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Mixed convection in micro-, mini- and conventional channel gas flow is analyzed 

numerically in this work, over a wide range of inlet velocity and channel diameters. The 

problem formulation is introduced in terms of Reynolds and Froude numbers rather than 

Reynolds and Grashof numbers, and includes both viscous dissipation and flow work in 

the model. Comparisons between mixed and forced convection under the same flow 

conditions are presented to quantify the influence of buoyancy on flow and heat transfer 

characteristics. Variations of the friction factor and Nusselt number with both the 

dimensional variables (inlet velocity and the hydraulic diameter) and the dimensionless 

parameter 𝑅𝑒/𝐹𝑟2 (Ratio of Reynolds number to the Square of the Froude number) are

examined. It is found that the higher the inlet velocity and the lower the channel hydraulic 

diameter, the lower the influence of buoyancy. Buoyancy effects in mixed convection in 

parallel plate channels become more significant as the dimensionless parameter 𝑅𝑒/𝐹𝑟2

increases. The results presented demonstrate that buoyancy effects may be considered 

negligible for 𝑅𝑒/𝐹𝑟2 below around 10 and the flow is driven mainly by pressure forces,

while for 𝑅𝑒/𝐹𝑟2 > 10, the buoyancy effect becomes more significant, and the flow is

driven by both pressure and buoyancy forces. The buoyancy effects on fluid flow and heat 

transfer characteristics in microchannel gas flow may be considered as negligibly small 

and can therefore be ignored for typical values of inlet velocity (𝑢𝑜 > 0.01 m/s).
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1. INTRODUCTION

Mixed convection involves forced and natural convection 

mechanisms, where the flow is driven by both external means 

and buoyancy resulting from density variations due to 

temperature gradients in the flowing fluid. The importance of 

mixed convection in engineering practice and the need for the 

development of new energy systems draw continuous 

attention towards further understanding of mixed convection 

phenomena.  

Conventional duct systems provide a basis for 

understanding mixed convection systems, while the use of 

micro- and mini- channels presents additional challenges to 

understanding mixed convection. Channels are classified 

according the respective hydraulic diameter (Dh) as either: 

conventional channels (Dh > 3000 μm), minichannels (200 μm 

< Dh ≤ 3000 μm), microchannels (10 μm < Dh ≤ 200 μm), 

transitional microchannels (1 μm < Dh ≤ 100 μm), transitional 

nanochannels 0.1 μm < 𝐷ℎ ≤ 1 μm and nanochannels (Dh ≤

0.1 μm) [1]. In channel gas flow, there are different parameters 

that can influence the relative significance of the forced and 

natural flow mechanisms, such as the channel hydraulic 

diameter, the inlet velocity, and the thermos-physical 

properties of the flowing gas. Amran et al. [2] presented a 

comprehensive review of mixed convection with varying 

Prandtl number fluids in different geometries and orientations. 

Tube geometries included circular, rectangular, triangular, and 

elliptical cross-sections, in horizontal and vertical orientations. 

The authors concluded that there are few numerical and 

experimental investigations concentrating on middle–range 

Prandtl number fluids. A review of fluid flow and heat transfer 

in microchannels was conducted by Zhang et al. [3], focusing 

on rarefaction, surface roughness, axial heat conduction, 

compressibility, and special fluids, to meet specific needs for 

the design of various microscale heat exchangers. Avramenko 

et al. [4] investigated numerically and analytically mixed 

convection in a vertical flat microchannel, and in a vertical 

microchannel with a circular cross section [5]. Avramenko et 

al. [4] and Avramenko et al. [5] extended their study to include 

porous vertical flat and circular microchannels [6]. The 

mathematical models [4-6] ignore viscous dissipation and 

flow work effects, and solutions were obtained in terms of 

Rayleigh and Prandtl numbers. There is also no identification 

of a mixed convection parameter to quantify the relative 

significance of buoyancy effects in these studies. Mixed 

convection in a vertical parallel plate microchannel with 

symmetric and asymmetric wall heat fluxes was investigated 

numerically by Niazmand and Rahimi [7]. The authors 

included the viscous dissipation but ignored the flow work. 

They also considered a range of the mixed convection 

parameter (Grashof to Reynolds number ratio, Gr/Re) from 10 

to 100, and found that increasing Gr/Re increases both the heat 
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transfer rate and the friction coefficient. Neglecting both 

viscous dissipation and flow work, Avci and Aydin [8] also 

analyzed analytically mixed convective heat transfer of a fully 

developed flow in an open-ended vertical parallel plate 

microchannel. They considered a range of the mixed 

convection parameter (Gr/Re) from 100 to 500. Ghiaasiaan [9] 

presented a dimensional analysis of the mixed convection 

governing equations in a vertical pipe, and it was reported that 

natural convection effects are negligible when 𝐺𝑟/𝑅𝑒 ≪ 1 

(pure forced convection), while forced convection effects are 

negligible when 𝐺𝑟/𝑅𝑒 ≫ 1  (pure natural convection), 

whereas the range 𝐺𝑟/𝑅𝑒 ≈ 0.1 − 10  signifies mixed 

convection (both forced and natural convection effects are 

significant). The ranges of the mixed convection parameter 

taken in the study of Niazmand and Rahimi [7], Avci and 

Aydin [8], therefore, correspond to the case where both 

convection modes are significant. Buonomo and Manca [10] 

investigated numerically natural convection of air flow in a 

vertical microchannel with asymmetric constant wall heat 

fluxes. The authors showed that the mass flow rate increases 

with increasing the Knudsen number, while heat transfer 

behaves differently, depending on both the Rayleigh and 

Knudsen numbers. A study of fully developed natural 

convection in a vertical parallel plate microchannel with 

suction/injection was conducted by Jha et al. [11]. It was found 

that heat transfer and flow rate both increase with suction/ 

injection, while increasing the effects of rarefaction and fluid–

wall interaction leads to an increase in the flow rate and a 

decrease in the heat transfer rate. Both viscous dissipation and 

flow work were ignored in the study of Buonomo and Manca 

[10] and Jha et al. [11]. Gourari et al. [12] studied natural 

convection between two coaxial cylinders with a heat source. 

