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ABSTRACT

The aim of this note is to show that if {X o ﬂf , A} is an linearly ordered system of compact spaces such that each X, has

fixed point property for continuous multi-valued functions and each projection map is surjective, then the orbit space also
has fixed point property for continuous multi-valued functions.
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1. INTRODUCTION

A topological space X is said to have the f.p.p (fixed
point property) if for every continuous function f: X — X,
there exists some X € X such that X = f(X) . Hamilton !'has
proved that the chainable metric continua have the f.p.p. A
topological space X is said to have the F.p.p. (fixed point

property for multi-valued functions) if every continuous
multi-valued functions F: X — X has fixed point; that is,
there exist some point X € X such that x € F(X) . Clearly, a

space has F.p.p., then it is has f.p.p. But the converse need

not be true 21,

Recently, the inverse limits has been widely used in
Dynamical Systems,a series of good results were obtained (cf.
[3]-[8]). Particularly, Yeng and Lin[9] investigated an inverse
system and obtained some fixed point properties in inverse
limit spaces. But the applications have been encountered
many difficulties because the direction of the chain maps of
inverse limits is exactly the opposite to the tracks of the
relative dynamical system. In 2011, the authors [10] introduce
the concepts of the orbit spaces by reversing the direction of
chain maps of inverse limit space, and considered the
preserving property of continuums in their orbit space.
Naturally, it is posed whether fixed point property can be
preserved in orbit space as well as inverse limit space.

The aim of this paper is to give an affirmative answer to

this problems. And we show that if {Xa,ﬂ'f ,A} is an linearly

ordered system of compact spaces such that each X, has
the F.p.p., then the orbit space of the linearly ordered system

(Q{Xa,ﬂ'f,/\} also has the F.p.p..
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2. PRELIMINARIES

In all that follows, all spaces are assumed to be Hausdorff
spaces. A multifunction, F: X —Y , from a space X to a
space Y is a point-to-set correspondence such that, for each
xeX , F(x) is a subset of Y. For any xeY |,

F(X)={xeX:yeF(x)}. Let Ac X And
BcY. F(A) :U{F(A) Xe A}, and F*(B) =
U{F*(y):yeB}.
Definition 2.1. ] A multifunction, F: X =Y is said to be

continuous if and only if
(1) F(X) is closed for each x € X.

(ii) F*(B) is closed for each B 2",

(iii) F™*(V) is open for each open set V in Y.

The following Lemma is due to [9].

Lemma 2.1 If F:X —Y is a continuous multifunction
and if A is a compact subset of X such that F(a) is

compact for each a < A, then F(A) is compact.
Let {X,},., be a family of topological spaces, where A is
by

Assume that 77 :X, —> X, is a continuous

linearly ordered set. Denote the product space of {X, }
HleAXa .
mapping whenever a < 8 for each

AeA

a,f e A. The triples {Xa,ﬂf,A} is said to be a linearly

ordered system if the following two conditions are satisfied:

(a) ﬁ;ﬁf =z’ , whenever a<f<y for -each
a, B,y €A,
(b)y &2 =idX, for each ¢ € A, where 7, is an identity

mapping from X, to X, .
Usually, the subspace



of  the

{X = (X(z)aeA € H(leAX(z : 7[5()((1) = X/i’ as ﬂ}
product space I1,_, X, is called to be the orbit space of the

linearly ordered system {Xa,ﬂf ,A} and is denoted by
O{Xa 7’ ,A} , Where each point

Xe(?{Xa,ﬂf,A} is said to be an orbit of {Xa,ﬂf,/\},
B

o

each mapping 7
{Xa,ﬂ'g,/\}.

Assume that f : X — X is a continuous mapping where X

is called to be a link mapping of

is a topological space. In Dynamical Systems, we call that
(X, f) is a discrete dynamical system, and for each X, € X,

the sequence {X,, f(X,),---} is called to be an orbit of (X, f)
and is denoted by & (X,) . The set of all orbits of (X, f) isa
subspace of the product space I1; X where each X =X,
we call it an orbit space of (X, f) and denote it by & (x).

