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The motion control of robot manipulator is inseparable from the manipulator dynamics.
However, the relevant literature often discusses dynamics model and control method
separately. This paper attempts to design a good and feasible dynamics model to enhance the
motion control of manipulator. Firstly, a dynamics model of the flexible manipulator was
proposed through finite matrix analysis, based on the Lagrange’s dynamics equations under
different control conditions. Based on the flexible dynamics model, two adaptive control
systems were designed based on whether the interaction force is known. In the control stage,

a separated controller was developed by applying the adaptive model and sliding mode
principle. The stability and robustness of our control strategy were proved through Lyapunov’s
method. Finally, several numerical tests were carried out the verify the feasibility and
superiority of our control strategy. The research results provide new insights into the dynamic
control of robots with varied load constraints and any degree of freedom (DOF).

1. INTRODUCTION

The robot, coupled by a mechanical system and a control
system, exhibits a high nonlinearity [1]. During operation, the
maximum acceleration of the robot is up to 3-5g, calling for a
high precision in trajectory tracking [2]. For robot with a
flexible structure, the excessive deformation of the
manipulator, if not considered in the mathematical model, will
have a great impact on the dynamic performance [3]. The
flexible dynamics of the manipulator may cause errors in the
interaction torque of the motor and the positioning of the end
effector. For precision work, the positioning of the end effector
should vibrate within a very small amplitude, ideally with no
vibration at all [4]. To achieve precision control of robotic
motions, the deformation of the flexible manipulator must be
considered in the mathematical model and subjected to precise
dynamics analysis [5, 6]. Traditionally, the dynamics of the
connecting rod-type manipulator are described by partial
differential equations in an infinite dimensional space, which
is difficult to apply in system analysis and control design [7].
Therefore, this paper establishes the dynamics equation
through the finite matrix analysis in the Lagrange’s equations.

In the dynamics equation, the manipulator is simultaneously
constrained by the interaction force and the motion trajectory
[8]. The two constraints exist in the cartesian space and the
configuration space, respectively. Thus, it is not easy to design
a force-displacement control for robot dynamics, which is not
subjected to both constraints at the same time [9]. To solve the
problem, various control methods have been developed,
including position control, speed control, force and
displacement hybrid control [10]. These methods can be
roughly divided into classic control and modern control. The
modern control approaches are extended from classic ones to
further address the nonlinearity and uncertainty of the robot
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[11,12].

In this paper, the Jacobian matrix is adopted to assign the
force in cartesian space to the joint in configuration space. For
the flexible manipulator, a dynamic control method was
designed to ensure the stability of the interaction force control
loop, whether in a known or unknown mode. The method can
provide appropriate feedback for the precise control of the
interaction force [13], and effectively guarantee the control
quality without the measured interaction force.

2. DYNAMICS MODELLING

This paper models the dynamics of a five degree-of-
freedom (5DOF) flexible manipulator through finite matrix
analysis. Firstly, the displacement of each joint of the
manipulator was calculated through finite matrix analysis.
Secondly, the dynamics model of the manipulator was
established based on nodal displacement, according to the
Euler—Bernoulli beam theory. Finally, the author obtained the
Lagrange’s dynamics equation of the flexible manipulator.

The flexible manipulator is equivalent to an inhomogeneous
cylindrical member of constant cross-section, which satisfies
the small deformation hypothesis of the Euler—Bernoulli beam
theory. Figure 1 presents the deformation of the flexible
manipulator and the joint equivalent model.

The center of the shoulder joint was taken as the origin of
the fixed coordinate system X,V,Z,. In the moving coordinate
system, the positions of the left end u before and after the
manipulator deformation are denoted as u, and u, ,
respectively. Let ZB be the projection of u in the fixed
coordinate system, and U = [xy,yy, z,]T be the displacement
vector of u, with x,, be the x-axis coordinate of u in the fixed



coordinate system. The symbols for the right end v are defined
in the same manner (e.g. V is the displacement vector of v).

Figure 1. The deformation of the flexible manipulator and
the joint equivalent model

As shown in Figure 2, the manipulator mainly includes
components like shoulder (L,), elbow (L,), arm (L3), hand (L,),
and pedestal (Og) [4].

