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The present article numerically investigates the effects of natural convection of Cu-water
nanofluid in a two-dimensional rectotrapezoidal enclosure used in application of absorber
plate fin. The inclination angle of rectotrapezoidal enclosure, region  is chosen as 60º.The
left and right vertical walls of the enclosure are maintained at a local cold temperature Tc
(heat sink) while the bottom wall is kept at a high temperature of T h, respectively. The top
wall of the enclosure is adiabatic. After non-dimensionalising the necessary governing
controlling equations, the finite element strategy is adopted for solving the same. We
present here the results in form of stream line contour, isotherm contours, local and
average heat transfer rate ( 𝑁𝑢 ) adopting a specific gamut of Rayleigh numbers i.e
103Ra106. The solid volume fraction range of Cu-water nanoparticles adopted for the
present study is (0  φ  0.1). The Prandtl number of the numerical simulation is
maintained at 6.2.From the results it is observed that the higher stream line intensity is
reported at a higher Rayleigh number for higher values of φ and also it is found that with
an increase of solid volume fraction φ, of copper water nanoparticles, average heat transfer
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rate ( Nu ) enhancement occurs. Accordingly, heat transfer enhancement greater than 20%
as observed for higher Ra =106, whereas 30% heat transfer enhancements are reported
using Cu-water nanofluid with Ra=103.

1. INTRODUCTION

harnessed in medical technology, MEMS technology,
microfluidics and chemical technology. In the last few
decades natural convection heat transfer researchers have
tried to establish their findings by using conventional fluids
like water or synthetic organic fluids in their study which are
not as effective and are not having enhanced heat transfer
parameters. However in the last decade on the other hand,
there has been a growing demand for improvement of heat
transfer efficiency worldwide because this involves energy
saving and helps to prolong the working life of heat transfer
equipment. Harnessing the power of larger thermal
conductivity and larger convective heat transfer values,
nanofluids proved to be an excellent alternative for
conventional base fluids for improving of heat transfer which
was achieved by suspending very small particles (in the range
of 10-10 m) in conventional fluids with or without the aid of
surfactant. Nanofluids not only show promise in innovation
and faster development of industrial heat transfer devices by
significantly enhancing properties such as thermal transfer
rates in a variety of applications, but it tries to guarantee that
with minimum pressure drop. Choi [9] along with another
researcher first introduced the term nanofluid, where they
tried to suspend various metallic oxides in conventional fluid
and coined the name nanofluids. Further nanofluids are
considered to be a stable fluid with uniform distribution in
the base fluid. In this context, it is important to note that
nanofluids containing dispersed metal nanoparticles like
copper in water can be produced physically in lab too by a

The subject, heat transfer and fluid flow in the presence of
natural convection with or without the presence of nanofluid
in different enclosures like square [1-3], enclosure with
conducting solid square cylinder at center [4], rectangular [5],
trapezoidal [6], quadrantal [7-8] has been extensively
analysed in the last few decades using experimental and
numerical procedure, as because it has been of considerable
interest and has wide spread applications in many
engineering applications, such as heat exchangers, energy
efficient window designing, air conditioning of domestic and
commercial buildings, crystal growth, solar water heaters and
coolers, printed circuit board cooling, ocean engineering
circulation etc. In this context, it goes without saying that
when natural convection heat transfer is the primary source
of heat transfer in complex enclosures, such systems needs to
deeply understood for its thermal efficiency and other heat
transfer parameters for bringing in more savings.
The subject nanotechnology, on the other hand is a
multidisciplinary subject and is considered by many
researchers to deeply understand more about material
science, medical devices, thin film coatings, VLSI and solid
state technology to name a few. It represents the most
relevant leading-edge technology or state-of-the-art
technology employed and being explored because its has a
significant influence in the level of molecular dynamics with
the ultimate aim for commercial success too. It is also
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‘direct evaporation’ technique. The presence of uniformly
distributed nanoparticles is crucial and has a significant role
in modifying the thermal conductivity of their corresponding
base fluids. Quite a significant representation of literature
based on experimental and numerical analysis has been
carried out involving mechanisms of enhanced heat transfer
of the nanofluids. Zi-Tao Yu et al. [10] reviewed the
representation about steady natural convection of nanofluids
in closed regions (square and rectangular enclosures,
horizontal concentric ring passages and triangular
enclosures), for a large range of unification and
amalgamation of base fluids and nanoparticles. Khanafer et
al. [11] adopted a numerical strategy and analysed the heat
transfer performance in a two-dimensional rectangular
enclosure exploiting the power of nanofluids by adopting a
finite volume strategy. Jou and Tzeng [12] also used
nanofluids for heat transfer enhancements utilising the effects
of solid particle dispersion theory via natural convection
method in a rectangular enclosure. They harnessed the
numerical modelling of Khanafer’s. The results by them
indicated, that increase of volume fraction of nanofluids and
buoyancy parameters caused an augmentation in the average
heat transfer coefficient. Choi [13] also reported in another
article about enhancements of heat transfer for Cu-ethylene
glycol nanofluids of 10 nm nanoparticle diameter, and clearly
demonstrated the fact that, by using a 0.3% solid volume
fraction had led to heat transfer enhancement of nearly
40%.This was again explained by the author Choi [14] in an
another research paper, where he reported that such
properties could happen because of several characteristics
like nanoparticle agglomeration and clustering [14], gravity
energy conveyance [14], constitution of liquid/solid
molecular interface formation [14], the interactive and impact
among different nanoparticles leading to an augmentation of
surface area. This nanoparticle intensification in the base
fluid helped in increase of effective surface area of the nano
fluid and further helped in multiplication of specific heat and
thermal capacity, which was indeed what the heat transfer
technologists were looking for in the long run. Generally its
found that micro and nano topography could be built onto a
surface subjected to heat transfer. Further nanoparticles
considered for practical application includes a size of 1-100
nm and are generally made up of three layers namely surface
shell and core and because of the presence of high surface
area, the corresponding heat transfer enhancement is reported
on the sub-surface of a nanoparticle, so this quality
automatically takes care of augmentation of heat transfer via
conduction heat transfer. In recent times Mahmoudi et al.
[15] did a numerical investigation in a trapezoidal enclosure
saturated by Cu-water in the presence of a uniform magnetic
field by control volume approach. They also enumerated the
study of entropy generation inside the trapezoidal enclosure
and reported the enhancement of heat transfer at higher
Rayleigh numbers of Ra=104 and 105 due to presence of
saturated Cu-nanoparticles. They also reported that magnetic
field’s presence in the enclosure (enumerated via Hartmann
number) resulted in a decrease of heat transfer even at higher
Rayleigh numbers. Saleh et al. [16] also investigated a
natural convection study based on finite difference strategy
numerical approach, coupled with stream vorticity
framework on different nanofluids like Cu-water, Al2O3water inside a trapezoidal enclosure. The parameters that
were investigated in detail in that paper was flow
characteristics, heat transfer and rate of heat transfer on (i)

