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1. INTRODUCTION 

Nanofluids are dispersions of nano-sized particles (having a 
diameter typically less than 100nm, called nanoparticles in a 
basic medium in order to improve certain properties. The 
most widely used fluids, such as water, oil or ethyleneglycol 
(EG) have only below thermal conductivity compared to that 
of crystalline solids. With nanofluids, the idea is to insert the 
nanoparticles in the base fluid in order to increase the 
effective thermal conductivity of the mixture. Choi [1] 
introduced the term nanofluid in 1985. Due to their excellent 
thermal performance, examples relate to heat exchangers, 
microchannels, cooling of electronic systems, vehicle cooling, 
nuclear reactors, buildings, grain storage, etc. A large number 
of studies on mixed convection with nanofluids have been 
done in recent years. Rahman et al. [2], Talebi et al. [3], and 
Pourmahmoud et al. [4] showed that the nanoparticles have a 
major influence on the flow and thermal fields. Mansour et al. 
[5] found that the type of nanofluids is a key factor for 
improving transfer, and the highest values were observed 
when they used copper as nanoparticle. Salari et al. [6] 
presented the results of a numerical study of mixed convection 
within a fluid cavity filled with a nanofluid. The results show 
that the heat transfer increases with an increase in the 
Rayleigh, while it decreases with increasing volume fraction 
of the nanoparticle and Reynolds number. Abu-Nada et al. [7] 
numerically studied laminar mixed convection flow in a lid-
driven inclined square enclosure filled with ananofluid.The 
results show that significant improvement of heat transfer 
could be obtained due to the presence of nanoparticles and the 
inclination of the enclosure. Mahmoudi [8] conducted a 
computer simulation on the natural convection  cooling  in  an  

open cavity subjected to nanofluid (Cu-water). The results 
indicate that the average Nusselt number is an increasing 
function of the concentration of nanoparticles. Sebdania et al. 
[9] performed a numerical study of mixed convection in a 
square cavity filled with a nanofluid. The results show that 
when the heat source is in the middle, the effect of the 
addition of nanoparticles increases with increasing the 
Reynolds number, and that the heat transfer rate is decreased 
with increasing the solid volume fraction of nanoparticles. 
Alinia et al. [10] exhibited the thermal behavior of a nanofluid 
(SiO2-water) for different inclination angles of an inclined 
two-sided lid-driven cavity using two-phase mixture model. 
They found that the concentration (SiO2) nanoparticles 
remarkably increase the heat transfer rate. Akbari et al. [11] 
made a numerical simulation of mixed convection in 
horizontal and inclined tubes with uniform heat flux using a 
nanofluid. The results show that the concentration of Al2O3 is 
not significant effects on hydrodynamic parameters, and that 
the heat transfer coefficient is maximum when the angle of 
inclination is equal to 45°. Jmai et al. [12] and Mahmoudi et 
al. [13] examined the effects of parameters such as the 
Rayleigh number, the solid volume fraction of nanoparticles 
and the heat sources locations  on the natural convection flow 
in a partially heated cavity filled with different types of 
nanoparticles (Cu, Ag, Al2O3 and TiO2). They found that the 
heat transfer increases with the increasing of Rayleigh number 
and concentration of the nanoparticle, and the Cu-water 
nanofluid ensures a very high transfer versus nanofluids 
(water-Al2O3 and water-TiO2). 

Arami et al. [14] dealt with the phenomenon of the 
sinusoidal heating side of a cavity filled with a nanofluid. The 
results show that the heat transfer rate increases with the 
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decrease in Richardson and increasing the concentration of 
nanoparticles. Nasrin et al. [15] focused on the numerical 
modelling of laminar mixed convection flow in a wavy 
triangular cavity filled with a nanofluid. Mansour et al. [16] 
conducted an experimental study of mixed convection with a 
nanofluid in an inclined tube with uniform wall heat flux. 
Soleimani et al. [17] and Akbarinia et al. [18] numerically 
studied natural convection in a semi-annular cavity filled with 
a nanofluid. Shahi et al. [19] numerically investigated mixed 
convection cooling in a square cavity ventilated and partially 
heated from the below utilizing nanofluid. 