The authors concluded that the average Nusselt number 

increases with increasing Rayleigh number. A hybrid 

mathematical procedure was proposed by Abdulameer and Al-

Saif [13] to study analytically transient natural convection in a 

horizontal annulus. The authors discussed the effect of 

Grashof number and the radius ratio on heat transfer and flow 

patterns over a range of these parameters. Jha et al. [14] 

studied natural convection in a thermally stratified fluid in a 

vertical channel with anisotropic porous material. The authors 

showed that reverse flow is feasible under certain conditions, 

occurring more rapidly in fluids with lower Prandtl numbers. 

As in the previous studies, viscous dissipation and flow work 

were also ignored [10-14]. Mixed convection was also 

investigated experimentally for different conditions and 

configurations. Chae and Chung [15] presented an 

experimental study on mixed convection in horizontal pipes 

with a range of Grashof and Reynolds numbers, and reported 

that the buoyancy effect is enhanced with increasing the pipe 

diameter and decreasing the Reynolds number. Mohammed 

and Salman [16] experimentally investigated mixed 

convection in vertical circular pipes with constant wall heat 

flux boundary conditions over a range of Reynolds numbers 

and wall heat flux. The authors examined mainly the effect of 

the pipe inclination angle on heat transfer, and found that the 

Nusselt number increases with increasing heat flux and 

decreasing the inclination angle from 90° (vertical position) to 

0° (horizontal cylinder).  

Despite the large amount of research on convection in 

channel flows, a clear understanding of the change from forced 

to mixed convection across micro, mini, and conventional 

channel sizes is still limited. Specifically, the role of buoyancy 

forces as the hydraulic diameter gets smaller has not been fully 

measured within a single framework. This work investigates 

mixed convection in parallel plate micro-, mini- and 

conventional channels in a gravity-opposed gas flow 

configuration with asymmetric constant wall temperatures, 

considering both viscous dissipation and flow work. The 

problem formulation is presented in terms of Reynolds, 

Prandtl, and Froude numbers, rather than the Reynolds, 

Prandtl and Grashof numbers. This study aims to investigate 

conditions under which buoyancy effects on fluid flow and 

heat transfer characteristics are influential or insignificant as 

related to channel hydraulic diameter, inlet velocity, as well as 

the dimensionless parameters used in this work, namely 

Reynolds and Froude numbers. Comparisons between mixed 

and forced convection under the same flow conditions are 

presented to clarify such conditions. 

 

 

2. PROBLEM FORMULATION AND ANALYSIS 

 

The problem geometry is as shown in Figure 1. A gas with 

uniform inlet conditions (𝑢 = 𝑢𝑜, 𝑇 = 𝑇𝑜 ) enters a parallel 

plate channel of gap width 2𝐻, and length 𝐿 with constant wall 

temperatures in a gravity opposed flow configuration. 

  

 
 

Figure 1. Schematic of the problem geometry: Gravity 

opposed flow 

 

The problem formulation and governing equations are 

detailed below, assuming steady, incompressible flow with 

constant thermo-physical gas properties, and including 

viscous dissipation and flow work in the model. The complete 

model is stated below, including both the continuity and the 

transverse momentum equations. The solutions are then 

obtained for the case of an infinitely long channel. 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝜐

𝜕𝑦
= 0 (1) 

 

𝜌 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝜐

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) 

+ (
𝑇

𝑇𝑜

− 1) 𝜌𝑔 

(2) 
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𝜌 (𝑢
𝜕𝜐

𝜕𝑥
+ 𝜐

𝜕𝜐

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+ 𝜇 (

𝜕2𝜐

𝜕𝑥2
+

𝜕2𝜐

𝜕𝑦2
) (3) 

 

𝜌𝑐𝑝 (𝑢
𝜕𝑇

𝜕𝑥
+ 𝜐

𝜕𝑇

𝜕𝑦
) =  𝑘 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2) + 𝜇ϕ 

+ 𝛽𝑇 (𝑢
𝜕𝑝

𝜕𝑥
 𝜐

𝜕𝑝

𝜕𝑦
) 

(4) 

 

where, 𝜙 is the viscous dissipation term given as: 

 

ϕ = 2 [(
𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝜐

𝜕𝑦
)

2

] + (
𝜕𝑢

𝜕𝑦
+

𝜕𝜐

𝜕𝑥
)

2

 (5) 

 

and 𝛽 is the coefficient of thermal expansion. 