Grashof number (ii) Inclination angle of vertical trapezoidal
enclosure walls (iii) nanoparticle volume fraction. They
concluded their study by enumerating the fact that by
choosing an acute inclination angle of trapezoidal enclosure
with a high volume fraction of Cu-water nanoparticle
resulted in higher heat transfer rate. Esfe et al. [17]
investigated a finite volume numerical study inside a
trapezoidal enclosure filled with carbon nanotube and water
based nanofluid. The relevant parameters taken up for
discussion in their following paper was (i) different aspect
ratios of trapezoidal enclosure (ii) nanoparticle volume
fraction (iii) different range of Rayleigh numbers. They
concluded their discussion by enumerating the fact that at
lesser Rayleigh number (Ra⩽104), the average heat transfer
rate ( Nu ) showed a decreasing trend with an increase in
aspect ratio of the trapezoidal enclosure at all solid volume
percentage of carbon nanotube particles selected for the
numerical study. Very recently Nayak et al. [18] carried out a
numerical analysis with the presence of nanoparticles on the
mixed convection of a Cu-water nanofluid. The authors
results demonstrated the fact, that the thermophoresis and
Brownian diffusion parameter does not have a significant
effect on most of parameter values selected for the mixed
convection study. Also, Sharma et al. [19] recently carried
out a study on unsteady electrically conducting nanofluid
(alumina-sodium alginate nanofluid) coupled with MHD
effect.
When the enclosure under investigation becomes irregular
or complex in shape then there exists complicated interplay
in between nanoparticle interaction with the enclosure
boundaries. The presence of inclined boundaries of the
rectotrapezoidal enclosure make the fluid flow and heat
transfer effects more complex. Rectotrapezoidal geometry
find many engineering utilizations in engineering fields such
as electronic printed circuit board constituents, absorber plate
fin, building insulation and complicated designed thermo
liquid carriers. Recently Dutta and Biswas [20] have carried
out a numerical investigation byharnessing mixed convection
phenomenon, to scrutinize the transport mechanism of a liddriven rectotrapezoidal enclosure for heat transfer effects.
The results showed that inclusion of Cu-water nano-particles
into thebase fluid had brought forward an enhancement of the
heat transfer coefficient, which escalates with an
enhancement of nano-particles volume concentration and
Reynolds number (Re). With motivation obtained from the
previous studies, the purpose of our new present investigation
is to carry out a finite element based numerical analysis on
natural convection in a rectotrapezoidal enclosure saturated
with Cu-water nanofluid. Two opposite sloping boundaries of
the rectotrapezoidal cavity are kept at cold temperature and
the bottom wall is maintained at high temperatures by a
constant oil bath. The angle of the inlined sloping wall in the
rectotrapezoidal enclosure is maintained at =60º. We adopt a
finite element strategy to solve for the non-dimensional
controlling mass momentum and energy equations. The
presence of relevant parameters like Rayleigh number (103 ≤
Ra ≤ 106), and solid volume fraction (0 ≤  ≤ 0.1) on the flow
and heat transfer inside the rectotrapezoidal enclosure are
thoroughly discussed after assuming a fixed Prandtl number
for the numerical study (Pr =6.2). As per author’s belief
numerical investigation in this geometry with nanofluid
induced by natural convection has not been done.
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2. MATHEMATICAL FORMULATION

u

2.1 Problem description

u
u
1
p
 2u  2u
+v
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[− + nf ( 2 + 2 )]
x
y nf x
x y