The objective of this study is to investigate the laminar 
mixed convection in lid-driven cavities filled with Cu-water 
nanofluid and heated simultaneously by two heat sources. The 
effects of different aspect ratios on the flow and thermal 
fields, and on the average Nusselt number are studied for 
different Rayleigh numbers and solid volume fractions.  

 

2. GEOMETRY AND MATHEMATICAL MODEL 

The geometries considered in this study are illustrated in 
Figure 1.Each cavity filled with Cu-water nanofluid is heated 
by two heat sources placed on vertical walls at a constant heat 

flux q. The top wall moved with uniform velocity of U0. The 
top and bottom walls of the cavity are maintained at a local 
cold temperature TC, respectively. The vertical walls are 
adiabatic. 

 

 

 

 
 

Figure 1. Cavities for different aspect ratios filled with Cu-
water nanofluid and containing two heat sources. 

 

The thermo-physiques properties of the nanofluid are 
considered constants, and are assumed incompressible, 
Newtonian and laminar. Nanoparticles are supposed to have 
the shape and size uniform, and in a state of thermal 
equilibrium with the base fluid. Table 1 presents the thermo-
physiques properties of (Cu) nanoparticles and the base fluid 
(pure water). 
 

Table 1.Thermophysical properties of water and copper 
. 

  (kg m-3)  (K-1) 
k   

(W m-1 K-1) 
Cp  

(J kg-1K-1) 

Water 
Copper 

(Cu) 

997.1 
8933 

21 × 10-5 

1.67 × 
10-5 

0.613 
401 

4179 
385 

 
The equations of continuity, momentum, and energy with 

the above assumptions can be written as follows. 
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The effective density of the nanofluid at reference 

temperature is: 
 

nf =  (1-)f + p                                                             (5)                                                           
 
The thermal expansion coefficient of nanofluid () nf can 

be determined as follows: 
 

()nf= (1-)()f+ ()p                                                          (6) 
       
The thermal diffusivity nf of the nanofluide can be 

expressed by 
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The following relation (Brinkman [20]) determines the 
dynamic viscosity of the nanofluid:  
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In this research, the thermal conductivity of nanofluids knf 

has been seen as being similar to other studies such as 
Rahman et al. [2], Mansour et al. [5], Salari et al. [6], and 
Abu-Nada and Shamkha [7] as follows. 
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Where kp is the thermal conductivity of dispersed 

nanoparticles, and kf is the thermal conductivity of pure fluid. 
The dimensionless form of the governing equations using 

the following variables is: 
 

X=x/L, Y=y/L, U=u/ U0  ,V=v/ U0, P= p/ρnf U2
0, and =T- 

TC /T(=q L/kf   )   
                                                                                        (10) 

The dimensionless governing equations are written as 

follows: 
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The boundary conditions are represented in dimensionless 

form, as follows: 
 

At X=0:U= V=0, 0



X
(left vertical wall) 

 

At X=AR:U= V=0, 0



X
 (right vertical wall) 

 

At Y=0: U= V=0, =0 (horizontal wall) 
 
 

At Y=1: U=1, V=0, =0   (moving horizontal wall) 
 

Along the heat sources: U= V=0,
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The local Nusselt number on the surface of the heat source 

is defined as follows: 

f

hL
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where h is the heat transfer coefficient determined by 
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By using the dimensionless variables mentioned above, the 

local Nusselt number becomes: 
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Where s is the dimensionless heat source temperature. 

Finally, the number of average Nusselt number along the heat 
source can be obtained by: 

 

m

1
Nu ( )  sNu Y dY

B
                                                   (18) 

 
Where, B(=b/L) is length of the heat source. 
 
 

3. NUMERICAL METHOD 

The governing equations presented in Eqs. (11)-(14) along 
with the boundary conditions were solved by using our 
FORTRAN code, which using a control volume formulation 
(Patankar, [21]). The numerical procedure called SIMPLER 
(Patankar, [21]) was used to handle the pressure-velocity 
coupling. For treatment of the convection term in equations 
(13)-(15), power-law scheme was adopted. The convergence 
was obtained when the energy balance between the heat 
sources and the cold wall is less than a prescribed accuracy 
value, i.e., 0.2%.  

