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 Under the action of earthquakes, the dynamic responses of cross-sea bridges are greatly 

influenced by the dynamic interaction between each pier and the surrounding water. Based on 

Morison equation, this paper mainly explores the responses of a continuous girder cross-sea 

bridge in uncontrolled and semi-active control modes, under the combined effect of earthquake 

and hydrodynamic pressure. First, a simplified two-degree-of-freedom (2DOF) analysis model 

was constructed for the bridge: the combined stiffness was proposed to reflect the effects of 

the bending and shear deformation features of the pier; the pier mass was aggregated on the 

top of the pier as the additional pier mass, using the shape function of linear deformation; the 

hydrodynamic pressure distributed on the pier was calculated by the Morison equation, 

converted into the equivalent node load on the top of the pier, and further transformed into the 

additional hydrodynamic mass. Then, a magnetorheological (MR) damper was added between 

the pier and the girder. The semi-active algorithm of the MR damper was designed based on 

the clipped-optimal control algorithm. The control force of the MR damper was optimized by 

the H2/LQG active control method. The results show that the hydrodynamic pressure changes 

the dynamic features of the bridge and increases the seismic responses of the bridge, calling 

for a stronger control force for semi-active control; the impact of hydrodynamic pressure must 

be considered in the seismic design of cross-sea bridges; the MR semi-active control can 

effectively suppress the dynamic responses of cross-sea bridges, enhancing the seismic safety 

of the bridge. The research results provide new insights into the vibration control of cross-sea 

bridges. 
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1. INTRODUCTION 

 

Recent years has seen an unprecedented construction boom 

of cross-sea bridges in China. These bridges face a much more 

complex environment than the bridges over rivers and lakes. 

The piers of a cross-sea bridge are subject to the joint 

excitation of various loads induced by earthquake, wind and 

waves [1-3]. However, China has not yet acquired enough 

theoretical knowledge and empirical data about cross-sea 

bridges [4-6]. Therefore, it is of great engineering significance 

to develop a vibration control technique that suits cross-sea 

bridges. 

Many vibration control devices and algorithms have 

emerged for engineering applications. The main control modes 

include passive mode, active mode, semi-active mode and 

hybrid mode. Among them, the semi-active control combines 

the merits of passive and active modes, and becomes a 

research hotspot in the field of control. However, few theories 

and test prototypes on semi-active control have been put into 

practice. The existing studies on semi-active control mainly 

tackle building structures [7-9]. There is little report on the 

semi-active control of bridge structures, not to mention cross-

sea bridges. If applied to cross-sea bridges, semi-active control 

is expected to mitigate the damages caused by strong 

earthquakes and waves, and enhance the seismic safety of the 

bridges [10].  

This paper proposes a simplified two-degree-of-freedom 

(2DOF) analysis model for a cross-sea bridge, calculates the 

dynamic pressure of a pier by Morison equation, and converts 

the result into the equivalent additional dynamic mass on the 

top of the pier. Then, a magnetorheological (MR) damper was 

added between the pier and the girder. The MR damper is a 

new-generation efficient semi-active controller, with 

advantages like simple structure, continuously adjustable 

damping force, fast response, large output, good durability, 

and minimal power consumption [11, 12]. The semi-active 

algorithm of the MR damper was designed based on the 

clipped-optimal control algorithm. The control force of the 

MR damper was optimized by the H2/LQG active control 

method. Finally, a control analysis program was prepared 

based on Matlab and Simulink, and used to simulate how the 

cross-sea bridge responses to the coupling effect of earthquake 

and hydrodynamic pressure, under semi-active control. The 

research results lay a theoretical basis for vibration control 

design of cross-sea bridges. 

