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This paper establishes a kinematics model for a six degree-of-freedom (DOF) manipulator, 

and verifies its correctness through simulation and experiment. First, the model was set up 

through the D-H method. Then, the homogenous matrix transform was introduced to perform 

forward kinematics analysis and calculate the attitude of the end effector. Then, the 

manipulator position and trajectory were simulated on Robotics Toolbox for MATLAB and 

RoboDK. Finally, the simulated trajectory was verified through an experiment on stacking 

operation in the lab environment. The results show that the established kinematics model of 

the manipulator is correct, laying a solid theoretical basis for offline programming and 

calibration of manipulators. 
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1. INTRODUCTION

With the introduction of Industry 4.0, industrial robots are 

increasingly widely used to satisfy the strong market demand. 

Many industrial robots adopt the 6 degree-of-freedom (DOF) 

manipulator [1]. The kinematics modelling of the 6DOF 

manipulator provides the theoretical basis for trajectory 

planning [2-4], offline programming [5, 6] and calibration [7-

9] of the manipulator.

The kinematics analysis of the manipulator is fundamental

to controlling the motions and planning the trajectories of 

robot. The forward kinematics analysis is the most basic 

problem [10]. The Denavit-Hartenberg (D-H) method, which 

is named after its creators, is a popular way for kinematics 

analysis [11, 12]. This method describes the spatial 

relationship between two adjacent links as a 4×4 homogenous 

transform matrix, and then establishes the kinematics equation 

of the manipulator [13]. If applied to model the kinematics of 

the manipulator, the D-H method can convert the complex link 

motions into intuitive equations and matrix operations. 

The MATLAB has been extensively adopted to simulate the 

kinematics of the manipulator [14, 15]. On the upside, the 

MATLAB greatly facilitates the kinematic simulation with its 

powerful computing ability. On the downside, this tool falls 

short in the simulation accuracy of manipulator motions. To 

solve the problem, an emerging tool, the 3D modelling 

software of robot, has attracted much attention from 

researchers. For example, the ADAMS is often used as a 

virtual prototype to simulate the manipulator trajectory [16, 

17]. However, this software mainly targets dynamic 

simulation of mechanical systems, and face certain difficulties 

in kinematics simulation. Similarly, the RobotStudio [18, 19], 

an industrial robot-specific simulation software, has won high 

recognition for its easy operability. But this software only 

works for ABB industrial robots. 

To make up for the defects of MATLAB simulation of 

manipulator kinematics, this paper establishes a kinematics 

model of a 6DOF manipulator and simulates the trajectory of 

the manipulator on RoboDK. Finally, an experiment on the 

manipulator was carried out in lab environment, aiming to 

verify the correctness of the establish kinematics model. The 

research lays the basis for offline programming and calibration 

of manipulators. 

The remainder of this paper is organized as follows: Section 

2 sets up a coordinate system for desktop 6DOF manipulator, 

and derives a kinematics model for the manipulator through 

the D-H method; Section 3 identifies the position and 

trajectory of the manipulator using Robotics Toolbox and 

RoboDK, respectively; Section 4 carries out a stacking 

operation with the manipulator in the lab environment to verify 

the established model; Section 5 wraps up this paper with 

several conclusions. 

2. D-H MODELLING

The manipulator with six rotary joints was placed on the 

operation platform, and a workstation (Figure 1) was 

established to design programs for the manipulator to grab and 

transfer materials. 

Figure 1. Workstation for manipulator experiment 
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To study the relative displacement between the links of the 

manipulator, a coordinate system was fixed rigidly onto each 

link according to the D-H method. The coordinate system 

fixed to the base is denoted as {0}, and that fixed to link i as 

{i}. In coordinate system {0}, axis Z0 of coordinate system {0} 

is collinear with the kinematics axis of joint 1, and points 

upward; axis X0 points to the reverse direction of axis Zi-1 along 

the common normal of axes Zi and Zi-1; axis Yi is formulated 

according to the rules of righthanded cartesian coordinate 

system. The coordinate systems of the links on the manipulator 

are displayed in Figure 2. 