(2)

where ρnf, p, and µnf are the density of nanofluid, fluid
pressure, and operative dynamic viscocity of the nanofluid
for this numerical study, respectively.
The linear momentum balance equation in y direction is
given by:

Figure 1 depicts a simplified two –dimensional figure of
the rectotrapezoidal enclosure, which is uniformly heated
(θ=Th) from the bottom. The upright walls and the inclined
walls are kept at cold temperature(θ=T c) while the top wall is
insulated from surroundings. The initial temperature of the
enclosure is maintained at the cold temperature Tc. The
incination angle of rectotrapezoidal enclosure,  is chosen as
60º. The fluid inside the enclosed area is a Cu-water based
nanofluid.
The mathematical equations of the nanofluid enumerated
in this article are described after taking into account:
• The fundamental basic fluid is water together with the
Cu-nanoparticles which are expected to be in thermal
balance as a single constituent mixture.
• The nanofluid is a Newtonian fluid and incompressible
and non-porous with no magnetic influence.
• The Cu-nanoparticles are generally assumed to be,
spherical in nature.
•
The Cu-nanofluid is considered to be stable and laminar.
• The presence of Brownian diffusion parameters and
thermophoretic diffusion parameters are neglected in this
present study.

u
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where βnf is the thermal expansion factor of the Cu-water
nanofluid, Tc is the temperature of the upright and inclined
walls.
The energy balance equation is given by:
u
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y

(4)

where αnf is the thermal diffusivity of Cu-water nanofluid.
We adopt the well known scholastic modelling enumerated in
literature to resolve the characteristics of the Cu-water
nanofluid [17]:

nf = (1 −  ) f +  p

(5)

( Cp )nf = (1 −  )( Cp ) f w +  ( C p ) pn

(6)

(  )nf = (1 −  )(  ) fw +  (  ) pn

(7)

w

 nf =

n

knf

(8)

(  C pn ) nf

In the above mathematical equations, we assign the solid
volume fraction parmeter to be φ. Cpf,  nf and Cp nf are
considered to be the specific heat of the base fluid, density
and corresponding specific heat of Cu-water nanofluid,
respectively, and knf is the effective thermal conductivity of
nanoparticle. It is to noted that equations (5-8) takes into
account the subscripts fw and pn which denote water (base
fluid) and Cu-nanoparticle, respectively. The numerically
modelled dynamic viscocity and thermal conductivity
parameters are adopted from the published literature [refer
Xuan, Wen and Brinkman [21, 22, 23]].

Figure 1. Representational diagram of the physical model
2.2 Mathematical description of the physical model
2.2.1 Dimensional nature of equations
The controlling mathematical statements for the
rectotrapezoidal
enclosure
numerical
study
under
investigation are dependent on the mass law balance, linear
momentum balance, and thermal energy balance in steadfast
conditions considering this to be a time independent problem
formulation. Adopting into reckoning the assumptions from
the previous section, the fundamental system of dimensional
equations is enumerated below.
Mass law balance equation:

u v
+
=0
x y

 nf =

f

knf = k fw [

(1)

w

(9)

(1 −  ) 2.5

(k pn + 2k fw ) − 2 (k fw − k pn )
(k pn + 2k f w ) +  (k fw − k pn )

]

(10)

2.2.2 Non-dimensional form of equations
To represent various transport mechanisms in nanofluids,
it is essential and worthwhile for the conservation equations
to be in non-dimensional form. So we introduce the
following non-dimensionless parameters:

Which describe the velocities (u,v) according in the
cartesian coordinate x and y, respectively.
The linear momentum balance equation in x direction
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X =

Pr =
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pL2
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y
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, P=
,
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, =
f
f
L
L
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nf  f 2

vf

f

, Ra =

Nusselt number (non-dimensional number). They are
numerically evaluated along the heated/cold wall(s) of the
RT enclosure and are represented as enumerated below:

g  f L3 (Th − Tc )
vf  f

Nu = −(

This parameter L, is the physical x dimension for this
rectotrapezoidal enclosure considered, U and V are the
dimensionless velocity components in horizontal and vertical
orientations in conjunction. αf is the thermal diffusivity of
base fluid (water), θ is non-dimension temperature, P is the
dimensionless pressure, ρnf is the density of Cu-water
nanofluid, νf is kinematic viscosity of base fluid, βf is
volumetric thermal expansion coefficient of base fluid (water)
and g is the acceleration due to gravity.
After introducing these non-dimensional parameters in the
controlling mathematical equations we further re-represent
the continuity, momentum, and energy equations as belowMass law balance equation:
U V
+
=0
X Y