Using the following dimensionless variables,  

 

𝜉 = 𝑥/𝐷ℎ , 𝜂 = 𝑦/𝐷ℎ (6) 

 

𝑈 = 𝑢/𝑢𝑜, 𝑉 = 𝜐/𝑢𝑜, 𝑃 = 𝑝/(𝜌𝑢𝑜
2), 𝜃 = 𝑇/𝑇𝑜 (7) 

 

where, 𝐷ℎ is the hydraulic diameter given as: 

 

𝐷ℎ = 4𝐻 (8) 

 

the governing Eqs. (1)–(4) in dimensionless form become: 

 
𝜕𝑈

𝜕𝜉
+

𝜕𝑉

𝜕𝜂
= 0, (9) 

 

𝑅𝑒 (𝑈
𝜕𝑈

𝜕𝜉
+ 𝑉

𝜕𝑈

𝜕𝜂
) 

= −𝑅𝑒
𝜕𝑃

𝜕𝜉
+ (

𝜕2𝑈

𝜕𝜉2
+

𝜕2𝑈

𝜕𝜂2
) +

𝑅𝑒

𝐹𝑟2
(𝜃 − 1) 

(10) 

 

𝑅𝑒 (𝑈
𝜕𝑉

𝜕𝜉
+ 𝑉

𝜕𝑉

𝜕𝜂
) = −𝑅𝑒

𝜕𝑃

𝜕𝜂
+ (

𝜕2𝑉

𝜕𝜉2
+

𝜕2𝑉

𝜕𝜂2
) (11) 

 

𝑃𝑒 (𝑈
𝜕𝜃

𝜕𝜉
+ 𝑉

𝜕𝜃

𝜕𝜂
) =

𝜕2𝜃

𝜕𝜉2
+

𝜕2𝜃

𝜕𝜂2
+ (𝛾 − 1)𝑃𝑟𝑀𝑜

2 Φ 

+(𝛾 − 1)𝑃𝑒𝑀𝑜
2 (𝑈

𝜕𝑃

𝜕𝜉
+ 𝑉

𝜕𝑃

𝜕𝜂
) 𝜃 

(12) 

 

where, 
 

𝑅𝑒 =  
𝜌𝑢𝑜𝐷ℎ

𝜇
, 𝑀𝑜 =

𝑢𝑜

√𝛾𝑅𝑇𝑜

, 𝛾 =
𝑐𝑝

𝑐𝜈

,   

𝑃𝑟 =
𝜇𝑐𝑝

𝑘
, 𝐹𝑟 =

𝑢𝑜

√𝑔𝐷ℎ

, 𝑃𝑒 = 𝑅𝑒. 𝑃𝑟 
(13) 

 

Φ = 2 [(
𝜕𝑈

𝜕𝜉
)

2

+ (
𝜕𝑉

𝜕𝜂
)

2

] + (
𝜕𝑈

𝜕𝜂
+

𝜕𝑉

𝜕𝜉
)

2

 (14) 

 

The term multiplying the viscous dissipation and the flow 

work terms in the energy Eq. (12) is essentially the Brinkman 

number, which is the ratio of frictional heating to heat transfer 

by conduction.  
 

(𝛾 − 1)𝑀𝑜
2𝑃𝑟 =

𝜇𝑢𝑜
2

𝑘𝑇𝑜

≡ 𝐵𝑟 

 

The ratio 𝑅𝑒/𝐹𝑟2 appearing in the momentum Eq. (10) is 

rewritten as:  

𝑅𝑒

𝐹𝑟2
=

𝜌𝑢𝑜𝐷ℎ

𝜇
.
𝑔𝐷ℎ

𝑢𝑜
2

=
𝜌𝑔𝐷ℎ

2

𝜇𝑢𝑜

 

=
𝐺𝑟𝑎𝑣𝑖𝑡𝑦 𝑓𝑜𝑟𝑐𝑒𝑠

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒𝑠 × 𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠
 

 

The Ratio 𝑅𝑒/𝐹𝑟2  is somehow similar to the Grashof to 

Reynolds number ratio (𝐺𝑟/𝑅𝑒) normally used in mixed and 

natural convection analysis. Using the parameters 

implemented in this work, the ratio (𝐺𝑟/𝑅𝑒) can be written as:  
 

𝐺𝑟

𝑅𝑒
=

𝜌𝑔𝛽∆𝑇𝐷ℎ
2

𝜇𝑢𝑜

 (15) 

 

while using (14) in the buoyancy term of Eq. (10) leads to: 

 

𝑅𝑒

𝐹𝑟2
(𝜃 − 1) =

𝜌𝑔𝐷ℎ
2

𝜇𝑢𝑜

(
𝑇

𝑇𝑜

− 1) =
𝜌𝑔𝛽(𝑇 − 𝑇𝑜)𝐷ℎ

2

𝜇𝑢𝑜

=
𝜌𝑔𝛽∆𝑇𝐷ℎ

2

𝜇𝑢𝑜

 

(16) 

 

which is the same expression as ( 𝐺𝑟/𝑅𝑒 ) above. The 

difference between the above two expressions is that ∆𝑇 in 

(𝐺𝑟/𝑅𝑒 ) is constant that can be defined as ∆𝑇 = 𝑇𝑤 − 𝑇𝑜 , 

while ∆𝑇 in the buoyancy term is a variable (∆𝑇 = 𝑇 − 𝑇𝑜).  
 
2.1 Boundary conditions 

 

The slip flow regime is defined in the Knudsen number 

range: 0.01 < 𝐾𝑛 < 0.1 [17], where the Knudsen number 𝐾𝑛 

is defined as the ratio of the mean free path to the hydraulic 

diameter; 
 

𝐾𝑛 =
𝜆

𝐷ℎ

 (17) 

 

The gas taken in this study is air, entering the channel at 

atmospheric pressure and 𝑇𝑜 = 300 K with the corresponding 

thermo-physical properties [18]: 
 

𝑅 = 287 J/kg. K, 𝜈 = 1.589 × 10−5 m2/s,
𝜌 = 1.1614 kg/m3 

𝑐𝑝 = 1007 J/kg. K, 𝑘 = 0.0263 W/m. K,

𝑃𝑟 = 0.707 

 

The relation between Reynolds, Knudsen and Mach 

numbers is given as [17]: 

