallty at the output of a multilevel inverter, this
switching pattern paper explores the suitability of the triangular number sequence to compute the
commutation angles in Pulse Width Modulation switching pattern. It has been found that
this approach provides a harmonic performance comparable to the results obtained with
other calculation techniques such as the Newton Raphson method or Genetic Algorithm,
but without the difficulty of solving the complex non-linear equation.
1. INTRODUCTION the carrier frequency, thus contributing to power losses

Nowadays, Cascaded H-Bridge Multilevel Inverters
(CMLI) are widely used in industrial applications mainly due
to two advantages. The first one is that the difficulty involved
in developing high-voltage, high-power inverters is greatly
simplified, because the electrical stresses are distributed
among several switching devices [1, 2]. The second one is that
the stepped output simplifies the task of generating high-
quality waveforms [3, 4], whose harmonic content is often
expressed in terms of the total harmonic distortion (THD), as
follows:

n
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j=2

THD = M
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where, V; corresponds to the amplitude of the j’th harmonic,
and V7 is the fundamental amplitude.

Figure 1 shows the configuration of a seven-level CMLI,
using three individual H bridges.

The modulation methods used to synthesize the output
waveforms in multilevel inverters can be grossly classified as
follows:

(1) Carrier-based techniques, extensions of the triangular
waveform carrier technique used in low power
inverters. Two alternatives are commonly used: in the
carrier disposition approach (used in neutral-point-
clamped multilevel inverters [5]) the triangular
waveforms are arranged one on top of the other. The
second alternative is applied in cascaded multilevel
inverters and involves phase-shifted carrier waveforms.
In both alternatives, the power stages are switched at
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[6].

(2) Space vector PWM, a mathematical approach that also
involves high-frequency switching in the power stages
[7].

(3) Stepped waveform modulation, which offers the
advantage of low-frequency switching, thus minimizing
the losses in the power stages. In the selective harmonic
elimination approach (SHEPWM) [8], the switching
angles are calculated by solving a set of non-linear
equations, in such a manner that several specific
harmonics are eliminated [9].
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Figure 1. Cascaded H bridge multilevel inverter (7-levels)

In the stepped waveform modulation, the number of
harmonics to eliminate depends on the number of switching
angles per quarter cycle [10]. Thus, the complexity of the
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mathematical procedure increases as the quality of the output
waveform is improved.

An alternative is to calculate the switching angles in such a
manner that the overall THD is minimized [11]. In comparison
with other modulation methods, this approach provides an
acceptable performance with low switching frequency to
fundamental frequency ratios. Its main disadvantage, again, is
that the suitable switching pattern calculation is a fairly
complicated mathematical procedure.

Several mathematical approaches for switching pattern
calculation have already been proposed in the technical
literature. The Newton-Raphson (NR) based methods, for
instance, are fast but do not yield correct solutions for all the
possible modulation index values [12]. Further, they depend
on an initial guess and do not yield an optimal solution. The
Genetic-Algorithm (GA) based methods are not as fast, but
they are capable of providing the solutions to minimize the
THD [13]. All the approaches described above require the
solution of a set of non-linear equations and the knowledge of
complex computational algorithms to obtain the switching
pattern.

In this paper, the switching angles for a multilevel inverter’s
output are computed employing the triangular number
sequence (TNS) extracted from Pascal’s triangle, which
provides a simpler and faster computation method. It is
assumed that the waveform has quarter-wave symmetry, an
odd number of levels, and equal-height steps and one
switching angles per level. The final goal is to enhance the
output waveform quality, in such a way that a minimum THD
is obtained.

The solution procedure does not require solving the
complex non-linear equation obtained from the analysis of the
output voltage waveform. This approach focuses on a
multilevel inverter waveform with quarter-wave symmetry
having equal-height steps, which implies equal DC voltage
sources values. It uses a diagonal Pascal’s triangle sequence
(triangular numbers) to determine the value of the switching
pattern in a multilevel inverter. This method involves a simple
sequence and can be used with multilevel inverters having an
odd number of levels.

The method can be used to obtain the switching angles of a
multilevel inverter of "n" levels by using triangular numbers
in Uninterruptible Power Supply (UPS) applications that
require a fixed frequency and a fixed modulation index and to
obtain the best use of the CD bus with a low THD.

