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In many space applications, the spacecraft (SC) must have good agility performance, which
depends heavily on the capability of attitude control system. This paper aims to maximize the
onboard capability of SC attitude control system by optimizing the use of reaction wheels
(RWs). The authors firstly investigated the optimal configuration of the rotation axes relative
to cluster design frame, and the cluster arrangement relative to the SC body frame. Then, the
octahedron pyramid configuration was selected as the RWs configuration. For this
configuration, the cluster of two shifted assemblies (four wheels each) has a 20.7 % larger
envelope volume, and a 10 % longer inscribed sphere radius than the cluster of coinciding
assemblies. Using the optimal agility performance criterion, the cluster of shifted assemblies
can maximize the system capability by increasing the SC acceleration by 9.85 % along the
worst direction. Subsequently, the controller saturation limits were updated depending based
on the number and arrangement of the RWSs. In case of one RW off, the SC acceleration in roll
or pitch channel could be enhanced by 26.23 %. Overall, our RWSs configuration could enhance
the SC agility by 38.51 %. The research findings make it possible to optimize the agility of the

SC and rationalize the selection and sizing of the RWs.

1. INTRODUCTION

The simplest 3-axis attitude control system of a spacecraft
(SC) consists of three reaction wheels (RWs). Each wheel
rotational axis is parallel to one of the SC's body axes.
However, if one of the RWs failed, the remaining two would
not be enough to maintain the SC's attitude control in normal
technique [1, 2]. For improving the SC reliability and torque
capacity, a fourth RW is installed to provide the required
redundancy, and hence increase the reliability and control
capability [3, 4]. A common requirement with four reaction
wheel configurations is that each subset of three should
provide three-axis controllability. Thus, the fourth wheel is
preferred to be installed with its axis "off" the three principal
axes, enabling torque control about anyone of those axes (e.g.
NASA's standard 4-wheel configuration) [5].

By the torque capability of the fourth wheel, the incapacity
of any one of the RWs aligned with the SC's principal axes can
be compensated. Generally, the wheel axes can be aligned in
any configuration satisfying this common requirement, even if
none of them is parallel to any of the principal axes (not
necessarily a set of orthogonal axes). An optimization-based
approach [6] is used to orient three RWs and minimize their
mass and power, while achieving torque and momentum
storage requirements and increasing time between momentum
dumps. several configurations based on three or four RWs are
investigated in order to identify the most suitable configuration
that has a minimum total control torque level, which
corresponds to minimum power consumption [7]. However, in
these configurations, the dynamics capabilities in 3-axes are
not equal and the results are functioned on the attitude error
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direction. For redundancy and enlargement of the agility, more
wheels may be used in different configurations and
arrangements. Hablani [8] discussed the RWs sizing and
optimized their pyramid configuration taking into
consideration redundancy and cost. The three-, Four-, and six-
wheel configurations are considered with and without one
wheel failure. The elevation angles of the pyramid
configurations are optimized for required torque ratios
between the roll, pitch, and yaw and also for minimum power
consumption. The symmetric six-wheel configuration is
considered in many references [8-10]. The asymmetric five-
wheel configuration can be resulting from the symmetric six-
wheel configuration with one wheel failure [10, 11] or four-
wheel configuration with one more RW added to increase
agility performance in the main maneuver axis [12]
(practically, agile maneuvering for earth imaging can be
mainly designed for roll axis of SC body frame). The optimal
configuration can maximize the performances of the system
with limited number of RWs. The optimal configuration
changes according to the RWs number (m). In four RW SC,
the typical pyramid configuration has a maximum capability
of torque generation and maximum volume of angular
momentum. For m two-sided controls, there would be 2m-1
optimal homogenous configuration with the same volume of
achieved moment set [13, 14]. The optimal configuration
defines relative orientations of the wheels and shapes the RWs
cluster in order to maximize the envelope volume.
Arrangement of the RWs cluster in the SC body frame can be
obtained according to designers’ intention [13, 14]. Markley
[10] presented a scheme to define the torque and momentum
envelopes (TMEs) showing its geometric aspects. The results



are widely applicable to the general configuration (number of
wheels, sizes, and axis directions) of an array of RWs.
Hyungjoo [15] represents a simple method which defines the
momentum/torque envelopes and a scheme to optimize the
pyramid configuration based on the inertia properties. Jeffery
[16, 17] uses the ratio of the envelope volume to the inscribed
sphere volume to predict the increase in SC slew performance
that can be achieved using optimal control to solve minimum-
time maneuvers about fixed axis without solving the optimal
control problem. This simple approach is not considering RW
configurations according to the inertia properties and
uncertainties in inertia and control torque. In the following
sections, the RWs clusters geometric analysis will be discussed,
especially for four-wheel configurations. Then, the choice of
adding another assembly of four RWs will be discussed.