 

 
 

Figure 2. The coordinate systems of the links on the 

manipulator 

 

In Figure 2, θ1 and d1 are the rotation angle and distance 

from X0 to X1 about/along axis Z0, respectively; α1 and a1 are 

the rotation angle and distance from Z0 to Z1 about/along axis 

X0, respectively; …; θi and di are the rotation angle and 

distance from Xi-1 to Xi about/along axis Zi-1, respectively; αi 

and ai are the rotation angle and distance from Zi-1 to Z1 

about/along axis Xi-1, respectively. The parameters ai, αi, di and 

θi are the D-H parameters of the links. They are used to 

describe each link and the relationship between the links. The 

D-H parameters of the 3kg 6DOF manipulator were obtained 

based on the coordinate systems of the links in Figure 2, and 

listed in Table 1 below. 

 

Table 1. The D-H parameters of the manipulator 

 

i θi/(°) di/(mm) ai/(mm) αi/(°) 
Scope of 

work/° 

1 θ1 (0) 344 0 -90 -165~165 

2 θ2 (-90) 0 400 0 -180~0 

3 θ3 (0) 0 0 -90 -180~50 

4 θ4 (0) 366 0 90 -120~120 

5 θ5 (0) 0 0 -90 -120~120 

6 θ6 (0) 116 0 0 -360~360 

 

According to the theory of homogenous transform, the link 

transform 𝑇𝑖
𝑖−1  can be broken down into four sub-transforms: 

(1) Making Xi-1 and Xi coplanar by rotating θi about axis Zi-

1. 

(2) Making Xi-1 and Xi colinear by translating di along axis 

Zi-1. 

(3) Making the origins of two coordinate systems 

coincidental by translating ai along axis Xi-1. 

(4) Making Xi-1 and Xi colinear by rotating 𝛼𝑖 about axis Xi-

1. 

In this way, the transform matrix 𝑇𝑖
𝑖−1  can be established as: 

𝑇𝑖
𝑖−1 = 𝑅𝑜𝑡(𝑧, 𝜃𝑖) ∗ 𝑇𝑟𝑎𝑛𝑠(𝑧, 𝑑𝑖) ∗ 𝑇𝑟𝑎𝑛𝑠(𝑥, 𝑎𝑖)

∗ 𝑅𝑜𝑡(𝑥, 𝛼𝑖) 

= [

𝑐𝜃𝑖  − 𝑠𝜃𝑖 ∗ 𝑐𝛼𝑖   𝑠𝜃𝑖 ∗ 𝑠𝛼𝑖    𝑎𝑖 ∗ 𝑐𝜃𝑖

𝑠𝜃𝑖   𝑐𝜃𝑖 ∗ 𝑐𝛼𝑖   − 𝑐𝜃𝑖 ∗ 𝑠𝛼𝑖  𝑎𝑖 ∗ 𝑠𝜃𝑖

0       𝑠𝛼𝑖         𝑐𝛼𝑖         𝑑𝑖

0        0         0          1

]                 (1) 

 

The transform matrix 𝑇𝑖
𝑖−1  depends on the four parameters 

in Table 1. Here, a 6-dimensional set of joint vectors q=[q1 q2 

q3 q4 q5 q6]T is introduced, with qi=θi being the vector of joint 

i. Because all six joints are rotary, the transform matrix 𝑇𝑖
𝑖−1  

is a function about q=[θ1 θ2 θ3 θ4 θ5 θ6]T. 

The transform matrices of all links were multiplied to 

obtained the transform matrix of coordinate system {i} relative 

to coordinate system {0}: 

 

𝑇6
0 = 𝑇 ∗ 𝑇2

1 ∗ 𝑇3
2 ∗ 𝑇4

3 ∗ 𝑇5
4 ∗ 𝑇6

5
1
0                    (2) 

 

The above transform matrix can also be described by four 

vectors {n, a, o, p}: 

 

𝑇6
0 = [𝑛, 𝑜, 𝑎, 𝑝] = [

𝑛𝑥 𝑜𝑥 𝑎𝑥  𝑝𝑥

𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦

𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧

0  0  0  1

]                        (3) 

 

where, a is the proximity vector; o is the orientation vector; n 

is the normal vector; p is the coordinates of the origin of 

coordinate system {i} in coordinate system {0}. 