This paper is organized as follows. The problem statement
is reviewed in Section 2. The triangular number sequence is
presented in Section 3. Comparative results using several
methods are illustrated in Section 4. Experimental results
using triangular number sequence are presented in Section 5.
Some conclusions are given in Section 6.

2. PROBLEM STATEMENT

Figure 2 shows the output voltage waveform Vy(wt) from a
7-level inverter. The waveform has both odd and quarter-wave
symmetry, and its Fourier series is given by:

Vy(at) = 3 (b, sin neot)) 2

With n odd. Fourier coefficients b, can be expressed as:

b = WNoe (cos(ne,) + (cos(na,) + (cos(ne,))  (3)
nz

where, Vpc is the height of each step, and a;, a», and as are the
switching angles.
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Figure 2. Output voltage waveform in the multilevel inverter
(7-levels)

The Fourier series can be expressed as:

V,(at) = i(‘?‘/—;’;(cos(nal) +(cos(ner,) + (cos(nas))jsin( not)  (4)

The THD value is determined with the values obtained from
Eq. (3), and substituting in Eq. (1):

J i (M&(cos(nalh(cos(na2)+(cos(na3))j
THD = n=3(onlyodd) \ N7 (5)

A'\/i(cos(al) +(cos(a,) + (cos(er,))
T

By simplifying Eq. (5):

® 1 .
THD = \/"3(%011:1) [H (COS(nal) + (COS(naz) + (COS(na3))] (6)

(cos(ar;) + (cos(ex,) + (cos(az,))

The THD depends directly on the switching pattern in a
multilevel inverter output waveform, and to reduce its
magnitude it is necessary to obtain a set of switching angles,
such that Eq. (6) is minimized [10].

The above procedure can be generalized for a waveform
with m levels, equal height steps, as shown in Figure 3. The
coefficients bn can be expressed as.

b, = 4Viz(COS(Wi)) )
nz 4
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Figure 3. m-level multilevel inverter output waveform with
odd quarter-wave symmetry



From Eq. (2), The Fourier series can be expressed as:

i=1

V, (at) = Z( bc Zk cos(na))jsm(na)t) (8)

The THD value is obtained with:

( Zcos(na )j

\/n only o n

THD — =3(only odd)
Zcos(ai)
i=1

)

where, Vpc is the voltage source, m is the numbers of levels,
and ¢; are the switching angles.

It is possible to determine the switching pattern without
solving the complex non-linear equation by applying a simple
sequence of triangular numbers, these numbers have the
characteristic of providing the switching pattern in multilevel
inverters and achieving a reduced THD value.

3. TRIANGULAR NUMBER SEQUENCE (TNS)
3.1 What is a Triangular Number (TN)?

Triangular number or triangle number counts objects
arranged in an equilateral triangle [14, 15]. The nth triangular
number is the number of dots in the triangular arrangement
with n dots on a side and is equal to the sum of the n natural
numbers from 1 to “n”. The triangular number is a positive
integer that can be represented by an equilateral triangular
array.

The triangular numbers can be determined using the
following expression:

kZ”: n(n+1) (10)

where, TN is the triangular number and £ is a constant value
from 1 to “n”.

3.2 Example of TNS application for the calculation of a
switching pattern for a seven-level CMLI

The switching angles (angles a;, a, ..., ax), can be obtained
by way of the TNS where “k” is the number of angles to
calculate.

Step 1: Determine the triangular number “n=k+1".

Ck+)[(k+D)+1] K243k +2
k+l 2 - 2

(11

Step 2: Since an output signal with quarter-wave symmetry
is required and a quarter-wave is equal to z/2. The value of 7/2
is divided by the value obtained in the previous step, as follow:

Vo T =

E = - =
“IN,, (k2+3k+2y K?+3k+2 (12)
2

Step 3: Each triangular number, from 1 to %, must be

multiplied by the value obtained in step 2. These results
correspond to the desired angles.

a, =TN,F, (13)
a, =TN,F, (14)
a, =TN,F, (15)

For example, in a 7-level multilevel inverter, there is three
switching angles “k=3" that can be calculated as follow:

a)  Determine the triangular number “n=k+1=3+1".

3+3.342 20

TNy =———=—
3+1 2 2

=10 (16)
b)  Divide #/2 value between the value obtained in a).

