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The ink apparatus was considered as a dynamic system formed by a combination of rollers and 
cylinders. The transition characteristic of the ink apparatus was considered as a natural reaction 
of this model to various external influences. For research, a single-capacitance model of an ink 
apparatus is proposed. The flow of ink through a series of rollers and cylinders that form a 
baseline is considered. To determine the amount of ink, the power conditions of the ink 
machine are considered. Presumably, the power of the ink unit is pulsed. The amount of ink 
passing through each contact node in one printing cycle. A model of the distribution of ink 
layers in the ink apparatus of a sheet printing machine is built. A method for calculating the 
distribution of ink layers in the ink apparatus for letterpress and offset printing machines has 
been developed. The regularity of the distribution of ink across the maximum and minimum 
layers is established. Also determined the total amount of ink accumulated in the ink apparatus. 
For the unsteady mode, the change in the volume of ink in the stream was characterized by the 
equation of a single-capacitance model of the ink apparatus. The equation of non-stationary 
mode is obtained. The dynamic characteristic of a single-capacitance model made it possible 
to determine the unevenness of the ink layer on the form in the case of a pulsed power supply 
of the ink apparatus. The extension of the proposed methodology to ink apparatus with 
branched streams of ink makes it possible to use this method for the study of ink apparatus of 
different designs. Also, the presentation of an ink apparatus in the form of a single-capacitance 
object creates the prerequisites for a more accurate description of its properties in transition 
modes. 
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1. INTRODUCTION

It is known that the main purpose of the ink printing system 
is to provide a given thickness of the ink layer on the prints 
when printing different types of products. Therefore, the ink 
system can be considered as an object of regulation. 
Adjustable, that is, the initial, value is the thickness of the layer 
of ink on the prints, the input is the supply of ink. Changing 
the type of printed matter requires changing the printing form. 
This can be considered as a change in the nature of the 
disturbance and the load on the inking system. 

Inking devices of offset printing machines [1] are the most 
important technological units, the dynamic and static 
properties of which significantly affect the print quality. 
Therefore, the urgent task is to develop mathematical methods 
for researching the work and further model-oriented design of 
inking devices based on software and hardware. 

The purpose of this work is to create a scientific basis for 
structural and mathematical modeling of a high-pressure and 
high-sheet offset printing apparatus for printing machines. 

To achieve this goal, the following tasks were set: 
Modeling of the inking apparatus as a control object 

associated with the movement and ink flow of the printing 
process; 

Determination of the nutritional condition for the 
development of a single-capacitive mathematical model of the 
inking apparatus;  

Development of methods for the distribution of ink layers 

in an inking apparatus for high and sheet offset printing 
machines. 

2. LITERATURE REVIEW AND PROBLEM 
STATEMENT

To describe the dynamics of the inking apparatus in work 
[2], approximate mathematical models with pure delay were 
used, which are obtained by the experimental study of several 
prototypes of the inking apparatus or one variable prototype. 
The theoretical path corresponds to modeling the processes of 
transferring ink and a moisturizing solution in the inking 
apparatus by describing physical processes with the 
subsequent use of software implemented on a computer. 
However, the model of the inking apparatus is not described 
in the work. 

Using a high-precision force measuring device 
manufactured in the laboratory [3], a method for measuring the 
adhesion force when the ink film is torn from a blanket is 
developed. Using the proposed method, the adhesion 
properties of industrial inks of Ag nanoparticles, varying the 
film thickness and solids content, were evaluated. However, in 
this work, individual ink-transporting units of the ink 
apparatus during ink transfer were not considered. 

To improve the quality of color offset printing and to learn 
the process of ink transfer, the article [4] uses the method of 
theoretical analysis and experiment. The speed and pressure of 
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the ink flow field are analyzed by deformation of the rubber 
roller and rotation of the two rollers. The effective ink layer 
thickness is removed when the ink transfer rate can be 
obtained. The authors obtained the deformation of the rubber 
roller and the ink transfer rate under various conditions, and 
analyzed factors such as rotational speed, deformation of the 
rubber roller, the thickness of the ink layer between the two 
rollers, which affect the ink flow and transfer speed.  