𝜕

L

Nuavg =

U
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(  )nf
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V
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 2V  2V
+V
=−
+(
)( 2 + 2 ) +
Ra Pr  (13)
X
Y
Y  nf  fw X
nf  fw
Y

(12)


  nf  2  2
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+
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X
Y  fw X 2 Y 2

(14)

The following boundary conditions below are adopted in
this rectotrpaezoidal enclosure to solve Eqs. (11)-(14):

U(X,0) = U(X,1) = U(0,Y) = U(1,Y) = 0

15(a)

V(X,0) = V(X,1) = V(0,Y) = V(1,Y) = 0
θ(0,Y) = θ(1,Y) = 0

(15b)

Eq. (15 (b)) is valid along walls BC, CD, EF and AF)

θ(X,0) = 1

(15c)

 2  2 U V
+
=
−
X 2 Y 2 Y X

Eq. (15 (c)) is valid along wall AB
θ
(X,1) = 0
Y

(17)

SIMULATION

TECHNIQUE

For the present numerical scheme adopted in the present
investigation, the resulting governing transport differential
equations (Eqs.11-14) together with the boundary conditions
presented in (Eqs. 15a-d) as discussed in section 2.2.2 are
investigated by a finite element solver technique. Further we
adopt the well known Galerkin weighted residue finite
element scheme to take care of the controlling mathematical
non-linear partial differential equations. Further this same
Galerkin weighted method is also adopted and solved to
transform the non-linear governing equations as discussed
earlier to form an organised set of fundamental constituent
mathematical equations. The comprehensive description of
this finite element strategy can be found in the book by
Zienkiewicz [24]. The Gauss’s quadrature method as
discussed in Zienkiewicz [24] is used to perform the
numerical integration. The Newton-Raphson numerical
analysis method is adopted to account for the consideration
of the algebraic equations set. The convergence criterion is
analysed in such an aspect that |𝜑𝑡 𝑛+1 − 𝜑𝑡 𝑛 |/|𝜑𝑡 𝑛 |≤ 10-6
where t represents any transport variable. After the non –
linear equations are solved, the displayed results are depicted
via isotherm contour and stream line contour (ψ) which are
having a direct relationship with the X, Y directions velocity
components (U,V). Further the relevance between the stream
line contour and the cartesian coordinate velocities (U & V)
𝜕𝜓
𝜕𝜓
are 𝑈 =
and 𝑉 = − which conclusively formulate to a
𝜕𝑌
𝜕𝑋
solo poisson’s mathematical equation is solved through
Galerkin finite element method.

Energy equation

U

1
Nul dl
L 0

3.
NUMERICAL
ADOPTED

Linear momentum conservation in X and Y direction is
given by:

nf
U
V
P
 2U  2U
+V
=−
+(
)( 2 + 2 )
X
Y
X  nf  f w X
Y

(16)

where can be depicted as partial differentiation obtained
𝜕𝑛
accompanying the path of the exterior commensurate
perpendicular normal of the recto trapezoidal wall under
investigation being considered (hot or cold wall whichever
the case may be).
Similarly the average heat transfer rates (𝑁𝑢) for a wall of
any length (say L) can also be calculated numerically:

(11)

U

knf 
)
k f n

(15d)

(18)

The symbol ψ has a positive and negative connotation
where positive sign of stream function denotes a
counterclockwise flow circulation and vice versa. The
thermophysical dominion of the base fluid [water (H 2O)]
along with copper [23] (Cu), are given in Table 1.

Eq. (15 (d)) is valid along wall DE
2.2.3 Nusselt number calculation
The local heat transfer rates on the boundary walls of the
rectotrapezoidal enclosure can be defined in terms of local
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Table 1. Thermophysical dominion of water and
nanoparticles
Property
Density (Kg/m3)
Specific heat Cp (J/kg k)
Thermal conductivity K (W/m
k)
Dynamic viscosity (kg/ms)
Thermal expansion coefficient
(k−1)

Base fluid
(water)
997.1
4179

Nano
Particles (Cu)
8933
385

0.605

401

8.91x10-5

---

2.1x10-4

1.67x10-5

4.2 Grid independency
The average heat transfer rate (avg.Nu or 𝑁𝑢) considering
the lower hot horizontal boundary wall for rectotrapezoidal
enclosure was numerically simulated for three different finite
elements namely 31090, 44232 and 68790 at fixed volume
fraction of φ=0.1 and is depicted in Table 3. It was found that
there is less than 4% change of average Nusselt number (𝑁𝑢)
when we changed the finite elements from 44232 to 68790
and hence we proceed with 44232 finite elements. Further
special care was taken to refine the grids at corners and edges
because of finite discontinuity at edges.