Figure 2. The mechanical model of the manipulator

Table 1. Parameters of the SDOF manipulator

Name Twist angle twist;_; Linklengtha;_; Link offsetd; Joint angle 6; Moment of inertia I;
1 0 0 Ly 01 I
2 > 0 0 0, 0
3 0 L, 0 03 I,
4 0 L3 0 0, I3
5 - 0 L, 0; I,

The parameters of the SDOF flexible manipulator are listed
in Table 1, where twist;_, is the coordinate array on the twist
angle of the hinge point.

The mapping 3T from the cartesian space to the
configuration space can be expressed as a Denavit-Hartenber
(D-H) matrix:
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Formula (2) describes the relationship between Euler angle
and parameters in the D-H matrix.

2.1 Nodal displacement equation based on finite matrix
analysis

The dynamics of the manipulator were analyzed through
finite matrix analysis. The dynamic motions of the robot were
transformed into the instantaneous static structure for
mechanical analysis. In this way, the nodal displacement of the
robot in each state was acquired, laying the basis for setting up
the flexible dynamic equation.

Unlike the rigid mechanical strategy, the finite matrix
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analysis considers the elastic deformation, and converts the
simple rigid multi-body dynamics model into an elastic model.
In the new model, the manipulator at each moment can be
viewed as a static structure with instantaneous motions. The
stiffness of the manipulator can be described by an elastomeric
equation that defines the linear relationship between the
external force applied by a wrench w and the corresponding
deflection At. The elastomeric equation at an end can be
expressed as:

W =K-At 4
where, K is a 6x6 stiffness matrix; At is a 6-dimensional
deflection vector (including translation Ap = [Ax, Ay, Az] and
rotation A@ = [Aa, AB,Ay] components). Similarly, the
external force W is also a 6-dimensional component
(containing forces F = [FX, Fy, FZ] and moments M =
[My, My, M, ).

The elastomeric equation W can converts the inertial force
and the external force on the truss into an equivalent nodal
force on each node. This process is called the equivalent nodal
force transform.

Substituting the equivalent nodal force and the stiffness
matrix into formula (4), the nodal displacement At can be
derived from the nodal displacement and the constitutive
relation of the material. The axial force and shear force of each
member can be respectively obtained as:

W, Ay
W, At
W, = KAt, (5)
W, At
Wy At

s.t.



QeV\llquQe(Atl—At])

(6)

where, & is the amount of joint spring deformation; Q is the
geometric matrix of the manipulator; e is the elastic joint; r is
the non-elastic joint; kK is stiffness matrix.

2.2 Dynamic equation of flexible manipulator

During the movement, the manipulator witness changes in
its spatial position and potential energy of elastic deformation
[14]. The finite matrix analysis was performed on the four
links of the manipulator to obtain the generalized coordinates
of the potential energy. The lengths of the links are denoted as
Li,L,,L; and Ly, respectively. It is assumed that the elastic
joint axis points to the Z-direction. Then, the angle between
the adjacent links equals the rotation angle of the elastic joint
0;. The manipulator was defined in the xy plane for the Euler-
Bernoulli beam model with a constant cross-section of A. To
describe the potential energy of each Euler-Bernoulli link, the
deflection control equation was solved as a differential
equation, in the light of the load distributed on the link.

(1) Link equation based on Euler-Bernoulli beam model

n, ydeﬂ(*(‘n‘imr

)

Figure 3. Mechanical model of a link
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Figure 4. Deformation dynamics model of a link

Note: The blue line represents the original link, and the red
line stands for the deformed link.

As shown in Figure 3, the Euler-Bernoulli beam theory
assumes that the planar section remains through the
deformation process. The displacement Av at the distance n of
the intermediate axis of the link can be given by:
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dydeflection

Av = —n
dl

(7
where, 1 and n are the coordinates in the axial direction and the
normal direction, respectively. According to the deformation
dynamics model in Figure 4, u; is aligned to uy, and the
normal lines of u; and v; intersect each other at the center.
Hence, the radius of curvature can be obtained. Since the
curvature of arc uyv, is unknown, the midpoint Mid of the line
segment u,v, can be used as the normal to intersect the normal

—_—
of uyv,, where uyv; = vy + Ap:

_—
UyVy - upCenter = 0

Uy, - CenterMid = 0

®)