Verkhola et al. [5] developed mathematical models of the 
elements of inking devices and based on them a model of the 
ink-printing system of a printing offset machine from 
Heidelberg GTO 52 was compiled. This mathematical model 
describes the process of rolling and transferring ink from an 
ink-spraying device to prints. In addition, the model makes it 
possible to take into account the different modes of operation 
of the spray device. Based on the mathematical model, an 
information technology for research and analysis of the nature 
of the distribution of ink and its effect on the thickness of the 
layer, which is transmitted to the output of the ink-printing 
system, was created. However, the proposed model is intended 
for small-format machines with a simple inking device. 

A number of scientists have revealed various approaches to 
the mathematical description of inking devices. Thus, the 
calculation was based on a system of algebraic equations that 
reflects the addition and division of ink layers in contact zones 
[6-8]. The use of these equations makes it possible to solve the 
static problem of the distribution of ink along the inking 
apparatus, as well as the dynamic problem of transferring 
layers of ink to the form and print; moreover, to solve the 
dynamic problem, it is proposed to consider systems of 
algebraic equations composed for a series of sequential cycles. 
Considering the duration of establishing a stationary mode, 
ranging from several tens to several hundreds of cycles, one 
can judge the great complexity and complexity of the 
computational work associated with this method. 

A model of an inking device was proposed by Alekseyev 
[9], based on the consideration of the operations of splitting 
individual volumes of ink into many discrete strips and 
forming a continuous non-uniform layer from them by 
summing. The mathematical model of the inking apparatus is 
represented in matrix form, and its transformation is carried 
out by methods of vector algebra. The complexity of these 
calculations is such that the use of computer technology is also 
required. However, in this work this path is not investigated 
and structural modeling of the inking apparatus is not 
considered. 

Ink transfer to a printing form was studied taking into 
account the surface roughness of the printing form [10]. 
However, the paper does not consider structural modeling of 
the inking apparatus. 

The Reynolds equation for ink transfer was derived on the 
basis of the theory of elastohydro dynamic lubrication, and a 
model of the relationship between the roller parameters, speed, 
pressure and ink thickness in the gap of the rollers was 
established using the Hertz contact theory [11, 12]. The 
influence of the speed, pressure and size of the roller on the 
thickness of the ink in the gaps of the rollers was analyzed. In 
addition, the ink transfer model was modified subject to the 
retention of ink in the roller gaps. The effect of print speed on 
ink performance was analyzed using computer simulation. 
However, in these works, structural modeling of the inking 
apparatus was not considered. 

 

The discrepancy between the various structures and 
parameters of the inking system of modern offset printing was 
investigated [13]. The surfaces of the inking rollers and 
cylinders were discretized using computer simulation, on the 
basis of which a mathematical model of constant time was 
created in a system of periodic and continuous ink supply. And 
then the feed system and the vibration system are analyzed. 
The simulation result shows that the ink supply system, the 
method of vibration of the vibrator, the coating of the plate has 
a great influence on the dynamic properties. However, in this 
work, structural modeling of the inking apparatus is also not 
considered in studying the influence of the inking supply 
system. 

Based on a non-oriented graph [14], a system for manual 
input of offset printing was considered as a complex non-
oriented graph and a network diagram was created. On this 
basis, in accordance with the distribution of the surface of the 
ink roller and the creation of a dynamic two-dimensional array 
for recording changes in the thickness of the ink on the ink 
roller, the process of ink transfer during printing was really and 
intuitively reproduced. However, in this work, the structural 
modeling of the inking apparatus was also not investigated. 

Based on the analysis of published scientific papers, the 
following conclusion can be made about the state of the 
problem of mathematical modeling by the printing process. 

The development of methods for the mathematical 
description of the printing process, in relation to sheet offset 
printing, goes in several directions. 