4. VALIDATION OF THE MODEL AND GRID
INDEPENDENCY TEST

Table 3. Average heat transfer rate, avg.Nu (𝑁𝑢) on the hot
bottom wall of rectotrapezoidal enclosure, according to
different Rayleigh number saturated with Cu-water nanofluid
having φ=0.1%

4.1 Validation

Ra

The present numerical finite element strategy adopted by
authors is taken up for validation, by comparing with the
numerical experiments of (i) Oztop and Abu-Nada [5] (ii)
Abu-Nada and Oztop [25].The validation comprises by
comparing the present code average heat transfer rate ( Nu or
avg.Nu ) results for (i) variation of average heat transfer rate
( Nu )for three volume fraction (i.e φ= 0.05, 0.1 and 0.2) for
different aspect ratio in an rectangular enclosure (A=0.5, 1
and 2) saturated with Cu-water nanofluid at Ra = 105 and (ii)
Average heat transfer rate ( Nu ) for Ra=105 for volume
fraction φ=0.1 for the inclination angle  of 30ºand 60ºcase
saturated with Cu-water nanofluid and as displayed in Table
2 (a & b).

106
105
104
103

A =0.5
3.87
4.15
4.56

P.C A=0.5
3.69 (4.8%)
3.99 (3.8%)
4.34 (4.8%)

A=1
3.96
4.28
4.75

P.C A=1
3.78(4.5%)
4.09(4.4%)
4.57(3.8%)

A=2
4.16
4.75
5.35

=30º

103
104
105

1.56
3.18
6.25

Present
code
=30º
1.49
3.05
5.99

=60º
1.53
3.09
5.90

68790
elements
20.15
14.10
10.557
10.203

5.1 Impact of vol. fraction on the stream line contours (ψ)
and isothermal contours (θ) considering different
Rayleigh numbers
The recto-trapezoidal enclosure under study is saturated
with a Cu-water nanofluid involving a concentrated solid
particle volume fraction range of 0 ≤ φ ≤ 0.1 for this
numerical analysis. Figures 2 and 3 depicted below represent
the streamline contour (ψ) and isothermal contour (θ) for
three Rayleigh number set (Ra= 104, 105 and 106) for solid
particle volume fraction 0.05 and 0.1 respectively. The
depicted figures discussed below also accounts for a
representational distribution and illustrates the stream line
contour (ψ) and isotherm contour (θ) of nanofluid (black
lines) and pure fluid(water) (blue lines) in unison.
For this article we have shown only the streamline contour
values for the nanofluid and we have shown numerical values
for both the water (base fluid) and nanofluid for the
isotherms, though they seem to overlap in these cases for our
numerical simulation results. The presence of Cu-nano
particles inside the enclosure influences the display pattern
and numerical values of stream line contour (ψ) and
isothermal contour (θ). In figure 2(a), at lower Ra=104 the
presence of nanoparticles on the thermal boundary region
next to the heated bottom wall of rectotrapezoidal enclosure
is less influenced by the addition of nanoparticles but at
higher Ra=105 and 106 as found in figure 2(b) and (c)
respectively, the effects are more. In this context its also
important to enumerate the fact that the behavior of heat
transfer regime and dominant thermal boundary substratum
to the solid volume fraction of nanoparticles is closely
associated with the augmentation of thermal conductivity of
the nanofluid. As we have induced uniform cooling on the
upright and slanting walls of rectotrapezoidal enclosure the
numerical simulation outcomes are a combination of
anticlockwise and clockwise flow vortices occupying the left

P.C A=2
3.97(4.5%)
4.55(4.2%)
5.20(2.8%)

Table 2(b). Validation Table of AvgNu (𝑁𝑢) for present code
vs. Abu-Nada & Oztop paper [25] for three different
Rayleigh numbers of (Ra=103, 104 and 105) and for two
orientations ( =30º and 60º) and volume fraction φ=0.1 for
Cu-water nanofluid
Rayleigh
numbers

44232
elements
19.97
13.911
10.279
9.9251

5. RESULTS AND DISCUSSIONS

Table 2(a). Validation Table of avg.Nu ( Nu ) for present
code (P.C) vs Oztop & Abu-Nada paper [5] values for three
different aspect ratios of (A=0.5, 1 and 2) and three different
volume fraction φ=0.05,0.1 and 0.2 at Ra=10 5 for Cu-water
nanofluid
φ
0.05
0.1
0.2