 

𝐾𝑛 = √
𝜋𝛾

2

𝑀𝑜

𝑅𝑒
 (18) 

 

The Knudsen number with the given air properties can be 

calculated using Eq. (18). For even a transitional microchannel 

with 𝐷ℎ = 10 μm :  𝐾𝑛 = 6.787 × 10−3 < 0.01 . Therefore, 

slip effects may be considered as negligibly small, and the no-

slip boundary conditions are used in this analysis. Also, 

thermal creep effects are zero for an infinitely long channel 

(𝜕𝑇/𝜕𝑥 → 0) with both pressure work and viscous dissipation 

included in the model [19]. Therefore, the boundary conditions 

for this case are simplified to read: 

 

𝑢(𝑥, 0) = 𝑢(𝑥, 2𝐻) = 0, 𝑇(𝑥, 0) = 𝑇𝑤1,   
𝑇(𝑥, 2𝐻) = 𝑇𝑤2 

(19) 
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𝑈(0) = 𝑈(1/2) = 0, 𝜃(0) = 𝜃𝑤1,   
𝜃(1/2) = 𝜃𝑤2 

(20) 

 

2.2 Forced convection in an infinitely long channel 
 

The governing equations of forced convection in an 

infinitely long channel can be derived from Eqs. (10) and (12), 

with 𝛽 = 1/𝑇: 

 

𝑑2𝑈

𝑑𝜂2
= 𝑅𝑒

𝑑𝑃

𝑑𝜉
 (21) 

 

𝑑2𝜃

𝑑𝜂2
+ (𝛾 − 1)𝑀𝑜

2𝑃𝑟 (
𝑑𝑈

𝑑𝜂
)

2

 

+(𝛾 − 1)𝑀𝑜
2𝑃𝑟𝑅𝑒

𝑑𝑃

𝑑𝜉
𝑈 = 0 

(22) 

 

The solution of the above equations is: 

 

𝑈(𝜂) =
1

4
𝑅𝑒

𝑑𝑃

𝑑𝜉
(2𝜂2 − 𝜂) (23) 

 

Using Eq. (23) and the fact that: 

 

𝑈𝑚 =
𝑢𝑚

𝑢𝑜

= 2 ∫ 𝑈 𝑑𝜂 = 1.0
1/2

0

 (24) 

 

The pressure gradient is given as: 

 

𝑅𝑒
𝑑𝑃

𝑑𝜉
= −48 (25) 

 

and the solution of the energy Eq. (22) is:  

 

𝜃(𝜂) = 𝜃𝑤1 + 2(𝜃𝑤2 − 𝜃𝑤1)𝜂 

−72(𝛾 − 1)𝑀𝑜
2𝑃𝑟[𝜂2 − 4𝜂3 + 4𝜂4] 

(26) 

 

The Darcy friction factor is defined as: 

 

𝑓 =
8𝜏𝑤

𝜌𝑢𝑜
2
 (27) 

 

The wall shear stress is evaluated using Eq. (23), and Eq. 

(27) reduces to the well defined result on both walls: 

 

𝑓. 𝑅𝑒 = 96 (28) 

 

The mean temperature is given by: 

 

𝜃𝑚 = 2 ∫ 𝑈 𝜃 𝑑𝜂
1/2

0

 (29) 

 

Using Eqs. (23), (25), (26) in Eq. (29), the mean temperature 

is evaluated as: 

 

𝜃𝑚 =
1

2
(𝜃𝑤1 + 𝜃𝑤2) −

27

35
(𝛾 − 1)𝑀𝑜

2𝑃𝑟 (30) 

 

The dimensional and dimensionless wall heat fluxes at both 

walls are as given in Eqs. (31)–(33) below.  
 

𝑞𝑤1 = −𝑘 (
𝜕𝑇

𝜕𝑦
)

𝑦=0

, 𝑞𝑤2 = −𝑘 (
𝜕𝑇

𝜕𝑦
)

𝑦=2𝐻

 (31) 

 

𝑄𝑤1 =
𝑞𝑤1𝐷ℎ

𝑘𝑇𝑜

=
ℎ𝐷ℎ

𝑘
(𝜃𝑤1 − 𝜃𝑚) = − (

𝜕𝜃

𝜕𝜂
)

𝜂=0

 (32) 

  

𝑄𝑤2 =
𝑞𝑤2𝐷ℎ

𝑘𝑇𝑜

=
ℎ𝐷ℎ

𝑘
(𝜃𝑚 − 𝜃𝑤2) = − (

𝜕𝜃

𝜕𝜂
)

𝜂=1/2

 (33) 

 

Using Eqs. (26) and (30), the dimensionless wall heat 

transfer rates are:  

 

𝑄𝑤1 =  2(𝜃𝑤1 − 𝜃𝑤2) (34) 
 

𝑄𝑤2 =  2(𝜃𝑤1 − 𝜃𝑤2) (35) 

 

and the Nusselt number at both walls can be evaluated as: 

 

𝑁𝑢1 =
ℎ𝐷ℎ

𝑘
= −

1

(𝜃𝑤1 − 𝜃𝑚)
(

𝜕𝜃

𝜕𝜂
)

𝜂=0

=
𝑄𝑤1

𝜃𝑤1 − 𝜃𝑚

 (36) 

 

𝑁𝑢2 =
ℎ𝐷ℎ

𝑘
= −

1

(𝜃𝑚 − 𝜃𝑤2)
(

𝜕𝜃

𝜕𝜂
)

𝜂=
1
2

=
𝑄𝑤2

𝜃𝑚 − 𝜃𝑤2

 (37) 

 

𝑁𝑢1 =
140(𝜃𝑤1 − 𝜃𝑤2)

35(𝜃𝑤1 − 𝜃𝑤2) + 54(𝛾 − 1)𝑀𝑜
2𝑃𝑟

 (38) 

 

𝑁𝑢2 =
140(𝜃𝑤1 − 𝜃𝑤2)

35(𝜃𝑤1 − 𝜃𝑤2) − 54(𝛾 − 1)𝑀𝑜
2𝑃𝑟

 (39) 

 

The following special cases can be concluded from Eqs. 

