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Discontinuous wavy fibers, originating from natural reinforcements or specific
manufacturing processes, exhibit inherent curvature, irregular geometries, and stochastic
spatial distributions. These characteristics lead to complex microstructures that
significantly influence the mechanical behavior of composite materials. Accurate and
efficient prediction of their effective mechanical properties is therefore essential for
design and optimization. In this study, finite element-based homogenization is used to
evaluate the mechanical behavior of a wavy fiber-reinforced composite. The results are
then used to develop analytical models for predicting the effective Young’s modulus,
shear modulus, and bulk modulus as functions of stiffness contrast and fiber volume
fraction. The proposed models show excellent agreement with numerical simulations
over a wide range of microstructural configurations, with a coefficient of determination
(R?) exceeding 0.99. By explicitly accounting for the effects of contrast and volume
fraction, the developed equations enable fast and robust prediction of effective properties.
This provides an efficient framework for the design of composites with complex

microstructures.

1. INTRODUCTION

The development of high-performance fiber-reinforced
composites has increasingly focused on natural or renewable
fibers due to their sustainability, low cost, and favorable
mechanical properties. Unlike synthetic straight fibers, many
natural or manufactured fibers exhibit wavy morphologies [1],
irregular geometries [2], and stochastic spatial distributions
[3], which strongly influence the mechanical response of the
resulting composites.

Wavy fiber composites can be classified according to fiber
orientation, waviness control, morphology, and scale, with
each category exhibiting distinct mechanical behavior and
processing characteristics. The most common class consists of
randomly oriented short wavy fibers, typically produced by
injection molding [4] or bulk processing. In these materials,
fibers develop three-dimensional curvature due to flow-
induced effects and fiber—fiber interactions. Examples include
short steel fiber—reinforced thermoplastics, which have been
extensively characterized using X-ray micro-computed
tomography to reconstruct realistic fiber distributions and
mechanical modeling [5].

A second class corresponds to aligned short-wavy fiber
composites, in which fibers have a preferred orientation but
retain some curvature due to processing or intrinsic fiber
morphology [6]. Structures such as partially aligned carbon
fiber thermoplastics or natural fiber composites (e.g., flax and
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hemp) exhibit anisotropic mechanical behavior, including
enhanced compressive strength and fatigue resistance.
However, fiber waviness may also induce micro-buckling,
which locally reduces longitudinal stiffness [7].

Building on these concepts, controlled or engineered wavy
fiber composites have been developed using additive
manufacturing and architected-design approaches, where fiber
curvature is intentionally introduced to improve crack
deflection, toughness, and energy absorption. Examples
include 3D-printed polymer composites with sinusoidal
reinforcement paths and architectured curved fiber patterns
[8].

Another emerging category is helical and tortuous fiber
composites [9], inspired by biological materials such as bone,
tendon, and plant cell walls. In these systems, spiral or
helicoidal fiber paths improve damage tolerance, energy
absorption, and resilience [10].

Finally, hybrid and multiscale wavy fiber composites
combine fibers of different orientations, lengths, or scales,
including straight and curved fibers or nanofibers [11]. These
architectures are designed to balance stiffness, toughness, and
multifunctional properties. Similarly, bio-inspired wavy fiber
architectures utilize hierarchical or gradient fiber paths to
tailor the local mechanical response and enhance impact
resistance [12].

Several studies have demonstrated that fiber waviness is a
critical factor governing the mechanical performance of
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composite materials. Research in this area can be broadly
divided into two categories. The first category reviewed the
sources of waviness and their influence on stiffness, strength,
and fatigue behavior. In this context, Alves et al. [13] reviewed
the sources of waviness and their influence on stiffness,
strength, and fatigue behavior, showing that misalignment and
out-of-plane curvature reduce the effective stiffness and
ultimate strength of composites, as fibers are less efficient at
carrying axial loads. In addition, Li etal. [14] investigated
delignified bamboo fibers as reinforcement in composites,
showing that fiber length, bamboo nodes, and Polyvinyl
Alcohol (PVA) treatment significantly affect mechanical
performance. They found that long fibers spanning nodes
exhibit lower strength due to defects, while PVA treatment
enhances fiber—matrix adhesion, highlighting how fiber
morphology and microstructural features govern load transfer
and composite strength. For compressive strength,
Wilhelmsson et al. [15] experimentally demonstrated that in
unidirectional non-crimp fabric (NCF) composites, fiber
waviness significantly reduces compressive performance, with
the extent of reduction depending on the amplitude and
wavelength of the misalignment. Similarly, Nishioka et al.
[16] analyzed progressive damage around in-plane fiber
waviness and showed that even small waviness can
significantly reduce tensile and compressive strength.

While these studies provide valuable insight into the
origins, characterization, and mechanical consequences of
fiber waviness, they predominantly focus on isolated effects
under idealized conditions, such as perfectly controlled fiber
misalignment or small-scale specimens.