As a special case of a linearly ordered system, if we take
A=Z" (the set of all non-negative integers). Each X, =X

1
and 7"

ordered system {X, fm’",Z+} is the discrete system (X, f)

=f forany neZ", itis easy to see that the linearly

and
{X, 7", 27}=0; (X).
The following two results are due to [10].
Lemma 2.3 Assume that X is the orbit space of a linearly
7’ ,A}. Then
(i) The collections {z,*(U,) :U, %is an open subset of
X, &reA isabase of X;
(i) If X is Hausdorff, then X is a closed subset of
18
(iii) If each X, € A is compact, thensois X ;
(iv) If each link map 7z’

a

ordered system {X

a?

is onto map, then X is a

continuum if and only if each X, is a continuum.

Lemma 2.4 Let X=(9{Xa,ﬂ5,/\}, AcX and

A =7x,(A) for each e A If T =1

a

x whenever o <
for any a,f €A, then {K,;zaﬂ,A} is a linearly ordered

system and 0{@, 7_r§ , A} =A

3. MAIN THEOREM

Now, we state our main result in this paper.

Main Theorem. Let {Xa,ﬂ'f ,A} be an linearly ordered
system of compact spaces such that each X, has the

F.p.p., then the orbit space of the linearly ordered system
(9{Xa,7rf,1\} also has the F.p.p.

We divide the proof of this theorem into the following
steps. In Lemma 3.1, Lemma 3.2 and Lemma 3.3, X will be

the orbit space of the linearly ordered system O{Xa,ﬂ'f ,A}

of compact spaces.
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Lemma 3.1 If F: X — X is a continuous multifunction,
define F: X, —> X, by F, =z, Fz'
For ¢ e A, then F

a

is a continuous multifunction.

Proof. This proof is modified by [9, Lemma 4]. By Lemma
2.1 and the definition of the continuous multifunction, this
result is directly.

Lemma 3.2 Let F: X — X is a continuous multifunction,

and F:X, — X, be defined as in Lemma 3.1. Then, for
each xe X.

{Faﬂ'a(X),ﬂf ,A} and {ﬂ'al:a(X),ﬂf ,A} are linearly

ordered systems of compact spaces,

0{Fa7ra (x), ﬂf,A} = (9{7Ta F,(x). ﬁf,A} 2

F(x) =O{F,z,(x). 7}, Al}. 3)

Proof. (1) It is obvious that each F,7z, (X) is compact. To
show that {F 7z, (x), 7" ,A} forms an linearly ordered

system, it suffices to show 77

a

F,7,(X) = Fy7,(X) when ever
a< f . Since
rlr, = 7y, 7, (X) € (72 '7lr, (x) = (ﬂf)_lﬂ'ﬁ ().

Furthermore, 7’F 7z, (X) =

7l F,(x}) (x) © F,z,(X) . Then {Faﬂ'a (%), ﬁf,A} is an

linearly ordered system.
For each ax € A, X € X, we have that

7, F () 7, F i, (9) = (7, F )z, () = F, 7, (%),

Hence, (Q{Faﬂ'a %), ﬁf,A} c 0{7ra F.(x), ﬁf,A} .

Next we shall show that

X -O{x,F, (0,7}, A} = X —=O{F,x,(x), 7/, A}.

Indeed, for ye X —(Q{ﬂa F, (X),ﬁf,A}. By Lemma 3.1,
there exists e A, such that 7,(y) & 7,F(X).

Let U,V be two open subsets of X, with U, ﬂVﬂ =
satisfying 7,(y) eU,, 7,F(X)eV,.

Then F(x) = 7,'(V,). By Lemma 2.1, there exists y € A
and some open subset U, of X, such that X e ! (U,) and
F(;r;l(Uy)) c 7[1:,1(\//3).

Leta, =min{f,7}. And let U, =7 (U,).

Since (7, )* (7, )yt= 71';1,

F(z, (U,)) c 75 (V).