(38) and (39): 

𝐶𝑎𝑠𝑒 1: 𝐹𝑜𝑟 𝜃𝑤1 ≠ 𝜃𝑤2 , with no viscous dissipation and 

flow work (i.e., (𝛾 − 1)𝑀𝑜
2𝑃𝑟 = 0):   

 

𝑁𝑢1 = 𝑁𝑢2 = 4 (40) 

 

In agreement with the result reported in the study of Shah 

and London [20] for 𝜃𝑤1 ≠ 𝜃𝑤2  and neglecting both the 

viscous dissipation and flow work. 

𝐶𝑎𝑠𝑒 2: 𝐹𝑜𝑟 𝜃𝑤1 = 𝜃𝑤2: with viscous dissipation and flow 

work: 

 

𝑁𝑢1 = 𝑁𝑢2 = 0 (41) 

 

as reported in the previous study [19]. 

 

2.3 Mixed convection in an infinitely long channel 

 

The governing equations of mixed convection in an 

infinitely long channel can be deduced from Eqs. (10) and 

(12):  

 

𝑑2𝑈

𝑑𝜂2
+

𝑅𝑒

𝐹𝑟2
(𝜃 − 1) = 𝑅𝑒

𝑑𝑃

𝑑𝜉
 (42) 

 

𝑑2𝜃

𝑑𝜂2 + (𝛾 − 1)𝑀𝑜
2𝑃𝑟 (

𝑑𝑈

𝑑𝜂
)

2

+ (𝛾 − 1)𝑀𝑜
2𝑃𝑟𝑅𝑒

𝑑𝑃

𝑑𝜉
𝑈𝜃

= 0 

(43) 

 

Eqs. (42) and (43) involve three unknowns: 𝑈, 𝜃, 𝑑𝑃/𝑑𝜉 , 
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and are solved numerically by iteration, subject to the 

condition given by Eq. (24): 

The numerical solution procedure of Eqs. (42) and (43) is 

summarized as follows: 

1. Assume 𝑑𝑃/𝑑𝜉 (a good starting point can be taken from 

the forced convection case (Eq. (25)); 

 

𝑑𝑃/𝑑𝜉 = −48/𝑅𝑒 

 

2. Solve Eqs. (42) and (43) for the velocity and temperature 

fields. 

3. Calculate the mean velocity Um and check if condition 

(24) is satisfied with a specified tolerance. If not satisfied, the 

assumed 𝑑𝑃/𝑑𝜉  is modified and iteration continues up to 

convergence. 

 

 

3. RESULTS AND DISCUSSION 

 

The governing Eqs. (42) and (43) are solved by iteration, 

using the DBVPFD subroutine of the IMSL library. The 

subroutine uses a variable order, variable step size finite 

difference method with deferred corrections. A step size of  

5 × 10-5 is used, with a convergence criterion of 10-10. The 

forced convection governing equations are solved analytically, 

and the analytical solutions are used as a comparison with 

mixed convection, in order to investigate the conditions under 

which the buoyancy effects are considerable. This comparison 

also serves as a verification of the accuracy of the numerical 

solutions as the buoyancy effects vanish. Solutions are 

obtained for channel hydraulic diameters ranging from 

10 to 10000 μm, with a range of inlet velocities from 0.01 to 

10 m/s . This study therefore covers micro-, mini- and 

conventional channels. All the results presented pertain to the 

asymmetric constant wall temperatures 𝜃𝑤1 = 1.1, 𝜃𝑤2 = 0.9, 

unless otherwise stated.  

 

 
 

Figure 2. Velocity and temperature profiles with inlet 

velocity 𝑢𝑜 = 0.02 m/s in micro-, mini- and conventional 

channels 

 

Figure 2 shows the velocity and temperature profiles in 

channels with different hydraulic diameters and inlet velocity 

𝑢𝑜 = 0.02 m/s. For Dh = 10, 200, and 1000 μm, the velocity 

profiles almost coincide with that for forced convection, 

indicating that the buoyancy is insignificant for 𝐷ℎ ≤
1000 μm. The velocity peak starts shifting from the channel 

centerline (𝜂 = 0.25) towards the left side of the channel (the 

hotter wall), as clearly seen in the plots for Dh = 3,000 and 

7,000 μm. This indicates that the buoyancy effect 

progressively increases with increasing hydraulic diameter, 

where a secondary velocity peak and reverse flow may appear 

near the right side of the channel (the colder wall), as is clear 

in the case with 𝐷ℎ = 7,000 μm of Figure 2. The buoyancy 

effect on the temperature distribution seems insignificant, as 

all the temperature profiles coincide with that corresponding 

to forced convection.  
 

 
 

Figure 3. Velocity and temperature profiles with inlet 

velocity 𝑢𝑜 = 0.05 m/s in micro-, mini- and conventional 

channels 

 

 
 

Figure 4. Velocity and temperature profiles with inlet 

velocity 𝑢𝑜 = 0.1 m/s in micro-, mini- and conventional 

channels 

 

Figures 3 and 4 also show the velocity and temperature 

profiles in channels with different hydraulic diameters, but 

with velocity 𝑢𝑜 = 0.05 m/s  and 0.1 m/s , respectively. 