31090
elements
19.669
13.611
9.9798
9.626

Present
code
=60º
1.48
3.08
5.95

The validation results for the average heat transfer rate
(avg.Nu) values as depicted in Table 2(a & b) reveal that, the
present finite element strategy is in good compliance with the
previous researchers articles as reported. The variation of
heat transfer rate (𝑁𝑢) is less than 5% in all the above cases
as discussed [ Note that the numerical values in bracket are
the % change from the validation reference paper values].
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part and right part of rectotrapezoidal area for all the
numerical parameters adopted for this study. Each rotating
circulation roll ascends along the cold left upright walls
meets the slanting walls of the trapezoidal portion along the
central mid line axis, and finally hits the top insulated
boundary wall through which it undertakes its
horizontal/downright movement towards the right slanting
cold boundaries and decisively cascade downwards under the
effect of cooling. From the analysis in Figure (2) a-c its also
found that streamline exhibit two equal rolls of clockwise and
anticlockwise strength inside the enclosure because of
symmetric nature of the enclosure shape for all Rayleigh
numbers discussed. At lower Rayleigh number of Ra=104 the
stream line strength is of less magnitude (ψmax= 7.3 in
anticlockwise direction and ψmin=4.7 in clockwise direction)
(refer figure 2(a)). With increase of Ra=105 (refer figure 2(b))
the stream line strength increases in magnitude (ψmax= 59.7 in
anticlockwise direction and ψmin=39.68 in clockwise
direction) means convection effects are dominant in the
enclosure. With further increase of Ra to 10 6 its found that
convection effects are very much dominant with very high
strength of stream line contour strength in enclosure (ψ max =
272 in anticlockwise direction and ψmin=152 in clockwise
direction). Further the stream lines are also no longer smooth
and round but exhibit elliptical shape (refer figure 2(c)). Also
at Ra=106 ψmax base fluid=271, ψmin base fluid = -149 numerical
values are obtained but not presented in the figures.
Analysing Figure 3(a-c) it is found that the isotherms also
exhibit larger twisting and maximum isotherm strength are
also observed at bottom wall or near the junction of bottom
and cold upright wall. This is further proved from the fact by
analysing the isotherms, that they are no longer symmetric
and elliptic but exhibit a lot of twisting as clearly visible from
the center of enclosure as because the effects of advection are
predominant and due to initiation of convection. As a
consequence, at higher Ra = 105 and 106, (refer figures 3(b
and c)) the numerical value of temperature gradient near both
the lower boundary wall and upside boundary walls of the
rectotrapezoidal enclosure tend to be large mainly attributed
to the multifarious synergy of Cu-water nanofluid with these
boundary walls leading to a formation of thermal boundary
substratum. Also its important to state that the presence of
larger circulation flow strength in the interior core of the
rectotrapezoidal enclosure can be attributed to stagnation of
flow as observed, because its far away from the heated wall.
Also at lower Ra =104 its observed that heat transfer due to
base fluid is more than that for the nanofluid but the effects
are just the reverse where the presence of nanofluid at higher
Rayleigh numbers results in higher heat transfer rate as its
clear from isothermal and stream line contour patterns and
stream vorticity values demonstrated in Figure 2(a-c).

2(a)

2(c)
Figure 2. Streamline contour(ψ)

3(a)

3(b)

3(c)
Figure 3. Isothermal contour(θ) for volume fraction φ=0.05
(a) Ra=104 (b) Ra=105 (c) Ra=106. [Note: The black line
indicates nanofluid while the blue line indicates base fluid]

4(a)

4(b)

4(c)

2(b)

Figure 4. Streamline contour(ψ)
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5(a)

numerical study is symmetrical about the cordinates (X=0.5,
Y=0-1). The corresponding hear transfer rate at X=0.5 is
minimum for all Rayleigh number. Also due to the chosen
boundary condition of bottom boundary wall, the local heat
transfer rate (Nu) shows a dip in value for all Rayleigh
number as we proceed from left or right end boundary walls.
Further the plots also reveal that the numerical values are
maximum for Ra=106 and its minimum for Ra=103 as already
it can be ascertained from the isotherm plots from the
previous section. Figure 6 b-c reveals the local heat transfer
values (Nu) at the cold vertical and slanting side walls of
rectotrapezoidal enclosure. Due to presence of symmetry in
rectotrapezoidal enclosure and due to the same boundary
condition of cold walls, the local Nusselt number is nearly
identical vs Y(Dimensionless length) but positive (although
very less in magnitude) all along for both the LH and RH
side walls excepting at the corners of the walls of enclosure
( here its infinitely high at the LH side of enclosure for the
left wall and infinitely high at the RH side of enclosure for
the right wall). This was already discussed above because of
chosen boundary conditions and can be easily ascertained
from the analysis of nature of isotherm contours from the
previous section. The dense nature of temperature contours at
the confluence of bottom boundary walls and cold upright
walls result in large heat transfer rate in these zones. The
local heat transfer (Nu) also display a regular uniform pattern
because of the heating strategy used.
Figure 7(a-c) displays local heat transfer (Nu) for three
different nanoparticle concentrations which are used as φ = 0,
0.05, and 0.1 and for a fixed Ra=10 6.
The illustration reveals that the presence of Cunanoparticles concentration which affects the local heat
transfer (Nu) such that it is less pronounced at low particle
vol. fraction and the effect is more at larger vol. fraction.
Further for upright and inclined side walls the heat transfer
values show local dip in value at center Y (enclosure height,
dimensionless) because of the inherent rectotrapezoidal
geometry and shows further enhancement thereafter.