2. RW GEOMETRICAL CONFIGURATION
2.1 RW configuration and arrangement

One of the purposes of optimization of RWs configuration
is seeking of the maximum ability of torque/momentum (T/M)
generation in R3 as maximum attainable volume. The
boundary of this attainable volume is the T/M envelope of the
RWs configuration. The optimal configuration defines only
the relative orientations between RWs in a designing frame
(DF) in which the attainable volume was calculated [13, 14].
After achieving the optimal configuration of RWs in the DF
and the cluster is shaped, the arrangement of the RWs cluster
in the body frame (BF) can be obtained.

2.2 Practical design considerations

For a particular RW configuration, a boundary of maximum
T/M in all directions can be described as the maximum T/M
capacity of this array. This is the physical limitation of this
system which is defined by the vector sum of the maximum
capacities of the individual wheels T/M. The best RWs
configuration should maximize this volume. Thus, it ideally
forms the most possible spherical shape. In practical, the T/M
envelopes are not exact spheres but polyhedrons which can be
skewed depending on the arrangement of the wheels array. If
the momentum along any two axes is coupled depending on
initial conditions or accumulated together due to secular
perturbations, the momentum build-up can exceed either about
the two axes or about any other combined directions in their
plane. Therefore, for design purposes, the desired momentum
capacity in this plane is required to be the same in all directions.
If the desired momentum for the third axis is almost the same,
the near-spherical momentum requirement for designing a
wheel configuration will be obtained. In contrast, if the
requirement for the third direction is small or has cyclic nature,
this leads to right circular cylinder momentum requirement for
designing a wheel configuration, with cylinder axis along the
third axis. If a different peak control torque about each of the
three SC axes is required, the torque requirement forms a
rectangular parallelepiped.

2.3 Geometry of the envelope
A vector of n components can represent the T/M of n-wheel

system. This T/M occupies the space of n-D hypercube, where
the side length along the ith axis is twice the magnitude of the
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maximum T/M of the wheel along that axis, Tyimax/Hwimax-
Mapping the n-D hypercube into the three-dimensional (3D)
space, the T/M fills a polyhedron involving sharp edges and
vertices. This signifies that more T/M is available in certain
directions than others. This T/M envelope produces the
physical acceleration/rate limit of the system about any given
axis when related to its mass properties. The 3D polyhedron
vertices, edges, and facets are mappings of the hypercube
vertices, edges, and facets. These mappings are not 1:1, and
some hypercube vertices, edges, and facets are mapped to the
interior of the 3D polyhedron [10, 19]. Vertices are points
where all wheels are saturated. Edges have all but one wheels
saturated. The edge with unsaturated wheel i is parallel to the
spin axis unit vector of this wheel i (W;) and has the
length 2H,ymaxi- Facets have all but two wheels saturated. The
facet with unsaturated wheels i and j is a parallelogram, with
sides parallel to W; and W;.

Markley [10] shows the 3D polyhedrons for symmetric
configurations of the three-, four-, six-wheel, and the
asymmetrical five-wheel case resulted from deletion of one
wheel from the six-wheel configuration. Koh [12] shows the
asymmetrical five-wheel case resulting from adding of one
wheel to the four-wheel configuration in order to increase the
capacity in the dominant maneuver direction.

If the unit length in the momentum envelope drawing is the
maximum angular momentum capability of a single wheel and
in the torque envelope drawing is the maximum torque
capability of a single wheel, thus both envelopes are
representing identically and labeled as torque envelope,
momentum envelope, or envelope. If T/M capabilities of the
wheels are changed, the shape of the T/M envelope will change
but the structure will not. In this paper, equal wheels T/M
capabilities will be chosen.

For n-wheel configuration, the polyhedron has 4n(n — 1)
not distinct vertices [19], the wheel spin axis unit vectors
defined by {W, W, ... W, } and the control effectiveness
matrix w = [4,,] is

w = [Wy Wy ... W] (1)

For all pairs i and j of wheels in turn and wheel k other
than i and j (k # i,k #j), the 3D polyhedron can be
characterized numerically [19] by 2"72 parallel planes with
normal vectors

~ _ Wi W}
M T

@)

The net wheel torque in the direction of the normal to the
facet is

T; )

j = dij Twmax
where,

dij = 0yj . Ygeij Wi sign(Wy. fi;;) “)

T;; is the minimum torque capability on the facet ij , and the
minimum value of T;; over all the facets is the minimum torque
capability of the RWs configuration. The parameter d;; can
characterize the RWs configuration. It represents the minimum
T/M capability on the facet ij per unit length (UL) for drawing
the envelope (Tyimax/Hwimax)> and the minimum value of d;;
over all the facets is the minimum T/M capability of the RWs



configuration per unit length which is defined as the radius of
the largest inscribed sphere [19]. This is the physical system
limit that cannot be exceeded.