Figures 2 to 4 show that buoyancy effects become significant 

with decreasing the inlet velocity and increasing the channel 

hydraulic diameter.  
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Figures 5–8 present the velocity profiles in channels with 

𝐷ℎ = 5000 , 3000 , 1000  and 200 μm,  respectively, for 

different inlet velocities. The same conclusions drawn from 

Figures 2–4 can also be seen in Figures 5–8, in terms of the 

relation between the buoyancy effect and the inlet velocity as 

well as the channel hydraulic diameter. The results presented 

in Figures 2–8 also demonstrate the accuracy of the numerical 

solutions obtained, in the sense that the numerical solutions 

obtained for mixed convection approach the analytical 

solution of the forced convection case as the buoyancy effect 

becomes vanishingly small, where the numerical solution 

coincides with the analytical solution for forced convection. 
 

 
 

Figure 5. Velocity profiles in a conventional channel with 

𝐷ℎ = 5000 μm for different values of inlet velocity 

 

 
 

Figure 6. Velocity profiles in a minichannel with 𝐷ℎ =
3000 μm for different values of inlet velocity 

 

The loci of the maximum velocity (𝜂(𝑈𝑚𝑎𝑥)) in channels 

with 10 μm ≤ 𝐷ℎ ≤ 10000 μm  together with the 

corresponding maximum velocity are shown in Figure 9, for 

different values of inlet velocity. For forced convection in 

channel flow, the maximum velocity is located at the channel 

centerline (i.e., at 𝜂 = 0.25 ) and 𝑈𝑚𝑎𝑥 = 1.5  as shown in 

Figure 9, regardless of the channel diameter or the inlet 

velocity. The locus of the maximum velocity progressively 

shifts towards the left (hotter) wall with increasing hydraulic 

diameter and decreasing inlet velocity, indicating the 

increasing buoyancy effect with increasing 𝐷ℎ and decreasing 

𝑢𝑜 . The results presented in Figure 9 also demonstrate that 

buoyancy effects become vanishingly small for around 𝐷ℎ <
500 μm for the inlet velocity range shown.  

 

 
 

Figure 7. Velocity profiles in a minichannel with 𝐷ℎ =
1000 μm for different values of inlet velocity 

 

 
 

Figure 8. Velocity profiles in a microchannel with 𝐷ℎ =
200 μm for different values of inlet velocity 

 

As is seen in the momentum Eq. (42), the buoyancy term 

includes the dimensionless parameter (𝑅𝑒/𝐹𝑟2). It is therefore 

appropriate to measure the significance of the buoyancy in 

terms of this dimensionless parameter, rather than the 

dimensional parameters 𝐷ℎ  and 𝑢𝑜 , hence generalizing the 

conclusions discussed above in terms of a dimensionless 

parameter. The variation of the friction factor (𝑓. 𝑅𝑒) with both 

𝐷ℎ and the corresponding 𝑅𝑒/𝐹𝑟2 is shown in Figure 10 for 

an inlet velocity of 𝑢𝑜 = 0.02 m/s. 

The well-established result for forced convection in a 

parallel plate channel (𝑓. 𝑅𝑒 = 96) is also presented on the 

same plot. Figure 10 shows that the friction factor in mixed 

convection on both channel walls takes on almost the same 

value as the forced convection case for 𝐷ℎ < 500 μm , 

corresponding to 𝑅𝑒/𝐹𝑟2  < 10  with minimal buoyancy 

effect. The friction factor starts increasing on the hotter wall 
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(wall 1) with increasing 𝐷ℎ and 𝑅𝑒/𝐹𝑟2, due to the increasing 

buoyancy effect, which results in a higher velocity gradient at 

the wall. The friction factor on the colder wall (wall 2) 

decreases with increasing 𝐷ℎ  and 𝑅𝑒/𝐹𝑟2  then starts 

increasing again for 𝐷ℎ > 6800 , 𝑅𝑒/𝐹𝑟2  > 1430 . This is 

due to the fact that as buoyancy strengthens, the velocity peak 

shifts toward the hot wall, and the velocity gradient increases 

on the hot wall (wall 1), but decreases on the cold wall (wall 

2). When buoyancy becomes very strong (𝐷ℎ > 6800, 𝑅𝑒/
𝐹𝑟2 > 1430), the velocity profile exhibits a secondary peak 

and the flow reverses direction near the cold wall, causing the 

velocity gradient to increase again, therefore the friction 

factor.   

The variation of the Nusselt number and the mean 

temperature with the hydraulic diameter and the corresponding 

𝑅𝑒/𝐹𝑟2  is depicted in Figure 11 for an inlet velocity 𝑢𝑜 =
0.02 m/s.  

 

 
 

Figure 9. Loci of the maximum velocity and corresponding 

maximum velocity in channel flow as functions of the 

hydraulic diameter and inlet velocity 

 

 
 

Figure 10. Variation of the friction factor with channel 

hydraulic diameter and the parameter 𝑅𝑒/𝐹𝑟2 for 𝑢𝑜 =
0.02 m/s 

 

 
 

Figure 11. Variation of the Nusselt number and the mean 

temperature with channel hydraulic diameter and the 

corresponding parameter 𝑅𝑒/𝐹𝑟2 for 𝑢𝑜 = 0.02 m/s 

 

Both the Nusselt number and the mean temperature in 

mixed convection remain almost constant at the values 

corresponding to the forced convection case (𝑁𝑢 = 4, 𝜃𝑚 =
1) for 𝐷ℎ < 500 μm and 𝑅𝑒/𝐹𝑟2 < 10. Therefore, buoyancy 

effect on Nusselt number and consequently on heat transfer is 

negligible when 𝑅𝑒/𝐹𝑟2 < 10 . Buoyancy effect on heat 

transfer becomes increasingly more significant as 𝐷ℎ 

increases beyond 500 μm  and 𝑅𝑒/𝐹𝑟2  increases above 10. 