The remainder of this paper is organized as follows: Section 

2 analyzes the structural motions based on Morison equation; 

Section 3 constructs the bridge dynamics analysis model; 

Section 4 models the motions of the controlled bridge structure; 

Section 5 presents the MR damper model and the semi-active 

control algorithm; Section 6 verifies the proposed control 

method through example analysis; Section 7 wraps up this 

research with several conclusions.
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2. ANALYSIS OF STRUCTURAL MOTIONS BASED 

ON MORISON EQUATION 

 

In the design of deep-water bridges, the hydrodynamic 

pressure can be computed by Morison equation, if the pier 

diameter is so small (pier diameter/wavelength<0.2) as to have 

little impact on wave motions. The equation assumes that the 

seawater is an ideal incompressible fluid with no vortex, and 

that the presence of the piers have no impact on wave motions. 

Under these assumptions, the speed and acceleration of the 

waves can be calculated by the wave theory according to the 

original wave scale [13, 14]. According to Morison equation, 

the force of water on the bridge structure mainly consists of 

inertial force and resistance, which respectively arises from the 

actions of the undisturbed acceleration and velocity fields 

along the direction of water movement. For a cylindrical 

structure with a small lateral size (i.e. a small diameter pier), 

the hydrodynamic pressure per unit length can be computed 

by: 
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where, ρ is the water density; D is the length of the upstream 

face of the cylindrical structure; Ap is the area of the projection 

of the cylindrical structure in unit length perpendicular to the 

wave direction; �̇� and �̈� are the speed and acceleration of the 

wave, respectively; �̇� and �̈� are the relative speed and relative 

acceleration of the structure, respectively; �̇�𝑔  and �̈�𝑔are the 

speed and acceleration of ground motions, respectively; CM 

and CD are the coefficient of hydrodynamic inertia force and 

drag coefficient, respectively. 

If the bridge is in still water, then �̇�=�̈�=0, and formula (1) 

can be rewritten as: 
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where, the resistance term of the second term on the right side 

is nonlinear. Linearizing this term by the least squares (LS) 

method, the linearized Morison equation can be obtained as: 
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The motions of the bridge structure under ground motions 

can be expressed as: 

 
2

g g

g g

( )
4

1
( )

2
p

M

D

D
x x x x C x x

C A x x x x

+ + = − − + −

+ +






M C K M

    (4) 

 

Compared with the inertia force, the hydrodynamic 

resistance is so small as to be negligible. Then, formula (4) can 

be rewritten as: 

 

g g( )x x x x x x+ + = − +−
w

M C K M M                (5) 

 

where, 𝑀𝑤 = (𝐶𝑀 − 1)𝜌
𝜋𝐷2

4
 is the additional hydrodynamic 

mass of the underwater structure. Next, formula (5) can be 

sorted out as: 

 

g( )+ ()x x x x+ + = − +
w w

M C K MMM              (6) 

 

where, M, C and K are the matrices of structural mass, 

damping and stiffness, respectively.  

As shown in formula (6), the structural impact of 

hydrodynamic pressure can be considered as the additional 

hydrodynamic mass that moves together with the structure. 

The coefficient of hydrodynamic inertia force CM depends on 

the shape of the structure. The CM value of a cylindrical pier is 

2. 

 

 

3. BRIDGE DYNAMICS ANALYSIS MODEL 

 

If a continuous girder bridge is highly regular, i.e. the 

adjacent piers/bearings have the same properties, the bridge 

can be simplified as a 2DOF model (Figure 1) with the main 

girder being a rigid body whose mass is concentrated on the 

bearings and each pier being an elastic body whose mass is 

concentrated on its top. The simplified 2DOF model can 

accurately display the dynamic response features of a regular 

continuous girder bridge under the action of earthquakes [15]. 

 

 

 
 

Figure 1. (a)-(c) Simplified 2DOF model and (d) placement 

of active and semi-active controllers 

 

First, each pier was simplified as a one-degree-of-freedom 

(1DOF) cantilever system. If the pier is in a completely elastic 

state, the combined stiffness of the pier can be obtained based 

on the shear stiffness and bending stiffness: 

 

1 3

1
=

/ 3 /z v

k
H EI H A G+

                         (7) 

 

where, H is the height of the pier; Iz is the moment of inertia 

of the pier section; Av is the shear area of the pier; E is the 
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elastic modulus; G is the shear modulus. 