Combining formulas (2) and (3), we have the kinematics 

equation of the 6DOF manipulator. Substituting the D-H 

parameters and joint vectors, we have: 

 

nx=s6(c4s1+s4(c1s2s3-c1c2c3)) 

+c6(c5(s1s4-c4(c1s2s3-c1c2c3))-s5(c1c2s3+c1c3s2)) 

 

ny=-s6(c1c4-s4(s1s2s3-c2c3s1)) 

-c6(c5(c1s4+c4(s1s2s3-c2c3s1))+s5(c2s1s3+c3s1s2)) 

 

nz=s4s6(c2s3+c3s2)-c6(s5(c2c3-s2s3)+c4c5(c2s3+c3s2)) 

 

ox=c6(c4s1+s4(c1s2s3-c1c2c3)) 

-s6(c5(s1s4-c4(c1s2s3-c1c2c3))-s5(c1c2s3+c1c3s2)) 

 

oy=s6(c5(c1s4+c4(s1s2s3-c2c3s1)) 

+s5(c2s1s3+c3s1s2))-c6(c1c4-s4(s1s2s3-c2c3s1)) 

 

oz=s6(s5(c2c3-s2s3)+c4c5(c2s3+c3s2))+c6s4(c2s3+c3s2) 

 

ax=-s5(s1s4-c4(c1s2s3-c1c2c3))-c5(c1c2s3+c1c3s2) 

 

ay=s5(c1s4+c4(s1s2s3-c2c3s1))-c5(c2s1s3+c3s1s2) 

 

az=c4s5(c2s3+c3s2)-c5(c2c3-s2s3) 

 

px=400c1c2-116s5(s1s4-c4(c1s2s3-c1c2c3))-

(116c5+366)(c1c2s3+c1c3s2) 

 

py=400c2s1+116s5(c1s4+c4(s1s2s3-c2c3s1))-

(116c5+366)(c2s1s3+c3s1s2) 

 

pz=-(366+116c5)(c2c3-s2s3)-400s2+116c4s5(c2s3+c3s2)+344 

 

where, ci=cosθi and si=sinθi. 
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The above equation set represents the relationship between 

the link transform matrix 𝑇6
0  of the 6DOF manipulator and the 

set of joint vectors q and provides the basis for kinematics 

analysis of the manipulator. Solving the link transform matrix 

𝑇6
0  based on joint vectors θ1, θ2, θ3, θ4, θ5 and θ6 is called the 

forward kinematics analysis, while solving the joint vectors θ1, 

θ2, θ3, θ4, θ5 and θ6 based on the link transform matrix 𝑇6
0  is 

called the inverse kinematics analysis. 

 

 

3. KINEMATICS SIMULATIONS 

 

Our simulations were carried out using Robotics Toolbox 

and RoboDK. Robotics Toolbox is a tool embed in MATLAB 

for modeling, trajectory planning and control of manipulators. 

RoboDK is a simulation software to create a virtual working 

scene of robot and simulate the actual applications. The 

software supports multiple brands of manipulators and self-

developed manipulator models. RoboDK simulations can 

approximate the actual working conditions of manipulators. 

Note that the D-H parameters are required for manipulator 

simulation by both MATLAB and RoboDK. The simulation 

can be completed using the relevant functions and commands. 

Meanwhile, the kinematics model of the manipulator is written 

into the underlying program, and remains invisible to users. 

 

3.1 MATLAB simulation of manipulator position 

 

The forward kinematics simulation of the manipulator aims 

to analyze the attitude change of the end effector according to 

the link parameters and the variation of each joint [20]. Here, 

the manipulator position was simulated with Robotics 

Toolbox based on the established kinematics model. The 

simulation was carried out in the following steps: 

Step 1. Based on the D-H parameters, the links were created 

on Robotics Toolbox, forming the manipulator, and a graph of 

the manipulator was produced. 

Step 2. The set of joint vectors q=[q1 q2 q3 q4 q5 q6]T was 

adjusted randomly on the drive interface of the manipulator. 

Five different sets of joint vectors were selected: q1, q2, q3, q4 

and q5. Then, the corresponding attitudes (x, y, z, 𝜑, 𝜃, 𝜓) of 

the end effector were recorded. 

Step 3. The five randomly selected sets of joint vectors were 

imputed to MATLAB, and the link transform matrix and end 

effector attitude of each set were solved using the user-defined 

program for the kinematics equation. 