Figure 11 also shows that both 𝑁𝑢 on the hotter wall and 𝜃𝑚 

continually increase with increasing 𝑅𝑒/𝐹𝑟2 due to increased 

buoyancy effects, while 𝑁𝑢 on the colder wall decreases due 

to the effect of buoyancy on the temperature gradient at the 

wall. 

 

 
 

Figure 12. Variation of the friction factor with the inlet 

velocity in micro-, mini- and conventional channels 

 

Figures 12 and 13, respectively, demonstrate the variation 

of the friction factor and Nusselt number with the channel inlet 

velocity in micro-, mini- and conventional channels. These 

results show that the lower the inlet velocity and the higher the 
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channel hydraulic diameter, the higher the difference between 

forced and mixed convection, hence the higher effect of 

buoyancy. As can be clearly seen in Figures 12 and 13, the 

friction factor and Nusselt number in a microchannel with Dh 

= 200 μm are almost the same as for forced convection (i.e., 

𝑓. 𝑅𝑒 ≅ 96, 𝑁𝑢 ≅ 4.0 ) for 0.01 ≤ 𝑢𝑜 ≤ 10 m/s , indicating 

that buoyancy effects are negligible.  

 

 
 

Figure 13. Variation of the Nusselt number with the inlet 

velocity in micro-, mini- and conventional channels 

 

 
 

Figure 14. Variation of the friction factor with the 𝑅𝑒/𝐹𝑟2 in 

micro-, mini- and conventional channels corresponding to 

Figure 12 

 

Figures 12 and 13 also show that with inlet velocity 𝑢𝑜 >
3 m/s, the buoyancy effects on fluid flow and heat transfer are 

negligible even in conventional channels (Dh = 5000, 1000 

μm). The variations of the friction factor and Nusselt number 

with the parameter 𝑅𝑒/𝐹𝑟2 corresponding to Figures 12 and 

13 are presented in Figures 14 and 15, respectively. For 

𝑅𝑒/𝐹𝑟2 < 10, Figures 14 and 15 confirm that the friction 

factor and Nusselt number in mixed convection are almost the 

same as those with forced convection; hence, as previously 

concluded, the buoyancy effects on fluid flow and heat transfer 

can be considered as negligible when 𝑅𝑒/𝐹𝑟2 < 10, and it 

becomes progressively more and more significant for 

𝑅𝑒/𝐹𝑟2 > 10. 

 

 
 

Figure 15. Variation of Nusselt number with 𝑅𝑒/𝐹𝑟2 in 

micro-, mini- and conventional channels corresponding to 

Figure 13 

 

This proposed criterion can be validated using the similarity 

between the normally used mixed convection parameter 

𝐺𝑟/𝑅𝑒 (Eq. (15)) and the buoyancy term of the momentum 

equation (Eq. (16)) involving the proposed parameter 𝑅𝑒/𝐹𝑟2. 

Evaluating the buoyancy term of the momentum equation at 

the hot wall, with 𝑅𝑒/𝐹𝑟2 = 10: 

 

𝑅𝑒

𝐹𝑟2
(𝜃𝑤1 − 1) =

𝜌𝑔𝐷ℎ
2

𝜇𝑢𝑜

(
𝑇𝑤1

𝑇𝑜

− 1) = 10 × (1.1 − 1) = 1 

 

From Eqs. (15) and (16) and the above result: 

 

𝐺𝑟

𝑅𝑒
≡

𝑅𝑒

𝐹𝑟2
(𝜃𝑤1 − 1) =

𝜌𝑔𝐷ℎ
2

𝜇𝑢𝑜

(
𝑇𝑤1

𝑇𝑜

− 1) =
𝜌𝑔𝛽∆𝑇𝐷ℎ

2

𝜇𝑢𝑜

= 1 

 

Therefore, the criterion 𝑅𝑒/𝐹𝑟2 > 10  is equivalent to 

𝐺𝑟/𝑅𝑒 > 1, in agreement with the conditions reported in [9] 

for buoyancy significance in mixed convection. 

 

 

4. CONCLUSIONS 

 

Mixed convection in infinitely long parallel plate micro-, 

mini- and conventional channel gas flow is analyzed 

numerically in this work. The model includes both viscous 

dissipation and flow work, and uses the Boussinesq 

approximation for the body force in the momentum equation. 

The governing equations are solved using the DBVPFD 

subroutine of the IMSL library with a very low step size of 

5 × 10−5  and a convergence criterion of 10−10  to ensure a 

high level of accuracy. The forced convection governing 

equations are also solved analytically, and comparisons 

between forced and mixed convection are presented to 

investigate the significance of buoyancy on fluid flow and heat 

transfer characteristics. The comparison verifies the accuracy 

of the numerical results in the limiting case of negligible 

buoyancy effects. Results are presented for wide ranges of 

channel hydraulic diameters and inlet velocities. The 

variations of the Darcy friction factor and Nusselt number with 
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the dimensionless parameter 𝑅𝑒/𝐹𝑟2  are also presented and 

discussed.  