One of which is a mathematical study of the movement of 
ink and a moisturizing solution in the ink and moisturizer and 
their interaction on a printed form in order to determine the 
conditions for obtaining high-quality prints. 

Study of the movement and interaction of the main material 
flows during sheet offset printing by traditional methods of 
mathematical analysis and theoretical mechanics is not able to 
cover complex and diverse dynamic phenomena and cannot 
give a complete mathematical description of the printing 
process as an automatic object management. 

 
 

3. SINGLE-CAPACITANCE MODEL OF THE INKING 
APPARATUS 
 

Suppose that the movement of ink on the surface of a roller 
or cylinder is characterized by a flow Q through a cross-
sectional area S=ljh.  

 
dSVQ

S
n=    (1) 

 
Under these conditions, we take the printing speed constant 

vn=const and limit the flow to the width of the elementary zone 
lj=const. Then we find that the flow of ink is uniquely 
determined by the thickness of the ink layer 

Consider the flow of ink through a sequential chain of 
rollers and cylinders 1,2, ..., k, k + 1, k + 2, which form a 
baseline (Figure 1a). We accept the following modeling 
conditions: when leaving any node i in the direction of direct 
flow, the contact layer hi is multiplied by the transmission 
coefficient βi, and in the direction of the return flow, by the 
coefficient (1-βi) (Figure 1b). The ratio of the formed layers is 
characterized by a splitting coefficient. 
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When transferring ink from the knurling roller (k) to the 
plate cylinder (k+1) with a fill factor σ (provided that the relief 
is level).  

Figure 1. Ink flow model: а- baseline; b- ink transfer through 
the roller; c- pulse power mode; d- continuous power 
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When transferring ink from a mold to rubber and from 
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To determine the amount of ink supplied to the inking 
apparatus in the average for one printing cycle and the amount 
of ink transferred to the print, it is necessary to consider the 
power conditions of the inking apparatus. 

3.1 Determining the power condition of the inking 
apparatus 

Suppose that the power of the ink unit is pulsed by the 
oscillating transfer roller: T=m0 - the power cycle, where - m 
is the number of printing cycles 0; γT power pulse duration - 
the time it takes for the duct cylinder to rotate a certain angle; 
0- pulse amplitude - the thickness of the supplied portion of 
ink, which is determined by the equation (Figure 1c).  

( ) 00 1 hhD  −−=   (5) 

The amount of ink supplied on average per print cycle is 

( )
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Whence it follows that pulse power with an amplitude 0, 
period T and duty cycle γ is equivalent to pulse power with a 
period 0 and duty cycle 0=/m or continuous power supply 
with a thickness of the supply layer 00 (Figure 1d).  

Assuming that the amount of ink entering node i is equal to 
the amount of ink being drawn from the node, we can write 
(Figure 1b). 

( ) ( ) iiiiiiiiiii hhhhg ++−− −−=−−=  1111   (7) 

In stationary mode, the amount of ink gi passing through 
each contact node for one printing cycle is constant and equal 
to the amount of ink supplied to the ink supply g0 unit on 
average for one printing cycle and the amount of ink 
transferred to the print: 
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At i=0,5 (i=1,2,…k) formula (9) gets a simple form 

( ) ( )
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2
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h
hii

,  (10) 

where, C0=2/p, for letterpress machines (k+1=p;

111
2

+
+k

) 
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where, h is the thickness of the ink layer on the print. 

3.2 The study of modeling the inking apparatus and the 
method of calculating the distribution of layers of ink the 
inking apparatus 

Based on Eq. (8) taking into account the splitting 
coefficients Bi build a model of the distribution of ink layers: 
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k+2=p) 
Ink distribution in inking devices under conditions 
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where, i- the displacement coefficient, which characterizes 
part of the ink path along the periphery of the roller between 
the contact nodes when the flow is moving in the forward 
direction; define in the following form:  

For letterpress machines: 
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Also for offset printing machines: 
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Based on the data obtained, we construct an ink flow 
distribution diagram for the baseline (Figure 2). With =0 on 
all rollers ik a constant layer is established C0; at ik  the layer 
is equal to zero (there is no transfer of ink to the form, since 
=0). With =1, the distribution diagram is a descending step 
line with step I. At 1, the step decreases proportionally to 
the value . When passing through the node i=k, the diagram 
undergoes a jump, which is greater, the smaller . Regardless 
of i0=k-C0/2, a constant layer C0, is always set on the roller C0, 
i.e. all distribution curves merge here. The layer C0 becomes 
larger in the presence of an offset cylinder and with a decrease 
in the coefficient of transition of ink to paper p. 