Centeru,, - CenterMid = CenterMid - Centerv,

It can be seen that r = [|Centeruy,]|, and the following can
be obtained by approximating the differential equation of the
deflection curve:

2
0“Ydeflection __ l

a2 : ©)
where, Yqeflection 1S the deflection of the manipulator. The
positive and shear strains of the link can be respectively
defined as:

ov _ _ aZYdeﬂection, av av

=H_ 912 :YInza _0

€] a—

Then, the potential energy of elastic deformation of robotic
links can be obtained as:

1 1
Ep = Efv o,dV :Efv EefdV (10)

Substituting dV = dAdl into formula (10) and integrating in
the I direction, we have:

2 . 2
Epz — ifoa El, (0 Ydeflectlon) dl (1 1)

12

where, [; = foa n?dAdl is the moment of inertia of the cross-

section A of the link; E is the elastic modulus; EI; is the
bending stiffness.

N

X

Figure 5. The dynamics model in the global coordinate
system

As shown in Figure 5, the axial displacement depends on
the axial vector:

I = Axi + Ayj + Azk (12)



The norm of the axial vector can be described as:
[Tl =1 = Ax2 + Ay? + Az (13)
where,

Ax = acos o, Ay = acos 3, Az = acosy.

The differential equation of the link can be defined as:

_ (dde 9dp aldy
dl_(aad6+66d6+6yde)dedv (14)
Thus, formula (11) can be rewritten as:
1 1)2
Epr =2 [0 EL(2) (15)

Besides that of the link, the potential energy of elastic
deformation of the joint was also taken into account.
Considering the joint as a torsion spring, the dynamics model
of the flexible joint can be established as:

Eps = 21m(6 — A)” + 1ke? (16)
where, I, is the moment of inertia; 6 is the actual rotation
angle of the joint; € is the deformation of the joint spring; kg
is elastic stiffness coefficient of the flexible joint, which is
equivalent to a nonlinear torsion spring. The energy equation
of the elastic joint ensures the balance of all the components
under rotation, and describes the laws of elasticity and inertia
of the elastic joint.

(2) Lagrange’s energy dynamics equation

The kinetic energy of the flexible link can be described as:

1 s
By = J; pi"idl (17)
where, p(1) is the axial density of the manipulator.

The total potential energy of the manipulator includes the
potential energy of elastic deformation Ep, of the flexible joint,
the torsion and the bending strain energy E,; of the joint
spring, and the gravitational potential energy E:

Ep = Ep1 + Ep2 + Ep3 (18)
where, Ep; = mzg; z = 5T(z) is the mass concentration of the
end. According to the structure of the manipulator, the
generalized coordinate system is based on 6. Thus, the
dynamics equation can be defined by the Lagrange equation:

()

L=E,—E,—(=
k™ "pgc\as/ a6

(19)

The above formula combines the kinetic energy, potential

energy, and gravitational potential energy of the manipulator

to obtain the torque in the robotic configuration space. Hence,
the dynamics equation can be rewritten as:

M(0)8 +C(6,0)0 +G(6) =T (20)

The dynamics equation considers a SDOF manipulator

operating in a rigid environment [14]. To control the dynamics
adaptively, the control structure must be robust to the
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uncertainty in the model. Therefore, the model was further
deduced as follows. When the manipulator is in contact with
the environment, a contact force F;, is applied to the dynamics
system [19]. Then, the dynamics equation of the manipulator
in the configuration space can be expressed as:

M(®)8+C(6,6)0 +F(8) + GO =t+]JO)F, (1)
where, 8 € R" is the generalized coordinate vector; M(q) €
R™ ™ is the inertia matrix of the manipulator; C(6, 8) € R" is
the centrifugal force and Coriolis forces/moments; G(6) € R"
is the gravity term; F(8) € R™ are the viscosity force and
friction terms; T € R™ is the control torque; J(8) € R™™ is the
Jacobian matrix; F;, € R™ is the interaction force in the
cartesian space; n is the number of DOFs of the manipulator;
m is the dimension in the cartesian space.

3. FLEXIBLE DYNAMICS CONTROL MODEL

The manipulator control aims to adjust the robot motions
based on the position and force constraints acquired by the
observer. Therefore, the assembly operation can conform to
the contact constraints and gradually correct the motion errors.