A grid independent study was examined to ensure the 
accuracy and reliability of the numerical methods and to 
improve the accuracy of the simulation results. Six different 
mesh sizes were used: 42×42, 62×62, 82×82, 102×102, 
122×82, and 122×122 nodes. For each mesh size, table 2 
presents the average Nusselt (Num) and the dimensionless 

maximal temperature of the heat source s,max for the MM 

case at Ra=105, Cu-water nanofluid, Re=10,  and =0.10. The 
results show that a grid size of 122×122nodes satisfies the 
grid independence. This grid was, therefore, adopted for all 
numerical simulations. 

 

Table 2. Grid Study results for a MM case (Ra=105, Cu-

water, Re=10 and  = 0.10): Average Nusselt number along 
the heat source  and the maximum temperature of the heat 

source for different grids 
 

Grid 42×42 62×62 102×102 122×122 142×142 

Num 

s,max 

6.9590 
0.1880 

6.8800 
0.1860 

6.8180 
0.1840 

6.8090 
0.1840 

6.8080 
0.1840 

 
 
To verify the accuracy of the present numerical study, the 

code was validated with the numerical results of Salari et al. 
[6]. A comparison of the dimensionless vertical velocity V 
with X for Cu-water nanofluid, Reynolds number (Re=10), 
Rayleigh numbers(Ra=103, 104, 105 ), and two values of the 

solid volume fraction (=0 and 0.20).  As shown in Figures 
2a-b, it is clear that our results are in good agreement with the 
numerical results of Salari et al. [6]. 
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Figure 2. (a) Validation of our code with the numerical 
results of Salari et al. [6] for  the dimensionless vertical 

velocity V with X in the central section of the square 
cavity filled with Cu-water nanofluid, at  Re=10, Ra = 

105, =0 and  =0.20. 
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(b) 

 

Figure 2. (b) Validation of our code with the numerical 
results of Salari et al. [6] for the dimensionless vertical 
velocity V with X in the central section of the square 

cavity filled with Cu-water  nanofluid, at Re=10, =0.10, 
Ra = 103 and 104. 

 
 

4. RESULTAS AND DISCUSSION 

To study the phenomenon of mixed convection in a 
rectangular cavity with two heat sources with Cu-water 
nanofluid, a series of calculations were conducted, in which 
the number of Rayleigh is a key factor. Simulations were 
conducted for Ra = 105 and 106, in order to see the effect of 
the Rayleigh number on the flow structure and heat transfer. 
We can be seen rotating inside the cavity through a 
recirculation cell near the movable wall (Figs.3a-b). The flow 
pattern consists of two cells of reverse rotation, the size of  
recirculation zones  increases. This is due to the increase in 
the number of Rayleigh. This increase in the size of the area 
of circulation in the counterclockwise direction is used to 
produce heat to the main flow. Although,the recirculation 
zone is a region dead and isolated from the flow of the 

primary fluid, but in a counterclockwise direction in the area 
of recycling helps cool the cavity. It may be noted that 
temperature gradients are large enough close heat sources, 
against stratification observed in the velocity of the horizontal 
walls, brings significant thermal stratification the liquid to 
become colder, which considerably improves the cooling of 
the cavity. 

 

 

 
 

 
 

Figure 3. Streamlines and isotherms for 

=0(     ) and =0.10 (    ) (Cu-water nanofluid) and two 
values of AR, at  Ra=106 

 

Figures 4a-b show the streamlines and isotherms for =0 
and =0.10 and two values of AR, at Ra=105. It was found 
that the presence of a heat source has a remarkable effect on 
the current function. 
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Figure 4. Streamlines and isotherms for 

=0(     ) and =0.10 (    ) (Cu-water nanofluid) and two 
values of AR, at Ra=105. 

 
To examine the effect of the volume fraction of cu-water 

nanofluid on the variation of the heat transfer rate, simulations 
were performed to study the impact of the change in the 
Rayleigh number Ra = 103 and 106 on the average Nusselt 
number (Figure 5). Moreover, it was observed that the most 

important values of the average Nusselt number were detected 
for an aspect ratio equal to AR = 4, the Num = 6.2 for Ra = 
103 and  Num = 13 for Ra== 106, an increase of 52% was 
obtained. Also, the lowest value of the Nusselt number was 
obtained for an aspect ratio equal to AR = 0.5 and for a 
Rayleigh number equal to Ra = 103,  average Nusselt number 
equal to 4 and Ra = 106 the value of the average Nusselt 
number equal to 6, an increase of 33%. 