The pier deformation is assumed as linear to convert the 

mass distributed on the pier, �̄�𝑐(𝑥), into equivalent mass on 

the top of the pier. The pier deformation is assumed to obey 

the shape function:  

 

1
( )=x x

H
                                 (8) 

 

If �̄�𝑐(𝑥) is known, the mass distributed on the pier can be 

aggregated on the top of the pier, forming the additional mass 

of the pier: 
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Substituting the shape function (8) into (9), we have: 
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The hydrodynamic pressure acts on the pier in the form of 

distributed load. According to the principle of static 

equivalence, the distributed hydrodynamic pressure on the pier 

unit can be converted into the equivalent node load on the top 

of the pier by [16]: 
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where, fei and fej are the equivalent node load on the bottom 

and the top of the pier, respectively; �̄�𝑤(𝑥)  is the 

hydrodynamic pressure distributed along the height of the pier.  

The equivalent node load on the top of the pier was further 

transformed into the additional hydrodynamic mass on the top 

of the pier, to facilitate the use of the equation about structural 

motions, which is developed based on the Morison equation. 

 

 

4. MOTIONS OF THE CONTROLLED BRIDGE 

STRUCTURE 

 

Under the presence of controller and seismic excitation, the 

motions of the bridge structure can be expressed as: 
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where M, C and K are the matrices of structural mass, 

damping and stiffness, respectively; X(t) and �̇�(𝑡)  the 

displacement and velocity vectors of the structure relative to 

the ground, respectively; Bs is the position matrix of the 

controller; u(t) is the control force vector; r is the position 

vector of seismic excitation; �̈�𝑔(𝑡) is the seismic excitation; 

𝑿(𝑡0) and �̇�(𝑡0) are the initial displacement and speed of the 

structure, respectively. 

To facilitate the implementation of the control system, the 

structural motion Eq. (12) can be illustrated in the form of state 

space: 
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where, Z(t) is the state vector; A is the system matrix; B is the 

position indication matrix of the controller; E is the seismic 

action vector. These vectors and matrices can be expressed as: 
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For the 2DOF model, there exist: 
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where, 𝑚1 = 𝑚∗ is the additional mass on the top of the pier; 

m2 is the mass aggregated to the upper part of the bridge; 𝑚𝑤 

is the additional hydrodynamic mass converted to the top of 

the pier; 𝑘1 and 𝑘2 are the combined stiffness of the pier and 

the equivalent stiffness of the bearing, respectively. Note that 

𝑴 = 𝑴0 +𝑴𝑤 if 𝑚𝑤is considered, and 𝑴 = 𝑴0 if otherwise. 

The damping matrix of the structure can be determined by the 

damping ratios of the first two order modes according to 

Rayleigh damping. 

 

 

5. MR DAMPER MODEL AND SEMI-ACTIVE 

CONTROL ALGORITHM 

 

5.1 MR damper model 

 

The MR damper selected for this research is a shear damper 

based on parallel plates. Here, the damper is simulated by the 

phenomenological model proposed by Dyke et al. [17] (Figure 

2). 

 

 
 

Figure 2. Model of the MR damper 

 

The control force fs provided by the MR can be expressed 

as [18]: 
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where, �̇�  is the relative speed across the two ends of the 

damper; z is the hysteresis variable based on the Bouc-Wen 

model. By adjusting the values of 𝛾, 𝛽, n and A, it is possible 

to control the following two properties of the hysteresis curve 

of the MR damper in the loading/unloading phase; the linear 

features, and the smoothness of the transition segment through 

the yielding. The correlation of model parameters c0 and 𝛼 

with the input voltage uc can be expressed as: 

 

0 0 0 ca bc c c u= + ; a b cu= +                (18) 

 

The resistance inside the MR damper has a dynamic effect 

on the bridge structure. The dynamic features of the damper 

under an applied voltage can be eliminated by a first-order 

delay. Thus, the input voltage uc should be processed into the 

actual input voltage of the MR damper by the following first-

order delay filter: 

 

( )c s c au u u= − − 2
, , ,u P S N

trace r                 (19) 

 

where, i i pi di p pi d diu G z G x G x a G x a G x= = + = +  is an 

indicator of the response time of the damper (the greater the 

𝐺𝑝𝑖 value, the shorter the response time); 𝑢𝑎 the actual voltage 

of the control loop. 