Through the above steps, the drive interface of the 

manipulator was obtained as Figure 3. In the interface, the link 

configuration of the manipulator is displayed on the right, the 

attitude of the end effector (x, y, z, 𝜑, 𝜃, 𝜓) is shown on the 

upper left, and the adjustment region of joint vectors q1, q2, q3, 

q4, q5 and q6 is provided on the lower left. Because all joints 

are rotary, the joint vector qi equals the joint angle θi. 

Depending on the inputs in the adjustment region, the 

manipulator moved to the corresponding attitude, and the 

attitude parameters were displayed on the upper left of the 

interface. 

 

 
 

Figure 3. The drive interface of Robotics Toolbox 

 

The six joint vectors in Figure 3 were adjusted, creating five 

sets of joint vectors (Table 2). The five sets of joint vectors 

were substituted into the program in Appendix 1. The results 

were collected and compared with the attitudes solved by 

MATLAB (Table 3). 

As shown in Table 3, when five sets of joint vectors were 

randomly selected, the end effector attitudes obtained by 

Robotics Toolbox based on the D-H parameters were the same 

with those obtained by the kinematics equation, which was 

established based on the D-H method and homogenous matrix 

transform. Thus, the established kinematics model agrees well 

with the underlying model of Robotics Toolbox. 
 

Table 2. The five randomly selected sets of joint vectors (unit: °) 

 
q q1(θ1) q2(θ2) q3(θ3) q4(θ4) q5(θ5) q6(θ6) 

q1 -70 -20 -31.55 44.29 -17.45 26.0 

q2 -46.38 -42.44 20.85 -28.39 34.03 -18.07 

q3 8.39 -91.56 -129.44 104.37 -80.68 23.25 

q4 32.31 -53.47 -6.83 7.51 -32.65 23.25 

q5 159.25 -105.72 30.97 -110.56 104.69 -99.57 

 

Table 3. Comparison between the end effector attitudes obtained by Robotics Toolbox and those obtained by MATLAB 

 
Group Compare x/mm y/mm z/mm 𝜑/° 𝜃/° 𝜓/° 

q1 
Robotics Toolbox 238.703 -726.852 203.905 -83.376 115.157 -142.830 

Program calculation 238.703 -726.852 203.905 -83.376 115.157 -142.830 

q2 
Robotics Toolbox 261.979 -319.654 163.202 -166.252 162.130 16.691 

Program calculation 261.979 -319.654 163.202 -166.252 162.130 16.691 

q3 
Robotics Toolbox -223.123 -144.995 1052.89 -76.910 73.567 64.748 

Program calculation -223.123 -144.995 1052.89 -76.910 73.567 64.748 

q4 
Robotics Toolbox 571.985 352.055 489.584 28.262 87.281 -150.224 

Program calculation 571.985 352.055 489.584 28.262 87.281 -150.224 

q5 
Robotics Toolbox -174.794 178.572 678.525 59.520 66.768 -20.137 

Program calculation -174.794 178.572 678.525 59.520 66.768 -20.137 
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3.2 MATLAB simulation of manipulator trajectory  

 

The first two segments of manipulator trajectory were 

planned and simulated. The set of joint vectors for a random 

initial configuration was set to qs=[-29.76, -26.987, -20.962, -

2.252, 49.351, -30.017]T (unit: °). Through calculation, the 

initial attitude (x𝑠, y𝑠, z𝑠, φ𝑠, θ𝑠 , ψ𝑠) of the end effector could 

be obtained as (541.286, -313.477, 164.455, -157.958, 

177.827, 20.296). The set of joint vectors for target 

configuration 1 was qt1=[-29.761, -46.084, -27.357, -1.773, 

74.754, -31.01]T (unit: °), and the corresponding attitude 

(x𝑡1, y𝑡1, z𝑡1, φ𝑡1, θ𝑡1, ψ𝑡1) of the end effector was (541.383, -

313.553, 411.914, -157.112, 177.848, 21.153); The set of joint 

vectors for target configuration 2 was qt2=[0, -90, 0, 0, 0, 0]T 

(unit: °), and the corresponding attitude 

(x𝑡2, y𝑡2, z𝑡2, φ𝑡2, θ𝑡2, ψ𝑡2) of the end effector was (482, 0, 744, 

0, 90, -180). The relevant functions of Robotics Toolbox were 

adopted to plan the trajectory for the manipulator. The planned 

results are shown in Figure 4. The trajectory of the end effector 

and the angular displacement curve of each joint are presented 

in Figure 5. 