5(b)

5(c)
Figure 5. Isothermal contour(θ) for volume fraction φ=0.1 (a)
Ra=104 (b) Ra=105 (c) Ra=106 The black line indicates
nanofluid while the blue line indicates base fluid
Analysing Figure 4 (a-c) we find that the qualitative nature
of stream line and isotherm doesn’t change much when we
increase the solid particle fraction of nanofluid from φ=0.05
to 0.1. However the velocity components of Cu-water
nanofluid increase with the intensification of solid particle
percentage and further assists in an enhancement of the
energy conveyance/transport in the fluid. Thus, the shape of
central cell is no longer circular but becomes elliptical with
an enhancement of solid particle volume fraction of
nanofluid. The numerical values of stream line contour (ψ) in
these figures 4 (a-c) demonstrate the fact that when we
increase the nanoparticle volume fraction the flow strength
also indicate an upward trend. The numerical value of stream
line contour observed for Ra=104 (ψmax=9.4 in anticlockwise
direction and ψmin=-6.2 in clockwise direction) (refer figure
4(a)). With increase of Ra=105 the stream line strength
increases in magnitude (ψmax= 63.6 in anticlockwise direction
and ψmin=-41 in clockwise direction) (refer figure 4(b)) and
with further increase of Ra=106 the stream line strength
observed is (ψmax= 274 in anticlockwise direction and ψ min=152 in clockwise direction). (Refer figure 4(c)).
Figure 5(a-c) displays the isothermal plots for Ra=104, 105
and 106 respectively and it is clearly observed that the
qualitative nature is not much different for lesser volume
fraction φ=0.05. (i.e figure 3(a-c)). But some quantitative
differences are vivid from the figures.

(a)

(b)

5.2 Analysis of local heat transfer rate (Nu) Vs. length for
different Rayleigh numbers/different volume fraction
In this section we plot different local Nusselt number to
analyses the local heat transfer rate on different walls.
Figure 6a–c depicts the graphical nature of local heat
transfer rate (Nusselt number) Vs Dimensionless length (L)
and for fixed Pr and fixed solid volume fraction φ=0.1 for
different boundaries of rectotrapezoidal enclosure. Figure 6(a)
demonstrates the heat transfer rate (local Nu) at the bottom
boundary wall. The enclosure as we have depicted for our

(c)
Figure 6. Local Nusselt number vs Length for different Ra
with volume fraction φ=0.1(a) Bottom wall (b) Left wall (c)
Right wall
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(a)

Table 4 exhibits the numerical results of average heat
transfer rate ( 𝑁𝑢 ) on the heated rectotrapezoidal bottom
boundary and cold inclined and vertical boundary wall for
different values of Rayleigh number and for chosen vol.
fraction φ= 0.05. It is important to discuss that for even for
lower Ra = 103, the average heat transfer rate (avg. Nu or
( 𝑁𝑢 )) as numerically evaluated on heated RT horizontal
bottom and upright and inclined left wall (cumulated) is the
least amongst all but still holds a high numerical value
because of constant heating. Lesser value means, because at
lesser Rayleigh number the heating mode of heat transfer is
conduction. Further numerical value of average heat transfer
rate as reported for Rayleigh number, Ra = 104 is nearly
matching for lower Ra = 103 reiterating the fact that
convection dominance is absent in the RT enclosure.
Increasing the Rayleigh number further to 10 5 and 106 results
show enhanced numerical values of average heat transfer
rates clearly signifying convection is the dominant factor in
the enclosure for this Rayleigh numbers.
Table 5 depicts the numerical simulation results of average
heat transfer rate (𝑁𝑢) of RT enclosure for hot horizontal
bottom wall and cold upright and inclined walls for different
values of Rayleigh number and for volume fraction φ=
0.1.The existence of enhanced vol. fraction of φ= 0.05 to 0.1
outcome is, augmentation of heat transfer in the enclosure for
all Rayleigh numbers discussed for this numerical study on
both bottom and vertical left boundary walls. This is mainly
attributed to that fact that as the solid particle concentration
intensifies, the flow velocities at the middle zone of the
rectotrapezoidal enclosure escalate as a result of higher
solid–fluid interaction and results in conveyance of heat
transfer. Thus it can be concluded by saying that the
existence of high thermal conductive nanoparticles increase
the thermal conductivity of the nanofluids and causes heat
transfer enrichment.