T
,:a:ézlzgo (17)
10 20

c)  Each triangular number, from 1 to k, must be
multiplied by the value obtained in b). These results
correspond to the desired angles.

a; =TN,F, —(1)( j 20 =9° (18)

a, =TN,F —(3)[”) 37 _ope 19

27 e T 90) " 20 (19)
T\ 67 o

a, =TN,F, 7(6)(5)75754 (20)

3.3 Using the TNS approach as a function of the number of
levels in the CMLI

The proposed TNS approach can be used for n-levels
Cascaded Multilevel Inverter, without being limited to the 7-
level as presented in the previous example (section I1I-B). The
approach is valid from three-levels CMLI, and it is possible to
use it until the physics of the implementation allows it or limits
it.
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Figure 4. Sine waveform as well as the 5-levels and 9-levels
waveforms obtained with triangular numbers

Figure 4 shows the sine waveform, the 5-level and 9-level
waveforms obtained with the TNS approach. The 5-level
waveform is slightly approximated to sine waveform reducing



THD. The 9-level waveform approximation to a sine
waveform is higher than the 5-level waveform. In a multilevel
inverter, when the number of levels increases, the output
voltage THD decreases. The disadvantage of increasing the
number of levels is that it increments the number of devices,
hardware, and the control circuit becomes very complicated.

4. COMPARATIVE RESULTS USING: NEWTON-
RAPHSON, GENETIC ALGORITHM AND
TRIANGULAR NUMBERS

In order to know the potential of application of the proposed
approach based on TNS, a comparison of the results obtained
with the classical Newton-Raphson method (NR) and a
metaheuristic method such as Genetic Algorithm (GA) was
carried out. The objective was to solve equation (9) to
minimize THD value. The equation was adapted according to
the number level of the CMLI, which vary from three to nine-
levels.

Table 1 shows the comparative results obtained, between
the NR and GA methods versus the proposed approach based
on TNS. In addition, the table includes the value of "m" which
represents the amplitude of the fundamental frequency
component, the modulation index cannot be controlled with
the proposed approach. Looking at Table 1, the results show
that the values of the angles obtained using the three methods
are very similar, with slight variations. However, the value of
"m" is slightly lower using the proposed approach based on
TNS.

Table 1. Switching angles comparison for different levels
using TNS, NR & GA

Levels TNS NR GA
3 a1=30° a1=23.75° o1=23.79°
(m=1.10) (m=1.17) (m=1.17)
a1=15% 01=13.38% o1=13.41<
5 a2=45° 02=43.05° 02=41.91°
(m=1.07) (m=1.08) (m=1.09)
01=9% 01=9.22% 01=9.12<%
7 a2=27% 02=27.97< 02=27.94<
a3=54° a3=52.01° a3=51.43°
(m=1.05) (m=1.06) (m=1.06)
21=6< 01=6.77< 01=6.85%
9 a2=18% 02=20.01% 02=20.75<
a3=36< a3=36.76< a3=35.96<
as=60° as=58.71° a4=58.01°
(m=1.04) (m=1.04) (m=1.04)

Table 2 presents the comparison of the THD value using the
TNS, GA and NR methods. The results obtained in Table 2
shows that the values with any method are very similar with a
slightly higher value when using TNS.

Table 2. THD value (%) comparison for different levels
using TNS, NR & GA

Levels TNS NR GA
3 30.0 2791 27.90
5 15.84 1537 15.30
7 10.72 1049 1047
9 8.67 8.00 7.86

Table 3 presents the comparison of the estimated number of
floating point operations per second (FLOPS) value using the
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TNS, GA and NR methods. Using a computer with a CPU
frequency: 2.536 GHz, number of CPUs: 1, number of cores:
4, number of threads: 4, having approximately 5 GFLOPS
(109 FLOPS). The value of the time ("t") is presented in
brackets in the same table, which represents the time in second
to obtaining a result using the several methods, shows that the
value of t value is nearly zero for the TNS method.

Figure 5 shows the harmonic values from fundamental to
50th harmonic using the TNS, GA and NR methods for a 7-
level CMLI. The zoom in Figure 5 shows that the proposed
focus allows the elimination of several harmonics (5th, 15th,
25th, 35th, and 45th), the NR and GA methods do not have
this feature and show values for all harmonics. However, some
harmonic values in TNS method are higher (13th, 23th, and
39th) than the values of the harmonics obtained by the NR and
GA methods.