2.4 Control input torque vector

The virtual control input torque vector = [ux Uy uZ]T, that
is desired to be produced along the three SC-body-axes, can be
explained as the total control effort that is required to be
produced by the actuators. It relates to the actual RWs torque
vector Ty, = [Ty, Twis -» Twnl for n-wheel configuration by
the physical geometrical configuration as follows:

ux Twl
[u] = [uyl = 41| ™2 = [Au]r] ()
uZ TWl’l

where, [A,] is the torque distribution matrix (control
effectiveness matrix). At least three column vectors of
[4,,] must be linearly independent or ([A,,][4,,]7)~! must
exist for independent three-axis control.

3. FOUR RWS PYRAMID CONFIGURATION

The optimal configuration of four-wheels with the
maximum ability of T/M generation in R3 is selected to be
discussed in this section. Ideally, the spherical shape is the best
to maximize the volume of the T/M envelope in order to
enlarge the system performances with a limited number of
RWs. Assuming, all wheels have equal T/M given by T,max/
H,ymax, 0 the dimensions of the envelope can be normalized
and scaled symmetrically with the size of T\ymax/Hwmax - 1f the
four wheels were aligned in a certain direction a maximum
radius of 4 would be achieved with zero Tymax/Hwmax I
other directions. The four-wheel pyramid configuration is
selected with control effectiveness matrix defined as

—cfca —cfca cBca

—sf sB —sB sp

cfsa cfsa —cfsa —cPBsa

cfca

[Aw] (6)

where, ci = cos(i),si = sin(i) and i = a, 8

v

b) agzr =0,90[deg]

Figure 1. 4-wheel pyramid configuration envelope, 3D-View, Pitch-Yaw, Yaw-Roll, Pitch-Roll

Table 1. 4-wheel pyramid configuration arrangement in BF

app = 45[degl, Uxx = Jzz)

4-wheel pyramid configuration
Wheel Arrangement/ BF

apr = 45[deg]

agr = 0,90[deg]

dij;diz, diz, dig
Outer sphere/ Inscribed sphere
Envelope max. distance/UL
Max in X or Z alone/UL
Performance increasing factor
No. of wheel carry the load
Max in equal X and Z together/UL
Performance increasing factor

1.633, 1.633, 1.633
2.3094/1.633=1.414
[2.3094,2.3094, 2.3094]

1.633, 1.633, 1.633
2.3094/1.633=1.414
[1.633,2.3094, 1.633]

2.3094 1.633
1.414 1
4 2
1.633 1.1547
1.414 1

Both arrangements for the same 4-wheel pyramid configuration have envelope min. distance/UL =
1.633, envelope max. distance/UL (maximum vertices) =2.3094, and minor vertices/UL = 2. UL...unit

length
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Inscribed sphere

Figure 2. 4-wheel pyramid configuration, ag = 45[deg], outer and inscribed spheres

In most cases, the configuration angle a is set to a =
45[deg] for symmetry between X and Z. The projections of
the wheels spin axes on the X-Z plane are located each 90°.
Another configuration angle 8 (cant, skew or elevation angle)
is commonly set to § = 35.2644[deg][10]. The spin axes of
all wheels are equally canted toward the Y-axis by this angle
measured from the roll and pitch plane. These values equalize
the total T/M and maximize the minimum distance from the
origin of the envelope to its surface [8, 19]. This optimal
configuration gives the relative wheels arrangement in the
design frame (DF) forming the dodecahedron shape. The
dodecahedron contains fourteen vertices, only six are global
maxima. The maximum vertices (global maxima) exist at
magnitudes equal to 2.309T,max/Hwmax While the minor
vertices (local maxima) exist at 2T,,0x/Hwmax [19]. The
centers of each facet indicate the minima for each respective
plane. These minima are also global minima. The minimum
distance from the center of polyhedron to the envelope
dij Twmax/Hwmax (minimum radius) exists at the middle of
the flat facets at magnitudes equal to 1.633T,,max/Hwmax [19]-
This dodecahedron shape is generic for any four-wheel system.
The shape changes only with changing the number of wheels.
The projections of the dodecahedron shape on the SC body
frame (BF) are varying with changing the arrangement of the
RWs cluster relative to BF. If both frames (DF, and BF)
coincide, the projection of the first wheel spin axis on the X-Z
plane is shifted 45[deg] from the X-axis given agp =
45[deg] arrangement. If DF or the cluster is rotated 45[deg]
around Y-axis of BF, the projection of the wheels spin axes on
the X-Z plane are located on 0,90,180, and 270[deg]from
the X-axis, given agr = 0,90[deg] arrangement. In Figure la,
and b show the four-wheel polyhedron for azr = 45[deg] ,
and agr = 0,90[deg] arrangements, respectively, in 3D and
three orthogonal views. For agr = 0,90[deg] arrangement,
the control effectiveness matrix defined in Eq. (6) is tended to