According to the above dynamics model, the control
process faces severe time variation, coupling, nonlinearity and
uncertainty. The influence of nonlinearity and uncertainty on
control effect is particularly prominent under heavy load. To
overcome the difficulties, the most suitable strategy is to
implement control adaptively to the time-varying parameters
[16].

3.1 Control plans

The general methods to derive the adaptive control
algorithms mainly target rigid manipulators. This paper
mainly pursues the stable control of flexible manipulator under
force and displacement constraints. Therefore, the traditional
dynamics equation must be reformulated before being applied
to our research [17-19].

According to the mechanics control equation, the path of the
manipulator described in formula (21) can be called the
generalized trajectory, which consists of the motion, velocity
and acceleration trajectories in configuration space. To
prevent the acceleration feedback and the dilemma of
compensation, the generalized trajectory tracking error was
introduced to the control system:

e=04—06 (22)
where, 84 is the desired joint angle after nodal displacement.

The tracking error of the sliding surface can be described as:

s=é&+Ae (23)

The derivative of the tracking error form the design matrix
A= AT > 0,A € R". To reduce the dimension of the control
object and avoid the acceleration feedback, formulas (22) and
(23) can be combined into:

=v-s (24)
where, v = 64 + Ae, v is an auxiliary signal. From the above
formula, we have:



0 =v-5 (25)

Substituting formulas (23) and (25) into formula (21), we
have:

M(8)s =
—C(8,60)s + M(0)V + C(8,0)v + G(B) — U — J(0)Fy,. (26)

For convenience, it is assumed that:

M(0)V + C(8,0)v + G(B) = f (27)
where, f € R™ is the nonlinear function of the control system.
The value of f(8) is determined by the adaptive identification
agency. For control design, the linear expression of the
manipulator can be written as:
f=Y(6,8,v,%)p (28)
where, Y(6, 8, v, V) is an adaptive regressor depending on the
angular displacement and angular velocity of the manipulator;
p is the vector of uncertain structural parameters. The form of
Y(6, 6, v, V)p changes with the manipulator structure, so does
the form of p. Being a function vector for motion parameters

and deterministic structural parameters, Y(6, 9,v, v) has a
deterministic value that can be calculated online. Obviously,
once Y(6, 8,v, V)is written in linear form, then the problem is
transformed into a computational problem. Then, the only task
is to design an adaptive mechanism. The value of
Y(6, 8, v, V) can be calculated after p is recognized.

Let p be the valuation of p. Then, f can be written as: f =
Y(6,6,v,V)p.

Finally, the tracking error after wave filtering can be
described as:

M(8)$ = —C(8,8)s + f — U — J(8)F;, (29)

The function f depends on the model of the manipulator and
the environment. The other influencing factors of this function
include the inaccurate known parameters of the manipulator
and the unknown stiffness of the environment. Hence, our
control system should consider the traditional proportional-
derivative (PD) control, i.e. f € R™ controls the nonlinearity
of the compensated object, and the influence of the interaction
force F;,.

The adaptive position/force control for the flexible
manipulator is illustrated in Figure 6 [20].

F.
adaption law ul
Oa J Fi
—‘®—' sliding surface i L —'®—~ dynamics modeP’
g controler U
7 0 0

Figure 6. The adaptive position/force control

3.2 Separated control strategy

From the control plan, it can be seen that the interaction
force is either unknown or known. If it is known, the interface
force needs to be controlled precisely. Therefore, the control
law must adapt to the type of the interaction force (Figure 7).

‘ Finite Matrix Structural Analysis

A _d
‘ Lagranges dynamic equation ‘

b 4

controlled plant
cerlain outpul force

Yes \\/ No
The case of known interaction force ‘The case of unknown interaction force

‘ B g ‘

Asymplolic stability of the adaptive control

Figure 7. The proposed separated control strategy

Based on the dynamics model, the adaptive parameters were
adopted to identify the control law. Taking the deviation from
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the desired interaction force as the main input, the control law
of the known interaction force was designed based on the
sliding mode structure, such that it is table under the
Lyapunov’s method. Then, the parameters were estimated
appropriately.

(1) The case of known interaction force

If the interaction force is known, the tracking error can be
defined as:

e=[64 — 6|Fq — Fiy] (30)
The adaptive control law can be defined as:
U =f—J(0)Fq + Kgs (31)
Thus, the system description can be rewritten as:
M(8)$ = —C(0,8)s — Kgs + f+ eforce (32)

where, f= Y(G, 8,v, \'/)f) is the parameter estimation error; Fy
is the desired interaction force; eg,.ce 1S the deviation from the
desired interaction force, Fq — Fjy.