Thus,

F.U,)=7, F7Z';01(U% )) c;z%iz;(\/ﬂ)

= 7 (Tl 70, ) (V) = (72, ) (V)

Particularly, F, 7, (X) € (7[50 (Y )

By the similar
7 () € (7 ) (Uy).

Since ()*(U,)N(%)*(V,) =2,

7, () £ F, 7, (%).

Thus, y e X —(7{7raFa (X),ﬂf,A}.

way, it is easy to check that



Moreover, O{ﬁa F,(x), 7", A} c (Q{F(/za (X), 7”7, A} :

So, (2) is true.

(3) Tt is directly by Lemma 3.1 and (2).

The following Lemma is directly.

Lemma 3.3 Let F: X — X is a continuous multifunction,

and F,:X_, —>X_  be defined as in Lemma 3.1. Let
P, ={p,: X, NF,(p,)}
Then {Pa,ﬂf ,A} forms an inverse system.

Proof. 1t suffices to prove 7 (P,) c P,, whenever a < f3,
which follows in a routine Way.

4. PROOF OF MAIN THEOREM

Since each X, has F.p.p. and F

a

is continuous, P, is

nonempty closed subset. By Lemma 3.3, {Pa,ﬂ'f ,A} is an
linearly ordered systems of compact spaces, so it has a orbit
space O{Pa,ﬂf ,A}. We assert that

vxe O{P,,zl, A}, xe F(x).

Let WX e(?{Pa,ﬁf,A}, Then Va e A,

7, (X)eP,. That is to say z, (X)eF,z, (x). So, by
Lemma 2.4 and Lemma 3.2,

x=x, ()7}, A} e OfF,7,(X), 7/, A} = F(X).

In fact, with the assumption of the main theorem and the
notation of Lemma 3.3 together with the notation

P ={x:xeF(x)}, we have the following sharper assertion.
Theorem 3.4 P = 0{Pa,7zf,A}.

Proof. By the main theorem, we have
Po>o {Pa 77, A}. It remains to be proved that

PcO{P, .zl A
Let WX eP. Then xe F(X) and Va € A,
7,(X) e 7, F(X) € 7, F(z,'7,)(X) = F, (7, (X)).
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That is, 7,(X)eP,; It follows from Lemma 3.3 that
PcO{P,.z/ Al

ACKNOWLEDGMENT

The author wish to thank the science project of Higher
Education of GuangXi in China for contract KY2015LX778,
under which the present work was possible.

REFERENCES

1. H. Hamilton, A fixed point theorem for pseudo-arcs and
certain other metric continua, Proc. Amer. Math. Soc.,
2(1951), 173-174.

2. W.L. Strother, On an open question concerning fixed
points, Proc. Amer. Math. Soc., 4(1953), 988-993.

3. Xiangdong Ye, On inverse limit space of maps of an
interval with zero entropy, Topology and its
Applications, 91 (1985) 105-118.

4. Xiangdong Ye, Topological entropy of the induced
maps of the inverse limits with bonding maps, Topology
and its Applications, 67 (1995) 113-118.

5.  Lu Jie, Chaos and order of inverse limit space for a
graph map, Chinese Annals of Mathe matics (B), 21
(2000) 25-32.

6. Zhiming Luo, Neiping Chen, Yu Duan, Topological
Complexity and the Inverse Limit Spaces, Journal of
Natural Science of Hunan University, 27 (2004) 26-28.

7. J. Kennedy, D R. Stockman, J A. York, The inverse
limit approach to chaos, Journal of Mathematical
Economics, 44 (2008) 423-444.

8. J. Kennedy, D R. Stockman, J A. York, Inverse limits
and an implicitly defined difference equation from
econmics, Topology and its Applications, 154 (2007)
2533-2552.

9. S.Yeng, T. Lin, Fixed point properties and inverse limit

spaces, Pacific J. Math., 1 (1968)117-122.

10.P. Zhu, J. Wang and T. Lu, The orbit spaces of

linearly ordered systems on continuums, Journal of

Applied Mathematics Bioiformatics, 1 (2011) 187-193.

10.