0 —cB 0 cpB
[Aw] = [—Sﬁ s —sp SB] (7
cf 0 —cf O
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Table 1 summarizes the performance of 4-wheel pyramid
configuration for both arrangements. The minimum distances
from the center of polyhedron to the envelope are the same for
both arrangements. It is not a function of the arrangement
relative to BF, but it is function only in the DF configuration.
The  agr = 45[deg] arrangement excel in; envelope
maximum distance in X, and Z direction. The maximum
permissible torque in X or Z direction alone
equals 2.3094T,;,qx in comparison with 1.633T,,,,,,,, for the
agr = 0,90[deg] arrangement achieving 41.4 % increase.
The same increasing factor is achieved also in case of equal X
and Z demand with zero demand in Y direction, where the
maximum permissible torque in X and Z directions together
equal 1.633T,,;qx in comparison with 1.1547T,,,,,, for the
agr = 0,90[deg] arrangement. Another advantage for the
agr = 45[deg] arrangement appears at X or Z alone demand
that is the load is carried via four wheels instead of two wheels
in case of agr = 0,90[deg] arrangement. The illustrated
cases frequently happen during SC operation; hence, it is
valuable to be taken into consideration during the design
process according to the mission.

Figure 2 illustrates that the maximum torque (outer) sphere
contains unreachable torque values larger than the envelope
capacity. It is larger than the inscribed sphere shown in Figure
2b by a factor of 1.414. Figure 2b illustrates the unused portion
from the torque envelope in case of the inscribed sphere.
Hence, the factor of 1.414 presented in Table 1 indicates the
ability of agr = 45[deg] arrangement for utilizing the
maximum permissible capability of RWs configuration in the
direction of dominant maneuvers.

4. EIGHT RWS CONFIGURATION

In this section, the choice of using two assemblies, four
RWs each, will be discussed. The geometric analysis of this
eight RWs cluster is performed and the enhancement of the
dynamic capability based on optimal use of this configuration
will be discussed. The choice of two assemblies not only



increases the capability of the control system when operating
together (eight wheels) during imaging mode, but also gives
the option of using one assembly only (four wheels) during no
imaging modes instead of the total number of wheels. That
saves the wheels power consumption at zero speed and torque.
Additionally, smaller wheels may be more capable than less
large wheels because the envelope would have more flat facets
and less physical limitation losses. Thus for different RWs
configurations of similar envelopes volumes, the large number
RWs configuration allows a larger inscribed sphere as
described [19]. To illustrate the previous paragraph, a
comparison between two different clusters, eight RWs each, is
performed, considering all RWs are in symmetry. Both
clusters are consisting of two assemblies (four wheels each).
The difference between the two clusters is the relative
arrangement of assemblies inside a cluster. In the first cluster,
shown in Figure 3a, both assemblies have the same
arrangement where the spin axis of the first wheel in the

b)

second assembly coincides with the spin axis of the first wheel
in the first assembly. Thus, the projections of the spin axes of
the wheels on the X-Z plane inside this cluster are allocated
twice each 90°. While in the second cluster, shown in Figure
3Db, the projections of the spin axes of the first wheels in each
assembly on the X-Z plane are shifted 45 from each other.
Thus, the projections of the spin axes of all wheels are set
radially symmetrically along the X-Z plane with configuration
angle a,, = 45° for symmetry between the roll and pitch axes
(uniformly distributed in azimuth about the Y-axis). Another
skew configuration angle 3, (cant angle) is the elevation angle
from the XZ plane. The spin axes of all wheels are equally
canted toward the Y-axis by an angle 3, measured from the
roll and pitch plane for both clusters. As the torque
requirements about the X- and Z-axis increases, the optimum
cant angle f3,, decreases.