Based on these results, we can appreciate the important role 
the aspect ratio on improving the heat transfer rate. 

Therefore, one can conclude that the geometry with a high 
aspect ratio is the most favorable geometry that ensures a 
good transfer coefficient. (figure 5). 

 

 

 
 

Figure 5. Variation of the average Nusselt with  (phi) for 
different aspect ratios (AR = 0.5, 2 and 4), at Ra=103 and 106 

and Re=10. 

 
Figure 6a shows the variation of vertical velocity V with x 

as a function for different values of Ra, at different values of 
AR=0.5, 2 and Re=10. We can clearly see that for two aspect 
ratios AR = 0.5 and 2 and when we increase the Rayleigh 
number from Ra = 103 to 106, the vertical velocity 

isotherms 

isotherms 
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experienced a greater increase compared to AR = 2, the value 
reaches 1 for Ra = 106, while for AR = 0.5 V is equal to 0.55 
at the same Rayleigh number, an increase of 45%.Therefore, 
we can conclude that when we increase the aspect ratio, this 
directly affects the vertical velocity of the nanofluid in the 
cavity. 
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Figure 6. (a) Variation of vertical velocity V with x for 
different values of Ra, at two values of AR=0.5, 2 and Re = 

10. 
 

Figure 6b illustrates the variation of vertical velocity V with 
x for different values of Ra, at two values of AR=0.5, 2 and 
Re = 10. it is found that AR = 05, and for a fluid without 
nanoparticles = 0, the vertical velocity is 0.22, while when it 
increases the volume fraction of nanoparticles, it is noted that 
the fluid velocity decreases to 0.08, a decrease of  64%. 

At AR = 2 and =0, the vertical velocity is equal to 0.45, 
and becomes equal to 0.36 at =0.20 , a decrease of 20% 
.Also, it is observed that the vertical velocity decreases 
significantly when  the aspect ratio AR is decreased from 2 to 
0.5.Therefore, one can conclude that the volume 
concentration of nanoparticle is negatively effect on the 
vertical velocity of  the nanofluid. 

 

x

v

0 0.1 0.2 0.3 0.4 0.5

-0.2

-0.1

0

0.1

0.2

0%

5%

10%

15%

20%

AR=0.5

 
 

x

v

0 0.5 1 1.5 2
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0%

5%

10%

15%

20%

AR=2

 
 

Figure 6. (b) Variation of vertical velocity V with x for 
different values of   at AR=0.5, 2 and Re = 10. 

 
 

5. CONCLUSION 
 

Laminar mixed convection in lid-driven cavities filled with 
a nanofluid has been studied. The finite volume method was 
used to solve the mathematical equations. A comparison with 
previously published work were in good agreement. The 
important concluding remarks are presented below: 

 Increase the Rayleigh number, the average Nusselt 
number increases. 

 The aspect ratio greatly affects the variation of the 
average Nusselt number. 

 The geometry with a high aspect ratio is the most 
favorable geometry that ensures a good heat transfer rate. 

 The increase of the aspect ratio affects the vertical 
velocity of the nanofluid in the cavity. 

 The solid volume concentration has a negative  effect 
on the vertical velocity. 
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NOMENCLATURE 
 

b           length of the heat source, m     
d          distance of the source with respect to the origin, m 
AR       aspect ratio, L/H 
L          width of the cavity, m 
g          acceleration of gravity, m.s-2 
k          thermal conductivity, W/m.K 
H         height of the cavity, m 
Num    average Nusselt number along the heat source   
p          pressure, Pa 

Pr        Prandtl number, (f / f) 

Ra       Rayleigh number, (g f H3T/f f) 

Re       Reynolds number, (Re= f U0 H/ f)    
u, v      horizontal and vertical velocity components, m.s-1 

q        heat flux per unit area, W.m-2 
T         temperature, K 
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Greek symbols 
 

         solid volume fraction  
ρ         density, kg.m-3 

ψ        dimensionless stream function 

        dimensionless temperature 
ν         kinematic viscosity, m2.s-1 

        dynamic viscosity, kg. m-1.s-1 

        thermal diffusivity, m2.s-1      

 

Subscripts  

 
f          fluid 
nf        nanofluid 
p         nanoparticle  
m        average 
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