The above formula is a closed control loop for tacking error
and parameter estimation error. To implement this adjustment
law, p can be rewritten as:



p = —fisgn(T2, 5;%;(6,6,v,7)) (33)
fi=TX2 sY(6,6,v,7) (34)

where, Kq is a positive definite array; I' > 0.

If the adaptive control law is applied to formulas (31) and
(32), the tracking error will converge to zero.

(2) The case of unknown interaction force

If the interaction force is unknown, the interaction force was
considered as an interference. Then, F;, was assumed to be
related to and bounded by system state:

Fip < dp + dye + dyeé 35)

where, d, > 0;d; > 0;d, > 0.

To avoid the impact of external perturbation on the control
system, the switch rate of the sliding mode Ggs + G sgn(s)
was introduced. As shown in Figure 8, the error curve of the
sliding mode force appears on the hyperplane, such that the
error converges exponentially.

lé finite time reaching phase

hyperplane e

—_—

slinding mode exponential convergence

Figure 8. Sliding mode control
Then, the sliding mode control law can be designed as:
U =f—Fy, + Gys + G,sgn(s) (36)
The control model can be depicted as:
M(8)s = —C(0,0)s — Gos — Gysgn(s) + f—Fi,  (37)
Similarly, f = Y(6,6,v,v)p and p = p — p, where

p = —fisgn(T2, 5;%;(6,6,v,7)) (38)

The adaptive law of the upper bound estimate } can be
expressed as:

fi= I|Z0, 5;%;(6,6,v,7)] (39)
o = Sollsll® (40)
61 = g llsll? (41)

where, I' > 0; g, > 0; 6, > 0.

Following the above control law, the tracking error of the
control system converges to zero.

3.3 Asymptotic stability of the separated control

The sliding surface can be designed as: s = é + Ae, where
A is the positive diagonal matrix, and A=
diag[cq,Cy, ..., Cp), €0 >0 . The design of manipulator
controller is to identify the suitable form for the control torque
of joint drive U. The actual motion tracking of the manipulator
in the configuration space can be expressed as 0(t) — 64(t),
where 64(t) is the configuration space trajectory of the target.
Taking 04as the command, the error contains the dynamic
equation error and force control error.

In the preceding subsection, the adaptive control was
developed based on known or unknown interaction force and
interference. The parameter adaptation law is critical to the
stability of the control system, because the latter mainly hinges
on the evaluation of the adaptive mechanism for p. The
mechanism has nothing to do with the parameter adaptation
law of the system. Therefore, the asymptotic stability of the
adaptive control system was demonstrated in two cases.

(1) The case of known interaction force

If the interaction force is known, the parameter adaptation
law adopts the following Lyapunov function:

V(©) =>sT™M(6)s + TP (42)
Then, the Lyapunov derivative function can be obtained as:
V() = s™M(@)s + sTM(B)s + pTTIp  (43)

where, I' > 0 is the designed gain matrix.
Next, V(t) Can be simplified by the control law and the
adaptive law (36)

V() = —sTKgs <0 (44)

The classical Lyapunov stability theorem works in the sign-
definite mode. The asymptotic stability of the control system
is proved from a sign positive definite function V(t) > 0to a
sign negative definite derivative V(t) < 0 of the function
along the solution of the system.

(2) The case of unknown interaction force

If the interaction force is unknown, the parameter
adaptation law treats the interaction force as an interference,
and adopts the following Lyapunov function:

(0i=81)?

1 1 i-fin? 1
V(D) = 5sTM(O)s + i, B 4 TR, O (45)

where, o; and n; are estimated values; f] and G; are desired
values.
Then, the Lyapunov derivative function can be obtained as:

. S
¥© < ~(lsl- el 54| - 1 = do)lisl - 40
where,
oo — dy _ P+7\M(/;)d1+d2
Q=1 prammaird,

PAm (M)

2



p > 0; Ay (A) and A, (A) are the maximum and minimum
eigenvalues of A, respectively.

Since 0; = d, and the first item of the inequality is negative,
we have V(t) < 0.