Second cluster; agr = 45[deg]for assembly 1& agr = 0,90[deg] for assembly 2

Figure 3. Eight wheels geometrical configurations
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Figure 4 shows the torque envelope corresponding to the from using four RWs with double maximum torque. Figure 5
first cluster. Notice that the same envelope can be obtained shows the torque envelope corresponding to the second cluster.
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Assuming all wheels have equal T/M given by Ty,1max/Huwmaxs
the dimensions of the envelopes are normalized and scaled
symmetrically with the size of T,,0x/Hwmax- In Figure 4, a)
shows the total T/M envelope; b) shows the envelope in case
of one wheel off, ¢) shows the total envelope inscribed sphere,
d) shows the inscribed sphere in case of one wheel off. In
Figure 5a shows the total T/M envelope, b) shows the total
envelope inscribed sphere, c¢) shows the inscribed sphere in
case of one agr = 45[deg] wheel off, d) shows the inscribed
sphere in case of one agr = 0,90[deg] wheel off. All figures
showed in 3D, pitch-yaw (XY), yaw-roll (YZ), and pitch-roll
(XZ) views.

Table 2 summarizes several notes from Figure 4 and 5. The
first cluster has maximum torque/UL value in X and Z axes of
4.6188 which is greater than 3.9424 of the second cluster. This
increased value is due to the characteristic of agr = 45[deg]

arrangement as described in Table 1. However, the second
cluster has 20.7 % more envelope volume, 10 % more
inscribed sphere radius/UL in the case of all-wheel working,
and 8.5 % more inscribed sphere radius/UL in case of one
wheel off than the first cluster. That is enough to select the
second cluster in order to increase the SC agility performance.
The outcome envelope volume and inscribed sphere radius are
greater than coincident assemblies. Comparing between the
inscribed spheres in normal operating case for both clusters
shown in Figure 4c, and 5D, it is clear that the inscribed sphere
in 1st cluster is tangent to all center points of all facets while
in 2nd cluster still there are several facets not reached yet by
the inscribed sphere. Wheel failure destroys the symmetry of
the shape and significantly reduces the envelope. The
reduction in available torque in the direction of minimum
capability are 27 %, 28 % of normal values for 1st, and 2nd
clusters respectively.

Table 2. 8-wheel pyramid configuration

apr = 45[deg],

8-wheel pyramid configuration
Wheel Arrangement/ BF

ﬂDF = 352644[deg],
Twimax = 0.2 [N.m],

Assembly 1&2
agr = 45[deg]

Assembly 1:agp = 45[deg]
Assembly 2:apr = 0,90[deg]

Max Torque in each axes/UL

[4.6188,4.6188,4.6188]

[3.9424,4.6188,3.9424]

Volume[UL3] 197.0689 237.8832
Envelope volume relative ratio 1 1.207
Inscribed sphere radius/UL 3.266(2x1.633) 3.6042
Inscribed sphere relative ratio 1 1.1
In a single wheel failure: volume reduced to 62.5 %
Inscribed sphere radius reduction 27% 28%
Inscribed sphere radius/UL 2.3842 2.5867
Inscribed sphere relative ratio 1 1.085

4.1 Control
configuration

input torque vector for eight RWs

This vector is limited by the available space of the torque
envelope of the selected cluster and related to the actual RWs
torque vector T, by the physical geometrical configuration
illustrated in Figure 3 follows:

,Twl_
Tw2
Uy ;w3
[u] = [uy - [Aw] ‘[K: = [Aw] [Tw] (8)
u, T
w6
Tw7
17,51
where, [4,,] is the torque distribution matrix defined as
—cBca —cBca cfca —cfca —cf 0 ¢ O
[4,] = —ca ca —ca —ca —ca —ca —ca caf(9)
cfca —cfca  —cBca —cBca O cf 0 cB

Ignoring the actuator saturation and dynamics which is
much faster than the remaining SC dynamics, the relation
between the actual RWs torque vector 7, produced from RWs
and the commanded RWs torque vector 7, (the amplitude
vector of allocated torque of each RW) can be approximated
by the steady state relationship 7, =1, . Since the
magnitudes of the available T/M may vary in different
directions, and SC is not inertially symmetric in general, the
magnitudes of the available body rate and acceleration also
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vary along the rotational directions. The optimality of agility
performance is defined as the ability to achieve largest
magnitudes of body rate and acceleration vectors along the
worst direction (along which the vectors have minimum
magnitude) [15].