 
 

Figure 4. The manipulator trajectory simulated by MATLAB 

 

 

 
 

Figure 5. The trajectory of the end effector and the angular 

displacement curve of each joint 

As shown in Figures 4 and 5, the first segment was a linear 

trajectory and the second segment, a curved trajectory; the 

manipulator ended up at the original position qt2=[0, -90, 0, 0, 

0, 0]T (unit: °); all joints moved continuously and smoothly, 

the manipulator movement was stable, and the two segments 

were connected smoothly.   

 

3.3 RoboDK simulation of manipulator trajectory 

 

MATLAB integrates many basic algorithms of the 

manipulator. This greatly facilitates the research and 

simulation of traditional joint manipulator and mobile 

manipulator. However, the MATLAB simulation cannot 

reflect the collisions between links, for it overlooks the 

mechanical structure of the manipulator. To solve the defect, 

this paper simulates the first two segments of the trajectory in 

RoboDK again, using a real-scale 3D model of our 

manipulator. 

The 3D structural map of the 6DOF manipulator were 

imported to RoboDK, and its D-K parameters were configured. 

Then, the sets of joint vectors at the initial configuration, target 

configuration 1 and target configuration 2 were demonstrated 

on the teach pendant screen, and named as q_start, q_target1 

and q_target2, respectively. Through programming, the 

simulated manipulator trajectory is shown in Figure 6. 

 

 
 

Figure 6. The manipulator trajectory simulated by RoboDK 

 

It can be seen that the manipulator trajectory simulated by 

RoboDK is the same with that simulated by MATLAB, and 

the q_start, q_target1 and q_target2 are consistent with the 

attitude computed in Subsection 4.2. In addition, all joints 

moved smoothly without any collision throughout the 

movement. 

 

 

4. EXPERIMENTAL ANALYSIS 

 

This section plans a simple trajectory of the manipulator for 

stacking operation in the lab environment, and simulates the 

planned stacking trajectory on RoboDK. The simulation 

results were compared with the experimental data. 

 

4.1 Trajectory planning in lab environment 

 

The stacking operation aims to pick up a block from the 

right part of the workbench surface and place it on the left part 

of the workbench surface. To plan a suitable trajectory for the 

manipulator, it is necessary to identify the sequence of attitude 

nodes of the end effector, i.e. the sequence of ap0~ap6 (Figure 

7). 
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According to the sequence of attitude nodes, the stacking 

operation was described as a series of motions and actions. The 

joint angles of the manipulator were read from the controller 

and recorded. 

As shown in Table 4, the joint angles at the original position 

read on the controller were different from those in MATLAB. 

Through investigation, it is learned that the joint angle of the 

second link is -90° in MATLAB when the manipulator is at 

the original position. In actual operation, the controller will 

display 0° although the joint angle of the second link is 

inputted as -90°. Therefore, if the joint angle of the second link 

read from the controller is θ2, the corresponding value should 

be -θ2-90° in the MATLAB. 

 

 
 

Figure 7. The planned trajectory for the manipulator 

 

Table 4. The process from pickup to placement 

 
Nodes Joint angles (θ1, θ2, θ3, θ4, θ5, θ6) /° Target 

ap0 (0,0,0,0,0,0) Original position 

ap1 (36.802, -35.09, 3.191, 0.453, 53.697, 35.855) Approaching the block 

ap2 (36.801, -52.229, 4.455, 0.649, 35.31, 35.599) Holding the block 

ap3 (36.801, -30.057, -0.032, 0.432, 61.996, 35.92) Lifting up the block 

ap4 (-29.761, -43.916, -27.357, -1.773, 74.754, -31.01) Approaching the destination 

ap5 (-29.76, -63.013, -20.962, -2.252, 49.315, -30.017) Placing the block 

ap6 (-29.76, -57.656, -20.128, -2.116, 53.9, -30.232) Raising the arm 

ap0 (0,0,0,0,0,0) Returning to the original position 

 

4.2 RoboDK simulation 

 

 
 

Figure 8. The stacking trajectory simulated by RoboDK 

 

The joint angles of the above sequence of attitude nodes 

were inputted to RoboDK. The stacking trajectory was 

simulated again (Figure 8), and the attitude was recorded at 

each node. 