(b)

(c)
Figure 7. Local heat transfer rate (Nu) Vs. Length for three
volume fraction φ=0,0.05 and 0.1 for Ra=10 6. (a) Bottom
wall (b) Left wall (c) Right wall
5.3 Average Nusselt number (𝑁𝑢) for different Rayleigh
numbers and for different volume fraction
This section below at different walls for different section.
enumerates the average Nusselt number.
Table 4. Average Nusselt number (vs.) Ra for bottom wall
and left cold wall for volume fraction φ=0.05
SL no
1
2
3
4

Ra
103
104
105
106

Bottom wall
8.65
9.20
12.64
18.33

Left cold wall
4.32
4.60
6.33
9.19

5.4 Presence of nanoparticles on analysis of heat transfer
efficiency

Table 5. Average Nusselt number (vs.) Ra for bottom wall
and left cold wall for volume fraction φ=0.1
SL no
1
2
3
4

Ra
103
104
105
106

Bottom wall
9.93
10.28
13.92
19.97

Table 6 displays the numerical values of average heat
transfer rate ( 𝑁𝑢 ) on the rectotrapezoidal uniform heated
bottom wall and the cold upright and slanting wall for chosen
values of
Rayleigh number and for volume fraction φ= 0.00. If we
compare the numerical values with Table 3 or 4 it is quite
clear that the numerical values are much lesser than either
volume fraction of φ=0.05 or 0.1.

Left cold wall
4.96
5.14
6.97
10.02

Table 6. Average Nusselt number Nu vs Ra for bottom wall and left cold wall for volume fraction φ=0.00(pure fluid) and for
φ=0.05 and 0.1
SL
Ra
No
1
2
3
4

103
104
105
106

Bottom
wall
φ=0
7.46
8.25
11.4
16.7

Left cold
wall
φ=0
3.73
4.13
5.73
8.34

Enhancement
/bottom wall
φ=0.05
15.62
11.52
10.46
9.81

Enhancement /bottom
wall (φ=0.1)
33.11
24.61
21.68
19.65

To ascertain the enrichment of heat transfer comparing the
case of φ = 0.05 or 0.1 and that of water (base fluid) case, the
increase is defined as

E=
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Enhancement
/left cold wall
wall φ=0.05
15.65
11.47
10.51
10.22

Enhancement /left cold
wall wall φ=0.1
32.98
24.45
21.64
20.14

Nu ( = 0.05 / 0.1) − Nu (basefluid )
x100%
Nu (basefluid )

(19)

It is pretty clear from Table 6 that the enrichment is more
than 30% at lower Rayleigh numbers (Ra=103) and it is
nearly 20% for higher Rayleigh number of (Ra=10 6) for the
bottom wall as well as for the cold vertical left walls for
volume fraction φ=0.1.
6. CONCLUSIONS
The presence of sataurated Cu-water nanofluid in a
rectotrapezoidal enclosure having a heated bottom boundary,
was studied by natural convection heat transfer method and
evaluated by finite element strategy. The prominence of
measurable factors such as Rayleigh number and nanoparticle
vol. fraction on heat transfer parameters and fluid flow were
inspected in details.
The main results of this finite element numerical analysis
of rectotrapezoidal enclosure led to the following conclusions.
• Consideration of lesser Rayleigh number Ra=104,
resulted in formation of weak anti-clockwise flow
strength and dome shaped isothermal contour in the
rectotrapezoidal cavity. Circulation strength of
streamlines as observed increase with higher
Rayleigh number and and are also found to be
increasing in strength with higher volume fraction.
• Consideration of Rayleigh numbers, Ra=106,
resulted in predominant convection heat transfer
impact all through the rectotrapezoidal enclosure
and this can be revealed from the distorted, twisted
isotherms and higher value streamline contour
values.
• Development of heat transfer (Nu) in the enclosure
is strongly based on volume fraction of nanofluids
and is also influenced by the Rayleigh number
effects.
• The average heat transfer rate ( Nu ) showes an
increase with introduction of Cu-nanoparticles in
comparison to its predecessor with normal base fluid
water and it has a great impact as revealed from the
numerical values at higher values of Rayleigh
number of Ra=105 and 106.
• Heat transfer enhancement occurs by more than 30%
at lower Rayleigh numbers (Ra=103) and it is nearly
20% for higher Rayleigh number of (Ra=10 6) for the
bottom wall as well as for the cold vertical left walls
by addition of Cu-water nanoparticles.
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NOMENCLATURE
cp
g
h
k
L
Nu
Nu
p
P
Pr
T
u, v
U, V
x, y

specific heat of the fluid, Jkg −1K −1
accleration due to gravity, ms-2
convective heat transfer coefficient, Wm-2K-1
thermal conductivity, Wm-1K-1
enclosure length, m
local Heat transfer coefficient, (Nusselt number)
Average heat transfer coefficient, (avg. Nu)
pressure, Nm-2
non-dimensionless pressure
Prandtl Number(dimensionless)
temperature, K
x, y velocity components, ms-1
x, y velocity components (dimensionless)
axial and transverse co ordinates, m

Greek symbols
α
β
φ
θ
µ
ν
ρ

t

thermal diffusivity
thermal expansion coefficient
volume fraction
dimensionless temperature
dynamic viscosity
kinematic viscocity
density of fluid
inclination angle of RT enclosure
transport variable

Subscripts
avg. average
b, c bottom wall, cold wall
fw
base fluid (water)
nf
nano fluid
pn
particle (nano-cu)
min/max minimum maximum
RT Rectotrapezoidal
Vs. Versus
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