 

5.2 The semi-active control algorithm of the MR damper 

 

During semi-active control, the voltage applied to the MR 

damper varies with time, and depends on the selected control 

algorithm. In this paper, the clipped-optimal control algorithm 

is selected to realize semi-active control [19]. The algorithm 

computes the theoretical control force fc based on an active 

controller Kc, the observed structural response xm and the 

measured MR control force fm: 

 

1

c c ( )
m

m

x
L K s L

f
f −

   
= −  

   
                      (20) 

 

where, 𝐿(⋅) is the Laplace transform operator. 

Since the damping force provided by the MR depends on 

the applied voltage and the relative speed across the MR 

damper, the theoretical control force fc can be tracked by 

adjusting the MR control force through regulation of the input 

voltage. To minimize the gap between the MR control force 

and the theoretical control force, the voltage applied to the MR 

can be computed by: 
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where, fmax is the maximum output of the MR damper; 𝑉𝑚𝑎𝑥 is 

the maximum voltage applied to the MR damper; fci is the 

control force obtained by the control algorithm; μi is the gain 

from voltage-to force-conversion; Vci is the control voltage; 

𝐻(⋅) is the Heaviside step function. 

In theory, any active control algorithm can be used to design 

the optimal controller Kc, which offers the theoretical control 

force. This paper selects the most successful engineering 

control method, H2/LQG, to design the main controller for the 

semi-active control of the MR damper. Th control output and 

observation output of the system can be respectively expressed 

as: 

 

z z z z( ) ( ) ( ) ( )gY t C X t D u t F x t= + +              (23) 

 

( ) ( ) ( ) ( )m m m m gY t C X t D u t F x t= + +             (24) 

 

It is assumed that the system noise and measurement noise 

are both zero-mean Gaussian white noises. Then, the 

covariance matrices of the two types of noises can be 

determined by the third-generation benchmark model: both 

covariance matrices are diagonal matrices; the diagonal 

element of the covariance matrix of system noise and that of 

measurement noise were set to 25 and 1, respectively. On this 

basis, the quadratic objective function of H2/LQG control can 

be expressed as: 
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where, R and Q are the weight matrices that balance the 

structural response and the control force: 
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where, qd and qa are the displacement weight and acceleration 

weight of the pier top and main girder, respectively; 𝛽 is the 

weight of the control force.  

According to the separation principle, the controller design 

and state estimation were processed separately. First, the 

optimal control law can be determined based on the linear 

quadratic optimal control theory: 

 

ˆ=- uu K x                                   (27) 

 

where, �̂� is the system state vector estimated by the Kalman 

filter; Ku is the full state feedback gain matrix. 

In general, the optimal state estimation by the Kalman filter 

can be expressed as: 

 

( )m m m
ˆ ˆx Ax Bu L y C x D u= + + − −               (28) 

 

where, L is the observation gain matrix of the stable Kalman 

filter. 

To facilitate computer implementation, the controller can be 

converted into a compensator in the form of the following state 

equations through linear transform [18]: 
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where, c u m m uA = A- BK - LC +LD K ; cB = L ; c uC = -K ; 

cD = 0 ;  
T

k m my y f= .
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6. EXAMPLE ANALYSIS 

 

The proposed model was applied to analyze the seismic 

response and control of a continuous girder cross-sea bridge. 