 

4.3 Comparative analysis 

 

The attitudes at each node read from the controller were 

compared with those simulated by RoboDK (Table 5). The 

attitudes calculated by MATLAB based on the D-H method 

and homogenous matrix transform are also provided in Table 

5. Each attitude is expressed as attitudes (x, y, z, φ, 𝜃, 𝜓); the 

coordinates (x, y, z) are given in mm; each posture (𝜑, 𝜃, 𝜓) is 

given in °. 

As shown in Table 5, under the same inputs of joint angles, 

the attitudes simulated by RoboDK agree well with those 

computed by MATLAB. The attitudes read from the controller 

only had a slight difference from these two types of results. 

This means the manipulator motions are consistent with its 

kinematics model. Thus, the established kinematics model is 

correct, laying the basis for further research on manipulators. 
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Table 5. Comparison between attitudes 

 
 Attitudes read from the controller Attitudes simulated by RoboDK Attitudes calculated by MATLAB 

ap0 
(482.02, -0.01, 743.96, 

0, 90.01, -179.99) 

(482.0, 0, 744.0, 

0, 90.0, -180.0) 

(482.0, 0, 744.0, 

0, 90.0, -180.0) 

ap1 
(410.52, 308.05, 328.67, -153.65, 

177.99, 25.69) 

(410.52, 308.05, 328.63, -153.66, 

177.99, 25.67) 

(410.52, 308.05, 328.63, -153.66, 

177.99, 25.67) 

ap2 
(410.45, 308.02, 167.21, -153.86, 

177.97, 25.48) 

(410.46, 308.02, 167.27, -153.86, 

177.97, 25.47) 

(410.46, 308.02, 167.27, -153.86, 

177.97, 25.47) 

ap3 
(410.42, 308.01, 391.14, -153.88, 

177.94, 25.45) 

(410.42, 308.01, 391.15, -153.89, 

177.94, 25.44) 

(410.42, 308.01, 391.15, -153.89, 

177.94, 25.44) 

ap4 
(541.38, -313.55, 411.91, -157.12, 

17.85, 21.14) 

(541.38, -313.55, 411.91, -157.11, 

17.85, 21.15) 

(541.38, -313.55, 411.91, -157.11, 

17.85, 21.15) 

ap5 
(541.28, -313.48, 164.46, -157.96, 

177.83, 20.30) 

(541.29, -313.48, 164.46, -157.96, 

177.83, 20.30) 

(541.29, -313.48, 164.46, -157.96, 

177.83, 20.30) 

ap6 
(541.15, -313.41, 219.14, -159.25, 

177.79, 19.01) 

(541.15, -313.41, 219.14, -159.25, 

177.79, 19.01) 

(541.15, -313.41, 219.14, -159.25, 

177.79, 19.01) 

 

 

5. CONCLUSIONS 

 

This paper carries out modelling, simulation and experiment 

on a 3 kg removable 6DOF manipulator.  

First, a kinematics model was set up for the 6DOF 

manipulator by the D-H method. A program was prepared in 

MATLAB according to the kinematics equation. Using this 

program, the transform matrix 𝑇6
0  of coordinate system {i} 

relative to coordinate system {0} and the attitude of the end 

effector (x, y, z, φ, θ, ψ) can be derived from the 6 joint angles. 

Second, the manipulator position and trajectory were 

simulated on Robotics Toolbox, and verified through a 

simulation on RoboDK. The results show that the established 

kinematics model agrees with the underlying model of 

RoboDK, and the manipulator movement was smooth and free 

of collisions. 

Third, a simple stacking operation was performed in lab 

environment, and a sequence of attitude nodes was set up for 

the operation. The attitudes at each node were read from the 

controller, simulated by RoboDK and calculated by MATLAB 

based on the kinematics equation. The comparison between 

these results demonstrates the correctness of the established 

kinematics model. 

The above work confirms that the established kinematics 

model is correct, and can serve as a reliable theoretical model 

for offline programming for the manipulator. The research 

results lay the basis for developing calibration techniques for 

manipulators. 
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