4. EXAMPLE ANALYSIS

If the interaction force is known, it should be controlled by
the strategy in Figure 9.

As shown in Figure 9, the interaction force rises abruptly in
the early stage of motions, and then slowly drops, ending up

120

100 |

80 -

60

|force| (N)

40

2

0.5 1 1.5
Time t(s)

(a) Interaction force curve

in a stable state. Thus, the evolution of the interaction force
can be divided into three phases: the rising phase, the
decreasing phase and the stabilization phase. The control
effect gradually improves, thanks to the adaptability of the
control system in each phase.

As shown in Figure 9(b), the planned trajectory ensures the
normal operation of the end effector, which outputs a
relatively constant force as the manipulator moves. Therefore,
the control process covers two aspects: the tracking of the
angular displacement in the configuration space, and the
tracking the force in cartesian space.

0(-)

L L 1
50 100 150 200 250

Time t(s)

(b) Tracking trajectory in the configuration space

300

Figure 9. The control strategy for the case of known interaction force

4.1 Numerical tests

The desired trajectory was derived from the control law (31)
and the parameter adaptation law. The simulation parameters
are provided in Table 1. In addition, the adaptive gain matrix
I" of the parameters can be set up as:

I'=[0.05 0.05 0.05 0.05 0.05 0.05].

Numerical tests were carried out under different scenarios,
based on whether the interaction force is known and the
modification of the control law. If the interaction force is
known, the influence of the interaction force on the control
system was assumed as Fj,. Then, the control law was
modified to ensure that the displacement and force errors
converge to the boundary. The matrix I' can be expressed as:

Kq = diag[10 10 10 10 10],
A=diag[5 5 5 5 5]

The initial values of the adaptive parameters can be
presented as:

Go(0) = 0.015,
¢,(0) = 0.015.

If the interaction force is unknown, the force was taken as

the interference Fj,, in the system description. Then, the matrix
I can be expressed as:

I' = diag[0.015 0.015 0.015 0.015 0.015 0.015],
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A=diag[5 5 5 5 5]

The initial values of the adaptive parameters can be
presented as:

6o(0) = 0.015,
6,(0) = 0.015.

In addition, 7m;(0) =08 , 1n,(0) =02 , n3(0) =
0.2, 1n4(0) = 0.8, n5(0) = 0.8, ne(0) = 0.8, 6¢(0) = 0 and
01(0) =0.

4.2 Numerical results

This subsection provides the numerical results in both cases
of the interaction force. Each simulation test lasted 3s, during
which the input force fluctuated greatly.

The total control signal is controlled by the adaptive model
(Figure 10). The adaptive controller starts the compensation
control (Region 1) at around 0.1s. The control signal tended to
be smooth due to the parameter adaptation and the effect of
sliding mode control (Region 2). In the initial phase of the
manipulator motion, the compensation control was
mismatched because the precise control parameters were
unknown. At the beginning, the signal generated by
proportional module had the dominance. Soon, the dominance
was gradually weakened, while the parameter adaptation
compensated for the control (Region 3).

The parameters were initially compensated by the
proportional module, and the control parameters fluctuated
about a certain value (Figure 11).
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Figure 11. Parameter adaptation in the case of known interaction force

Figure 12 presents the numerical results in the case that both

interaction force and

interference were unknown. For

trajectory smoothness, the sliding mode adaptive control was
implemented. The time lag induced by the sliding mode
structure makes the controller impossible to eliminate
nonlinear fluctuations.

In the case of unknown interaction force, the sliding mode
control Gys + G;sgn(s) was adopted to ensure the robustness
of the control system. As shown in Figure 13, the error
function converged on the sliding surface, providing a
guarantee to the smoothness of the trajectory error in the

configuration space.
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15, the estimated system parameters were all bounded and
eventually stabilized, indicating that our control system tended
to be stable.