The bridge has several cylindrical solid piers (diameter: 

d=3.0m; height: H=28.2m) and the water depth h=20m. Half 

of the mass of the two spans adjacent to a pier was taken 

m2=500,000kg, and aggregated on the bearing. The elastic 

modulus of the pier is E=3.0×104MPa. The combined stiffness 

was computed as 1.587×107 N/m. The equivalent mass on the 

top of the pier is 166,112 kg. The equivalent stiffness of the 

bearing is 7.69×106 N/m. The damping ratios were all set to 

0.05. Then, an MR damper (maximum rated output: 1,000kN; 

maximum working voltage: 10V; power: 50W) was installed 

between the pier top and the girder. The corresponding 

parameters of the mechanical model include: 𝛼𝑎=1.0782×105 

N/cm, 𝛼𝑏=4.9616×105 N/(cm•V), 𝑐0𝑎=4.40Ns/cm, 𝑐0𝑏=44.0 

Ns/(cm•V), n=1, A=1.2, 𝛾=3 cm-1 and 𝜂𝑠=50 s-1. 

Without loss of generality, the seismic excitation was 

simulated with four common ground motions in benchmark 

problems, namely, El Centro wave (NS, 1940), Hachinohe 

wave (NS, 1968), JMA Kobe wave (NS, 1995) and Northridge 

wave (NS, 1994) [20-21]. The dominant frequencies are 1.47 

Hz, 0.36 Hz, 1.46 Hz and 0.63Hz, respectively, and the 

maximum acceleration peaks are 3.417 m/s2, 2.250 m/s2, 8.178 

m/s2 and 8.268m/s, respectively. The target bridge is designed 

to withstand a magnitude 8 earthquake. The amplitude of the 

input seismic wave was adjusted at the step length of the peak 

ground acceleration (PGA) of 0.2g.  

Next, a program was prepared based on Matlab and 

Simulink, and used to simulate how the cross-sea bridge 

responses to the coupling effect of earthquake and 

hydrodynamic pressure, under semi-active control. 

Figure 3 compares the first- and second-order frequencies 

of the bridge structure with and without water. It can be seen 

that the vibration frequency of the structure decreased after the 

addition of water, indicating that the presence of water 

changes the dynamic features of the structure. 

 

 
 

Figure 3. Comparison of first- and second-order frequencies 

 

To disclose the effect of hydrodynamic pressure on the 

seismic response of the bridge, the seismic responses were 

computed under the presence (with water) and absence 

(without water) of hydrodynamic pressure, respectively. Some 

of the calculated results are listed in Table 1, which presents 

the horizontal pier-top displacement, bearing deformation and 

the maximize control force of MR semi-active control. Figure 

4 shows the time histories of the pier-top horizontal 

displacement and bearing deformation under the action of El 

Centro wave. 

 

Table 1. Comparison of seismic responses in with water and without water conditions 

 

 
Uncontrolled pier-top displacement/cm Uncontrolled bearing deformation/cm Maximum semi-active control force/kN 

With 

water 

Without 

water 

Change rate 

(%) 

With 

water 

Without 

water 

Change rate 

(%) 

With 

water 

Without 

water 

Change rate 

(%) 

El Centro 4.39 4.25 -3.2 7.51 7.92 5.5 320 321 0.3 

Hachinohe 6.33 6.85 8.2 11.31 11.26 -0.4 569 589 3.5 

JMA 

Kobe 
3.64 3.95 8.5 6.76 7.09 4.9 321 327 1.9 

Northridge 6.55 6.36 -2.9 10.68 10.98 2.8 523 532 1.7 

 

 
 

Figure 4. The pier-top horizontal displacement and bearing deformation under the action of El Centro wave 

 

It can be seen that, under the JMA Kobe wave, the pier-top 

displacement changed by 8.5%; under the El Centro wave, the 

bearing deformation changed by 5.5%; under the Hachinohe 

wave, the semi-active control force changed by 3.5%. The 

results show that the seismic responses of the pier in water, 

such as pier-top displacement and bearing deformation, are 

obviously affected by hydrodynamic pressure. The presence 

of hydrodynamic pressure magnifies the dynamic response of 

the bridge, and requires a higher semi-active control force. If 

hydrodynamic pressure is not considered in the control force 

design, the control force will be smaller than what is required, 

posing a security risk to the structure. Therefore, 

hydrodynamic pressure should be included in the seismic and 

control design of cross-sea bridges. 