The results show that buoyancy effects on fluid flow and 

heat transfer in channel flow become more significant with 

decreasing the inlet velocity and increasing the channel 

hydraulic diameter. Decreasing the inlet velocity and/or 

increasing the hydraulic diameter leads to an increase in the 

dimensionless parameter 𝑅𝑒/𝐹𝑟2 = 𝑔𝐷ℎ
2/(𝜈𝑢𝑜) . The 

variations of the friction factor and Nusselt number with the 

parameter 𝑅𝑒/𝐹𝑟2  are therefore conveniently presented to 

conclude a criterion for the significance of buoyancy as related 

to this dimensionless parameter. The results show that 

buoyancy effects in parallel plate channels become 

increasingly more significant as the dimensionless parameter 

𝑅𝑒/𝐹𝑟2  increases, and cannot be ignored for around 𝑅𝑒/
𝐹𝑟2 > 10. Quantitatively, for a microchannel with Dh = 100 

μm, the inlet velocity 𝑢𝑜  should be much less than about 

0.0025 m for the buoyancy effect to be considerable, while for 

a microchannel with Dh = 10 μm, buoyancy effects can be 

considerable when the inlet velocity 𝑢𝑜  is much less than 

about 0.0063 mm/s. Consequently, the buoyancy effects on 

fluid flow and heat transfer characteristics in microchannel gas 

flow may be considered as negligibly small and can be ignored 

for typical values of inlet velocity (higher than 0.01 m/s). 

Practically, the results presented provide insights for designing 

and optimizing channel-based thermal systems. The suggested 

criterion based on 𝑅𝑒/𝐹𝑟2 serves as a straightforward tool for 

predicting when buoyancy effects start to matter and 

determines if mixed convection modeling is necessary. This is 

especially relevant for microchannel heat sinks and compact 

heat exchangers, where neglecting buoyancy could result in 

incorrect predictions of heat transfer rates and pressure drops. 

Importantly, these results indicate that natural convection 

alone is unlikely to effectively drive flow in microchannels 

and small mini-channels (for example, 200 μm < 𝐷ℎ< 500 μm) 

due to the low velocities required for buoyancy to be 

significant. This finding directly impacts the design of passive 

cooling systems, where relying on buoyancy-driven flow at the 

microscale may not be feasible. Furthermore, using 𝑅𝑒/𝐹𝑟2 as 

a common parameter allows for direct comparisons across 

various channel scales, offering a more uniform framework 

than traditional Grashof-based methods.  

This study is carried out with isothermal wall conditions. 

Such conditions have different applications, particularly in 

heat exchangers, electronic cooling, and manufacturing 

processes. An extension of this work for future studies is the 

investigation of buoyancy significance in micro-, mini- and 

conventional channel gas flow, with other wall boundary 

conditions, such as isoflux and convection boundary 

conditions, in addition to conjugate heat transfer effects. Such 

conditions also have many different applications in thermal 

engineering. Future research may also expand this analysis by 

including additional physical effects, such as compressibility, 

rarefaction, and varying thermophysical properties. It could 

also validate the proposed criterion against experimental data. 

Exploring transient conditions and three-dimensional 

geometries would further enhance the applicability of these 

findings. 
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NOMENCLATURE 

 

𝑐𝑝 Specific heat at constant pressure (J/kg‧K) 

𝐷ℎ Hydraulic diameter (= 4𝐻) 

𝐹𝑟 Froude number (𝑢𝑜/√𝑔𝐷ℎ ) 

g Gravitational acceleration (= 9.81 m/s2) 

𝐺𝑟 Grashof number 

𝐻 Channel half-gap width (m) 

𝑘 Thermal conductivity (W/m‧k) 

𝐾𝑛 Knudsen number 

𝑀𝑜 Mach number at channel inlet (= 𝑢𝑜/√𝛾𝑅𝑇𝑜) 

𝑝 Pressure (N/m2) 

𝑃 Dimensionless Pressure (= 𝑝/(𝜌𝑢𝑜
2)) 

𝑃𝑒 Peclet number (= 𝑅𝑒. 𝑃𝑟) 

𝑃𝑟 Prandtl number (= 𝜇𝑐𝑝/𝑘) 

𝑞𝑤 Wall heat flux (W/m2) 

𝑅 Gas constant (J/kg‧K) 

𝑅𝑒 Reynolds number (= 𝑢𝑜 𝐷ℎ/𝜈) 

𝑁𝑢 Nusselt number 

𝑇 Temperature (K) 

𝑢 Velocity component in the x- direction (m/s) 

𝜐 Velocity component in the y- direction (m/s) 

𝑢𝑜 Inlet velocity (m/s) 

𝑈 Dimensionless velocity (𝑈 = 𝑢/𝑢𝑜) 

𝑈𝑚 Dimensionless mean velocity 

 

Greek symbols 

 

𝜇 Dynamic viscosity (N‧s/m2) 

𝜏𝑤 Wall shear stress (N/m2) 

𝜈 Kinematic viscosity (m2/s) 

𝜌 Density (kg/m3) 

𝛽 Coefficient of thermal expansion (K-1) 

𝛾 Specific heat ratio (𝛾 = 𝑐𝑝/𝑐𝑣) 

𝜙 Viscous dissipation function 

Φ Dimensionless viscous dissipation function 

𝜉 
Dimensionless coordinate in the longitudinal 

direction 

𝜂 Dimensionless coordinate in the transverse direction 

𝜃 Dimensionless temperature (= 𝑇/𝑇𝑜) 

𝜃𝑜 Dimensionless inlet temperature (= 1) 

𝜃𝑤 Dimensionless wall temperature (= 𝑇𝑤/𝑇𝑜) 

 

Subscripts 

 

𝑤 Wall 

𝑚 Mean value 

𝑜 Inlet conditions 
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