In the case of unknown interaction force, the estimated
parameters presented a worst-case scenario with significant
fluctuations in parameter values. As shown in Figures 14 and
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Figure 12. Control input of unknown input force in cartesian space

1 === url |
40 ko
u3
......... =] ]
=S
—
AR T oz e 4
E £
< £
S R % b N lisesdeesagn. - e o B =i=]
-10 F ]
20 F 1
30+ 1
01 02 03 04 05 06 07 08 12 14 16 18 2 22 24 26 28
Time t(s) Time t(s)
Region 1 Region 2
Figure 13. Control input of unknown input force in configuration space
2 v v ¥ 0.88 v T T
18+ ] PR S PRI LY
0.87 ; ".
16+ - ,
j———- 0.86 -
14+ =5 1
0.85
a2 R 1
= ' Zosst .
1E 4
R el IV <Y ¢ .
08 - P - R
P
. ;
- ) | ot 1
04} s i B 0.81
1'/
o2 Ltz : . . P . . .
LS B 25 3 0 0.5 1 1.5 2 25
Time t(s) Time t(s)
(a) (b)

Figure 14. Parameter adaptation in the case of unknown interaction force in cartesian space

fluctuations in parameter values. As shown in Figures 14 and
15, the estimated system parameters were all bounded and

In the case of unknown interaction force, the estimated
parameters presented a worst-case scenario with significant
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eventually stabilized, indicating that our control system tended

Figure 17 provides the interaction tracking error and the
to be stable. parameter estimation error in the case of unknown interaction
force. It can be seen that both errors tended to land on the

1.4 T T

determined boundary. This confirms the stability of our
12 - control system.

T For the error in the case of unknown interaction force, since
_ = | the estimated term Gs + G;sgn(s) begins to take effect, the
B error converged sharply, and slowly approached the
equilibrium level. Thus, the adaptive control can clearly
improve the control quality.

061 ! For the error in the case of known interaction force, the
) proportional module improved the initial control quality. To
| | eliminate the error of the force control and position control,
| the parameter adaptation helps to enhance the control quality
T T T in the initial phase.

S . In both cases, the proportional module and the sliding mode

module play a leading role in the early phase. In the later phase,
the parameter adaptation evolves stably, improving the control

quality. Finally, the adaptive control tracks the change

trajectory of the force and position well, leading to the

convergence of the force/position error.
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Figure 15. Parameter adaptation in the case of unknown
interaction force in configuration space

4.3 Discussion
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\
As shown in Figure 16(a), the error peak appeared in the 1—\"\
initial phase, for the parameter adaptation law does not take \
effect. Then, the error plunged deeply over the time. Similarly, \
the force error curve (Figure 16(b)) was high at the beginning, 081 ‘\,‘
because the adaptive law does not take effect, and later 0 \
fluctuated and declined. Toef |
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Figure 17. The error in the case of known interaction force
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5. CONCLUSIONS

0 0.5 1 1.5 2

s 3 This paper proposes a control method applicable to robots

Time t(s) with varied load constraints and any DOF. Firstly, the nodal

. (a) displacement of the manipulator was calculated by a full rank

e ' ‘ ' ' ' or rank deficient cartesian stiffness matrix. Then, the dynamics
4F ]

model of the manipulator was presented as a set of matrix
I | equations by the Lagrange’s method in high-dimensional
\ configuration space. This approach has a unique advantage:
3 1 the model can be generated directly by aggregating the joint
\ ] energy equation, without needing the global stiffness matrix.
. Based on the dynamics model of flexible manipulator, a
2 \'\ ] separate control strategy was developed to control the motions
s\ ] with known or unknown interaction force. After that, an
\ adaptive controller was mathematically deduced, under the
| design principles of the control system under different
05 ™ ] conditions. The behavior of the control system was analyzed
T L under the cases of known or unknown interaction force, and
0 0.5 1 1.5 2 25 3 its stability was proved. The tracking error of the interaction
Time t(s)

force can converge through the parameter adaptation, under
(b) the Lyapunov’s principle.

Figure 16. The joint angular error and interaction force error
in the case of known interaction force
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Several numerical tests were conducted under different
conditions of the interaction force, aiming to verify the



effectiveness and superiority of our control strategy. The
numerical results show that the sliding mode control is more
stable and interference resistant than the adaptive control.
However, due to the switching function, the sliding mode
control cannot avoid the nonlinear fluctuations of the input,
which undermines the motion control. Therefore, an accurate
observer should be introduced to the control system to enhance
the control effect for relatively stable input. In the case of
known interaction force, the proportional module may
compensate controlling quality in the initial phase of adaptive
control. In the case of unknown interaction force, the position
error will fluctuate during the convergence, but the control
system remains stable.
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