 

 
 

Figure 2. The distribution of layers of ink in the inking 
apparatus: a- motion scheme; b - distribution diagram in the 

direction of direct flow 
 
Using the formula (9), the regularity of the ink distribution 

over the maximum layers in the direction of the direct flow, 
and the minimum layers in the direction of the reverse flow 
( )

h
hii−1

 are established. Also, for each roller, the middle 
layer characterizing the amount of ink accumulated on the 
roller can be calculated. For simplicity of calculation, it is 
assumed that the path sections of the forward and reverse 
flows are equal to each other: 
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Imagine the distribution of the middle layer ℎ̃1/h along the 

sections of the ink path li/l0 (l0- the length of the print). The 
total amount of ink accumulated in the inking apparatus is 
determined by the amount characterizing the area under the 
distribution curve: 
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The first term of the sum characterizes the capacity of the 

rollers under the condition of uniform distribution (�̅� is the 
ratio of the average diameter of the roller to the diameter of the 
plate cylinder); the second term takes into account the uneven 
distribution; the third is related to the capacity of the plate and 
offset cylinders.  

The proposed method extended to inking devices with 
branched streams of ink (as shown in Figure 3).  

 

 
 

Figure 3. The distribution of ink in the inking apparatus of 
complex structure: a- motion scheme; b- distribution 
diagram; DL baseline AL I, AL II - additional lines 

 
For this purpose, a scheme for branching ink flows passing 

through contact nodes is constructed (the sum of the 
components is equal to the total flow). A baseline is 
highlighted through which the ink enters the plate cylinder in 
the shortest possible way. For the baseline, the ink is 
distributed taking into account the attenuation of the ink flow 
due to branches. At the nodes where the ink flow branches, 
there are supply layers that serve as the beginning of additional 
lines. All additional lines end at node k+1. The distribution of 

layers in additional lines gives the necessary number of 
equations for determining the components of the total flow. 

For non-stationary mode, the change in the volume of ink in 
the stream is characterized by the equation of the single-
capacitance model (the time is counted in printing cycles n). 
 

ft qq
dn
dV

−=
                              (19) 

 
where, qt=ht the supply of ink to the site I x I, qf=h - is the total 
consumption of ink from the site I x I taking into account the 
transfer of ink to the print elements of the print q=h and 
returning the remaining amount of ink q=(1-)h to the ink 
tank. In a similar equation by Mill [7], the return of ink q was 
not taken into account. Given the amount of ink accumulated 
in the stream V=N0h . Where N0-  is the constant of the ink unit, 
we obtain the equation of the non-stationary mode. 
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where, n0- is the transport delay; the expression for the 
transient response takes the form. 
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The constant N0 is determined taking into account the actual 

distribution of inking the stream in accordance with the 
formula (18). 

The dynamic characteristic (20) of the single-capacitance 
model allows one to determine the unevenness of the ink layer 
on the form in the case of pulsed power supply of the inking 
apparatus ht(t). Considering the inking apparatus as an open 
pulse system [15], using the discrete Laplace transform to 
solve Eq. (20), we find the amplitude of the pulsations with 
respect to the average layer thickness 
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Given an acceptable value 0, you can determine the 

required value of the constant N0 of the inking apparatus. 
 
 
4. DISCUSSION  

 
As a result of the studies, the regularity of the distribution 

of the layers of ink in the inking apparatus was determined. To 
study the movement of ink, a single-capacitive model of an 
inking apparatus was developed. For this purpose, the flow of 
ink roughs a series of rollers and cylinders that form a baseline 
is considered (Figure 1a). 