Table 3. Flops value comparison for different levels using

TNS, NR & GA
Levels TNS NR GA
3 1 11.67x10° 295.30x10°
(t=0.2ns) (t=2.3s) (t=59.0s)
5 3 12.47x10° 594.97x10° (t=119s)
(t=0.6ns) (t=2.55)
7 5 (t=1ns) 28.85x10° 723.71x10° (t=144s)
(t=5.79)
9 7 71.44x10° 1,172.26x10°
(t=1.4ns) (t=14.39) (t=2345s)
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Figure 5. Harmonics comparison of several methods for a 7-
level CMLI

5. EXPERIMENTAL RESULTS USING TNS

A modular cascade multilevel inverter was built in order to
obtain the behavior of the proposed approach using TNS,
obtaining a stepped output voltage from 3 to 9-levels. A
configuration of individual H-bridges was used, from one
bridge for three-levels to four H-bridges for nine-levels. Figure
6 shows a cell of the CMLI, using an IRAMS10UP60A
module with their respective driver circuits, was implemented
with 20V DC voltage supply. The switching angles obtained
were implemented the FPGA of the ALTERA brand, using
look-up tables for an off-line application.

Figure 7 shows the waveform of the output voltage obtained
experimentally using the proposed approach, one H bridge 3-
levels are obtained with one switching angles for each quarter-
wave cycle, obtained in section IV (Table 1 in a second row).

Figure 8 shows the table of harmonic values from
fundamental to 50th harmonic. A comparison between the



THD values, the experimentally obtained (THD=29.81%) and
the THD value showed in Table 2 (in the second row
THD=30%), shows that both have the same value.

Figure 6. Experimental H bridge circuit using
IRAMS10UP60A module with its driver circuit
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Figure 8. Harmonic list for the experimental result in a 3-
level using TNS

Figure 9 shows the waveform of the output voltage obtained
experimentally using the proposed approach, two H bridge for
5-levels are obtained with two switching angles for each
quarter-wave cycle, obtained in section IV (Table 1 third row).

Figure 10 shows the table of harmonic values from
fundamental to 50th harmonic. A comparison between the
THD values, the experimentally obtained (THD=15.71%) and

53

the THD value showed in table 3 (in the third row
THD=15.84%), shows that both have the same value.

Figure 11 shows the waveform of the output voltage
obtained experimentally using the proposed approach, three H
bridge for 7-levels are obtained with three switching angles for
each quarter-wave cycle, obtained in section IV (Table 1
fourth row).

Figure 12 shows the table of harmonic values from
fundamental to 50th harmonic. A comparison between the
THD values, the experimentally obtained (THD=10.61%) and
the THD value showed in Table 2 (in the fourth row
THD=10.72%), shows that both have the same value.
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Figure 9. Experimental result in a 5-level inverter using TNS
for the switching angles
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Figure 10. Harmonic list for the experimental result in a 5-
level using TNS
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Figure 13 shows the waveform of the output voltage
obtained experimentally using the proposed approach four H
bridge for 9-levels are obtained with four switching angles for
each quarter-wave cycle, obtained in section 4 (Table 1 at the
bottom).

Figure 14 shows the table of harmonic values from
fundamental to 50th harmonic. A comparison between the THD
values, the experimentally obtained (THD=8.52%) and the
THD value showed in Table 2 (at the bottom THD=8.67%),
shows that both have the same value.
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level using TNS
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6. CONCLUSIONS

The triangular number sequence positioned in Pascal's
triangle can be used to determine the suitable switching pattern
in a multilevel inverter with the aim to reduce the Total
Harmonic Distortion. This mathematical technique that uses
the triangular number sequence to obtain the switching pattern
is a quick and effective approach. Furthermore, it does not
solve the non-linear equations that are obtained directly from
the formal mathematical equations.

The goal is to avoid the time-consuming process of solving
a non-linear equation. The results achieved demonstrate that
the triangular number sequence approach to calculating the
switching pattern in a multilevel inverter is a simple, easy to
implement an alternative to the Newton-Raphson or Genetic
Algorithm methods, which must solve the non-linear equation.
The results also indicate that the triangular numbers approach
provides a fast method of obtaining de switching angles, with
almost the same value of THD.

This approach was used to resolve the switching patterns of
the inverters from three to nine level, but the approach can be
applied to any number of levels. The results showed that the
output voltage THD is slightly larger in comparison with THD
values obtained by the Genetic Algorithm or Newton-Raphson
method.
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