4.2 Wheels configuration for optimal agility performance

For the shifted assemblies cluster, the cant angle ,, can be
set to the value which gives the same maximum torque along
the SC body axes, U;, (i = x,y,z), which are calculated as
follows

Uy = Tw max€0s By (4 cosay, + 2)
U, = 8Ty, maxSin Bw
U, = Ty maxC0s By (4sina,, + 2)

(10)

for,
(11)

where, Ty, mqr 1S the maximum RW torque. The optimal

configuration angle f3,, can be obtained from equations (10)
and (11) as

__4cosay+2
8

tanp,, (12)

So, the optimal configuration angle f3,, is set to 8, = 31.1".
This choice is made without consideration of the inertia
property of the SC.
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Figure 7. 8-wheel pyramid configuration
Another choice of configuration angles can be made with
consideration of the SC inertia [15]. It is based on calculating

the optimal value of the angle f, by equating the body
accelerations in 3-axes as follows

Ur _ Tw.max€0S Py (4 cos a, +2)

Ax max = 7
Jxx Jox ]
— Uy _ 8Tw_maxSln ﬂw
ay_max - ]_ - ]—
Yy y}’( N
Uz Tw maxC0Ss Pw (4 sin ay,+2
a == 13
z_max Tra Ton ( )
for,
Ax max = Ay_max = Az max (14)

where, /., = 780, ], = 450, and J,, = 780[Kg.m?] are the
SC inertia about principal axes, while the products of inertia
are negligible. The optimal configuration angle 3, can be
obtained from equations (13) and (14) as

-1 08060402 0 02 0406 08 1 -1 08-06-04-02 0 02 04 06 08 1

Va

08 1

a, =45,06, = 20[deg]

relative to the corresponding inertia ellipsoid

_ (4 cos aw+2)]yy
tanf,, = BTy

(1s)

So, the optimal configuration angle f3,, is set to f,, ~ 20°.
In the practical SC design, the configuration angles choice is a
compromise among expected momentum accumulation,
required torque, slewing requirements, and convenience of
fabrication. In Figure 6a shows the 8-wheel pyramid
configuration torque envelope for optimal configuration
angles a ,, = 45,f,, = 31.1[deg], while Figure 6b shows
the «,, = 45, B, = 20[deg] configuration. Figure 7a, and b
show the same configurations relative to the corresponding
inertia ellipsoid in 3D, Pitch-Yaw, Yaw-Roll, Pitch-Roll views.
Figure 7 illustrates that the envelope in the ¢ ,, = 45,8, =
20[deg] configuration is more consistent to the SC inertia
property than the other configuration. This is an indication of
the appropriate usage of the available T/M capacity to achieve
largest magnitudes of body rate and acceleration according to
optimal agility performance definition.
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4.3 Calculating maximum capability of RWs system

For the 8-wheel pyramid configuration cluster of a ,, =
45, B,, = 20[deg] which is arranged as shown in Figure 3,
the actual RWs torque vector T, consists of i" RWs
delivered torques assuming that

ITwil < Twi max i=1:8 (16)
where, Ty; max = 0.2 [Nm] is the maximum RW torque. The
maximum RWs torque along the SC body axes U =
[Uy, Uy, U,]Tis calculated according to equations (10) and
equal (0.91;0.55;0.91)[Nm] . The maximum angular
moment of individual RW is H, ;4 =18[N.m.s]. The
maximum angular momentum along the SC body axes H,,,4 18
defined similar to equations (10) and equal

(82; 50; 82)[Nms]. The maximum values of the absolute
magnitudes of SC acceleration in 3-axes are Gy gy =
Ay max = Az max =~ 0.067[deg/s?]. The maximum value of
the absolute magnitudes of SC body rates in 3-axes
are Wy _max = Wy max = Wz max = 0.0059H 145 = 6[deg/
s]. It should be noted that the maximum torque, momentum,
acceleration or slew rates in 3-axes cannot be obtained
simultaneously; instead, each of them is obtained when the
total momentum is aligned along the corresponding body axis.
Table 3 illustrates the results of the comparison between
wheels configuration with and without SC inertia
consideration according to the definition of optimality of
agility performance. Selecting the wheels’ configuration by
equating the body rates or accelerations in 3-axes can achieve,
in this case study, 9.85 % increase in SC acceleration vectors
along the worst direction as shown by gray color in Figure 8.

Table 3. Wheels configuration with/without consideration of the SC inertia

same magnitude of total T/M
(without consideration of the SC inertia)

same magnitude of rates/accelerations
(with consideration of the SC inertia)

Angles a , , B [deg] 45°,31.1° 45°,20°
Max absolute momentum[N.m. s] (74.4;74.4;74.4) (82;48;82)
Max abs. body rate[deg/s] (5.5;9.4;5.5) (6;6;6)
Planning body rate[deg/s] 5.5 6

Max absolute torque[N.m]
Max abs. acceleration[deg/s?]