Modeling was carried out under certain conditions. The 
ratio of the formed layers was characterized by a splitting 
coefficient Bi which are determined by formulas (2), (3), (4). 

To determine the amount of ink gi, passing through each 
contact node in the stationary mode, the power conditions of 
the ink apparatus are considered. The amount of ink g0, 
supplied to the inking apparatus in the average for one printing 
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cycle and the amount of ink transferred to the print is 
determined by equation (8). Based on this equation, taking into 
account the splitting coefficients, a mathematical model of the 
distribution of ink layers (formula 9) is constructed, and a 
method for calculating the distribution of ink layers in an 
inking apparatus of high (15) and offset (16) printing machines 
is also developed. 

The regularity of the distribution of ink on the maximum 
and minimum layers is established. For each roller, the middle 
layer characterizing the amount of ink accumulated on the 
roller is calculated by formula (17). Based on theoretical 
studies, a diagram of the distribution of ink flow for the 
baseline is built (Figure 2). It was found that the C0 layer 
becomes larger in the presence of an offset cylinder and with 
a decrease in the ink-to-paper transfer coefficient p. 

The developed methodology for calculating the distribution 
of ink layers in an inking apparatus of high and offset printing 
machines can be extended to inking devices with branched 
streams of ink. To calculate the distribution of ink layers in 
this inking device, it is necessary to determine the pattern of 
branching of the ink flows passing through the contact nodes. 
Select the baseline through which the ink enters the mold 
cylinder in the shortest way. The supply layers located in the 
nodes, the branching of the ink flow is considered the 
beginning of additional lines. Based on the fact that all 
additional lines end at the node k+1, the distribution of layers 
in additional lines gives the necessary number of equations to 
determine the components of the total flow. 

It is established that in an unsteady mode, a change in the 
volume of ink in the stream is also characterized by the 
equation of a single-capacitance model. The ink volume is 
determined by formula (19), taking into account the transfer of 
ink to the printing elements and returning the remaining 
amount of ink to the ink tank. In a similar equation, the return 
of ink was not taken into account, which led to erroneous 
results. 

Studies have also established that the unevenness of the ink 
layer on the form in the case of pulsed power of the inking 
apparatus can be determined by the dynamic characteristic of 
the single-capacitance model, which is determined by formula 
(20). 

 The advantages of this study compared to analogs can be 
considered that, in contrast to analogs, a fundamentally 
different approach to the mathematical description of inking 
devices based on the method of structural and mathematical 
modeling is proposed. The inking apparatus was considered as 
a dynamic system formed by a combination of rollers and 
cylinders and converting the input action (continuous or 
discrete portions of ink) into a time-varying thickness of the 
intermediate and output layers. 

The mathematical description is based on a system of 
difference or differential equations that adequately reflect the 
structure of the inking apparatus and the dynamic processes 
that occur in its links. The transitional characteristic of the in-
king apparatus was considered as a natural reaction of this mo-
del to various external influences (ink supply, shape relief, 
etc.). 
 

 

5. CONCLUSIONS 
 

1. It has been established that a single-capacitance model 
represents an inking apparatus as a single continuous flow, 
characterized by a change in the layer thickness along the line 

of ink movement, as well as in time. 
2. It was found that the pulsed power supply at the input of 

this model makes it possible to determine the unevenness of 
the ink layer on the form 

3. The calculations established that in stationary mode the 
amount of ink gi passing through each contact node for one 
printing cycle is constant. The amount of ink gi is equal to the 
amount of ink g0 supplied to the inking apparatus on average 
for one printing cycle and the amount of ink transferred to the 
print. 

4. The proposed methodology for calculating the 
distribution of ink layers can be extended to inking devices 
with branched streams of ink. 

5. The change in the volume of ink in the stream in an 
unsteady mode and the unevenness of the ink layer on the form 
in the case of pulsed power of the inking apparatus is 
characterized by the equation of a single-capacitance model. 
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