The vibration reduction rate (VRR) was introduced to 

measure the control effect. The value of the VRR can be 

defined by the magnitude of the seismic response of the bridge 

structure: 
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d t

−
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where, Ri is the VRR of the i-th degree of freedom (DOF); 

𝑑𝑖
𝑢(𝑡) and 𝑑𝑖

𝑐(𝑡) are the seismic responses of the structure in 

the i -th DOF under uncontrolled and controlled conditions, 

respectively.  

Table 2 provides the displacement responses and the VRRs 

of the target bridge under the four ground motions, considering 

hydrodynamic pressure. Figure 5 presents the time histories of 

pier-top displacement and bearing deformation under the four 

ground motions.   

It can be seen that, considering the hydrodynamic pressure, 

the MR semi-active control reduced 21~40% of pier-top 

displacement and 50~69% of bearing deformation. The 

designed control force reduced the seismic responses to all 

four ground motions, showing a good control effect. Therefore, 

the MR semi-active control can effectively suppress the 

dynamic responses of the cross-sea bridge, enhancing the 

seismic safety of the bridge.  

In addition, the time histories in Figure 5 show that the 

displacement responses of semi-active control and H2/LQG 

active control both declined significantly from the 

uncontrolled level, and the two control modes achieved very 

close results. This means the proposed MR semi-active control 

can track the optimal control force of the active control model 

in real time, an evidence of the effectiveness of the clipped-

optimal algorithm. Hence, the MR damper provides a good 

alternative to the active control, if the latter is difficult to 

realize on bridge structures. 

 

Table 2. Comparison of control effects considering hydrodynamic pressure 

 

 
Maximum pier-top displacement / cm Maximum bearing deformation / cm 

Uncontrolled H2/LQG 
VRR 

(%) 

Semi-

active 

VRR 

(%) 
Uncontrolled H2/LQG 

VRR 

(%) 

Semi-

active 

VRR 

(%) 

El Centro 4.25 2.38 44 2.97 30 7.92 3.41 57 3.41 57 

Hachinohe 6.85 3.32 52 4.11 40 11.26 6.95 38 3.46 69 

JMA 

Kobe 
3.95 2.94 26 3.13 21 7.09 3.4 52 3.31 53 

Northridge 6.36 3.75 41 4.81 24 10.98 6.36 42 5.53 50 

 

 
(a) Pier-top displacement (cm) 

 
(b)Bearing deformation (cm) 

 

Figure 5. The pier-top displacement and bearing deformation considering hydrodynamic pressure 
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7. CONCLUSIONS

(1) Considering the hydrodynamic pressure, it is learned

that the presence of water changes the dynamic features of the 

structure, exerting a nonnegligible impact on the dynamic 

responses of the bridge structure. 

(2) The presence of hydrodynamic pressure requires a

higher semi-active control force. If hydrodynamic pressure is 

not considered in the control force design, the control force 

will be smaller than what is required, posing a security risk to 

the structure. 

(3) The MR semi-active control can effectively suppress the

dynamic responses of the cross-sea bridge, enhancing the 

seismic safety of the bridge. 

(4) The semi-active controller, which is designed based on

the clipped-optimal algorithm, achieved very close responses 

with the H2/LQG active control. This means the proposed 

semi-active controller can track the optimal control force of 

the active control model in real time, an evidence of the 

effectiveness of the clipped-optimal algorithm. Therefore, the 

MR damper provides a good alternative to the active control, 

if the latter is difficult to realize on bridge structures. 
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