(0.83;0.83;0.83)
(0.061;0.104; 0.061)

(0.91;0.55;0.91)
(0.067;0.067; 0.067)

Planning acceleration[deg/s?] 0.061 0.067
Agility increasing ratio — 9.85%
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Figure 8. Achieved acceleration according to maximum agility definition

4.4 Updating of system capability

Maximum system capability should be updated onboard
according to RWs in use. Table 4 shows the maximum
capability of RWs system in case of octahedron pyramid
configuration cluster of shifted assemblies with consideration
of the SC inertia @ ,, = 45, B,, = 20[deg]. The eight wheels
are assumed identical, maximum RW torque is T, max =
0.2 [N.m], inclined to the pitch-roll plane by same angle S,
20[deg] and equally spaced around yaw axis by an
angle @ ,, = 45[deg]. For this designed case with eight RW
in use, the maximum values of the absolute magnitudes of SC
acceleration and body rates are equal in 3-axes and equal
0.067[deg/s?] and 6.1[deg/s], respectively. By getting one
wheel off or more, the equality of maximum values of SC
acceleration in 3-axes cannot be maintained. For one RW off
from the first complex, equal reductions in maximum values
of SC acceleration in pitch and roll directions are obtained as
expected from angle a ,, = 45[deg] and the maximum values
of the absolute magnitudes of SC acceleration are reduced to
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(0.057;0.060;0.057) [deg/s?]. For one RW off from the
second complex, the reduction in maximum values of SC
acceleration is in pitch or roll direction according to fault RW
configuration. The maximum values of the absolute
magnitudes of SC acceleration are reduced to (0.053; 0.060;
0.067) [deg/s?] in case of RW5 or RW7 fault and (0.067;
0.060; 0.053) [deg/s?] in case of RW6 or RWS fault.

The used way to submit the attitude controller by the
maximum values of the absolute magnitudes of SC
acceleration in 3-axes is using predefined matrix. The elements
of this predefined matrix are the worst case values
corresponding to the number of wheels in use. For one RW off,
the worst-case values are (0.053; 0.060; 0.053) [deg/s?]. The
attitude controller is submitted with the allowable values of SC
acceleration in 3-axes. These values can be calculated exactly
depending not only on the number of wheels in use, but also
on its configurations. When a fault occurs and one or more
RWs are turned off, the corresponding columns in torque
distribution matrix are nulled and the allowable acceleration is
calculated according to the updated torque distribution matrix.



Table 4. Maximum capability of RWs system according to number of RWSs in use

RW RW Max torque Max acceleration Max momentum Max body rate
on off [N.m] [deg/s?] [N.m.s] [deg/s]
8 - (0.91;0.55;0.91) (0.067;0.067;0.067) (82;49:82) (6.136.156.1)
lor2or30r4 (0.77;0.48;0.77) (0.057;0.060;0.057) (69.7:43.1;69.7) (5.1;5.4:5.1)
5017 (0.72;0.48;0.91) (0.053;0.060;0.067) (64.8:43.1;81.7) (4.8;5.4:6)
7 6or8 (0.91;0.48;0.72) (0.067;0.060:0.053) (81.7:43.1;64.8) (6:5.4;4.8)
worst case value
ol off (0.72;0.48;0.72) (0.053;0.060;0.053) (64.8:43.1;64.8) (4.8:5.4:4.8)
1,20r3,4or1 3012 4orl 40r2,3 (0.64;0.41;0.64) (0.047;0.052;0.047) (57.7:36.9;57.7) (43:4.7:4.3)
5,6017,80r5,8016,7 (0.72;0.41;0.72) (0.053;0.052;0.053) (64.8;36.9;64.8) (4.8:4.7:4.8)
5,7 (0.53;0.41;0.91) (0.039;0.052;0.067) (47.8;36.9;81.7) (3.5:4.7:6)
6 6,8 (0.91;0.41;0.53) (0.067;0.052;0.039) (81.7;36.9:47.8) (6:4.7:3.5)
1,50r1,7 (0.59;0.41;0.77) (0.043;0.052;0.057) (52.8;36.9;69.7) (3.9:4.7:5.1)
1,60r1,8 (0.77;0.41;0.59) (0.057;0.052;0.043) (69.7;36.9;52.8) (5.1:4.7:3.9)
worst case value (0.53;0.41;0.53) (0.039;0.052;0.039) (47.8;36.9;47.8) (3.5:4.7:3.5)

for two wheels off

For the case of one RW fault, as illustrated in Table 4, the
maximum values of the absolute magnitudes of SC
acceleration are reduced to one of the following values (0.057;
0.060; 0.057), (0.053;0.060; 0.067) or
(0.067;0.060; 0.053) according to fault RW instead of
reduced to the worst case values (0.053;0.060;0.053)
corresponding to the number of wheels in use. Using this
dynamic way to calculate the maximum values of the absolute
magnitudes of SC acceleration in 3-axes, up to 26.23 %
increase in SC acceleration in the roll or pitch channels can be
obtained in this case study for one RW off whereas up to
71.7 % increase in SC acceleration in roll or pitch channels for
two RW off in comparison of the traditional way. An algorism
can be used to implement this dynamic way for calculating the
maximum values of the absolute magnitudes of SC

acceleration in 3-axes in order to increase the used

acceleration.
4.5 Forced drop of system capability

Traditionally, maximum capability of RWs system is
calculated or selected based on the worst case values as shown
in Table 4. The maximum capability according to the number
of RWs in use for the cases of 5, 4, and 3 RWs was calculated.
Results are summarized in Table 5, that shows the forced
capability reduction in case of three RW fault (5 working RW)
to the capability of just 4 RW working. In the RW octahedron
cluster pyramid configuration, the forced drop lagged till third
RW fault. While in other configurations, this drop may appear
from the first RW fault.

Table 5. Brief results of maximum capability for 5,4, and 3 RWs

RW RW Max torque Max acceleration Max momentum Max body rate
on off [N.m] [deg/s?] [N.m.s] [deg/s]
5 three (0.4;,0.274;0.4) (0.030;0.035;0.030) (33.8;24.6;33.8) (2.5;3.1;2.5)
4 four (0.4;0.274;0.4) (0.030;0.035;0.030) (33.8;24.6;33.8) (2.5;3.1;2.5)
3 five (0.188;0.137;0.188) (0.014;0.017;0.014) (16.9;12.3;16.9) (1.2;1.5;1.2)

4.6 Combined enhancement of system capability

The dynamic capability can be enhanced due to the
combination of the capability enhancement based on selecting
wheels configuration with consideration of the SC inertia
(a,, = 45[deg], B, = 20[deg] ) and capability update based
on torque distribution matrix update with RW fault. The
obtained enhancement can be analyzed as follows;

For no RW fault, the capability enhancement is only based
on selecting wheels configuration with consideration of the SC
inertia (a,, = 45[deg], B, = 20[deg]). The enhancement in
this case study equals 9.85 %.

For one RW fault, the combined capability enhancement is
illustrated in Table 6. The enhancement in this case study can
reach to 38.51 % in pitch or roll channels.

Table 6. Combined capability enhancement

Max abs. acceleration[deg/s?] in Pitch or Roll
channels for one RW fault

Capability enhancement based on selecting wheels
configuration with consideration of the SC inertia

Not applied Applied
Capability updated based on torque Not applied 0.0483 0.0530(9.8%)
distribution matrix updating Applied 0.0609(26.38%) 0.0669(38.5%)

5. CONCLUSION

The SC agility performance is achieved by maximizing the
dynamic capability of the RWs system based on the optimal

use of RWs configurations and arrangements relative to SC BF.

406

The octahedron pyramid configuration cluster of shifted
assemblies, agr = 45 and 0,90[deg], has 20.7 % more
envelope volume, 10 % more inscribed sphere radius/UL in
case of all wheels working, and 8.5 % more inscribed sphere
radius/UL in the case of one wheel off than the coincident



assemblies. The cluster of shifted assemblies ensures either the
same magnitude of total T/M along the SC body axes
when B, = 31.1[deg], or equating the body accelerations in
3-axes when 3 = 20[deg]. The last configuration maximizes
the system capability according to the optimal agility
performance definition satisfying 9.85 % increase in SC
acceleration vectors along the worst direction. The limiting
values of the SC acceleration in 3-axes are submitted to the
attitude controller exactly depending not only on the number
of wheels in use, but also on its configuration and arrangement
relative to SC BF. This task is accomplished dynamically via
updating of the torque distribution matrix. Increasing of SC
acceleration in roll or pitch channels up to 26.23 % can be
obtained in this case study for one RW off in comparison to
the traditional way. The combined capability enhancement
increases the SC agility and productivity from 9.85 % without
RW fault to 38.51 % with one RW fault in comparison to the
traditional way. This has a direct influence on RW selecting,
sizing, and time of maneuvers executing.
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