In contrast, the second group of studies has focused on
establishing quantitative relationships between
microstructural parameters and the effective mechanical
properties of fiber composites. Classical micromechanical and
semi-empirical models have long been employed to predict the
effective properties of discontinuous fiber composites due to
their simplicity and low computational cost. Widely used
approaches include the Halpin—Tsai formulation, the Mori—
Tanaka method, self-consistent models, and rule-of-mixtures—
based models. For instance, Toth and Virag [17] applied
modified Halpin—Tsai models incorporating fiber orientation
and length correction factors to 3D-printed short fiber
composites, achieving errors of approximately 7% in Young’s
modulus and 18% in tensile strength; however, these models
still assume relatively simple, straight fiber geometries and do
not account for curvature effects. Similarly, El Dein et al. [18]
investigated the reinforcing potential of flax co-products by
combining biomass fractionation and microstructural control
in thermoplastic composites. Micromechanical models,
including the Halpin—Tsai approach, were used to relate
composite properties to microstructural parameters. The study
highlights the critical role of processing-induced morphology
and fiber alignment in maximizing the mechanical
performance of sustainable natural fiber composites. In a
related study, Ez-Zahraoui et al. [19] proposed a modified
Halpin—Tsai model coupled with a self-consistent
homogenization scheme to predict the mechanical properties
of polypropylene composites reinforced with fly ash and
phosphate sludge. Their approach demonstrated that
incorporating particle interactions and hybrid reinforcement
effects significantly improves prediction accuracy compared
with the classical Halpin—Tsai model.

Reviews of micromechanical stiffness predictions confirm
that while these models perform well for straight or mildly
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misaligned fibers, they fail to capture the effects of wavy or
curved fibers, including stress redistribution, local bending,
and early micro-buckling, because they rely on idealized fiber
shapes and empirical orientation factors [20]. In addition, the
combined influence of fiber waviness, phase stiffness contrast,
soft—hard interactions, fiber volume fraction, and random fiber
orientation remains insufficiently represented in current
models. This highlights the need for predictive
micromechanical frameworks that integrate these parameters
to accurately estimate the behavior of wavy fiber composites.

In this study, generalized predictive models for random
wavy fiber-reinforced composites are developed by combining
finite element-based homogenization with regression-based
mathematical modeling. These models explicitly incorporate
both fiber—matrix property contrast and fiber volume fraction,
enabling accurate and rapid predictions of Young’s, shear, and
bulk moduli. By integrating high-fidelity simulations with
curve-fitting techniques, the models capture the essential
relationship between complex microstructural features and
macroscopic  behavior while significantly reducing
computational cost.

2. 3D MICROSTRUCTURE GENERATION

The studied short fiber-reinforced composites are found in
applications such as injection-molded polymers and steel,
featuring complex microstructures with three-dimensionally
oriented, wavy, and occasionally entangled fibers, where fiber
waviness naturally arises during processing due to flow, mold
geometry, and fiber—fiber interactions (Figure 1(a)). To
replicate this in simulations, the composite was modeled in
Digimat, where the wavy fibers were represented as non-
overlapping curved cylinders having random orientations and
distributions (Figure 1(b)), capturing their inherent curvature
and spatial variability for accurate prediction of effective
mechanical properties.

Figure 1. Wavy fibers: (a) SEM image after matrix burn-out
[5]; (b) Digimat modeling



The fibers' wavy shape was modeled in Digimat as swept
shapes with a circular cross-section and a centerline defined
by a random Bézier curve with 11 control points. The first
point was fixed, while the remaining points were generated
sequentially with random directions and lengths. The fiber
waviness is controlled by a tortuosity factor 7 that governs the
maximum allowable change in orientation between
consecutive control points. In this study, a value of T = 10 was
used for fibers with an aspect ratio of 8 to ensure realistic
curved fiber geometries.

In Digimat, the representative volume element (RVE) size,
number of fibers, and target fiber volume fraction were
defined as input parameters, and the software automatically
determined the fiber diameter such that the total fiber volume
corresponded to the prescribed volume fraction.

An example of a generated RVE containing 200 fibers at a
reinforcement volume fraction of 5% is shown in Figure 2.

Figure 2. Representative volume element (RVE) of the wavy
fiber composite

3. FINITE ELEMENT CALCULATIONS

The effective mechanical properties of the 3D composites,
reinforced with curved cylindrical fibers, were estimated using
a finite element-based numerical homogenization approach.
The simulations were performed using the Zebulon finite
element software to accurately evaluate the mechanical
response of the resulting composite microstructures.

The analysis focused on two key parameters: contrast Cg
and fiber volume fraction. The contrast, defined as the ratio of
the reinforcement modulus to that of the matrix, was varied
across thirteen values (3, 5, 7, 10, 20, 40, 60, 80, 100, 150, 250,
300, and 350) to systematically explore the effect of hard—soft
phase interactions on the overall mechanical response of the
composite.

To calculate the contrast Cp between the two phases, the
following formula can be used:

(1)
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where, Ef and E,, are the Young’s moduli of the fibers and the
matrix, respectively.

The volume fraction, representing the proportion of
reinforcement within the composite, was analyzed at four
levels (5%, 10%, 15%, and 20%) to assess the effect of
inclusion concentration on the overall mechanical response.
The matrix was assigned constant linear elastic properties,
with a fixed Young’s modulus and Poisson’s ratio, as
summarized in Table 1.

Table 1. Linear elastic properties of the matrix phase

Elastic Properties E (Mpa) v
Matrix 1000 0.43

Note: £ = Young's modulus, v = Poisson's ratio
3.1 Mesh generation

The 3D composite models were discretized in ANSYS
Workbench using fully integrated 10-node quadratic
tetrahedral elements (C3D10) to accurately capture stress
gradients in complex, curved geometries. The meshed 3D
model for a volume fraction of 5% is represented in Figure 3.

The composite mesh was generated with local refinement to
ensure adequate resolution of the fiber diameters and fiber—
matrix interfaces. A mesh convergence study was conducted,
and a mesh size of 0.3 mm, resulting in approximately 300,000
solid elements, was selected as a compromise between
accuracy and computational cost.

Figure 3. Finite element mesh of the 3D representative
volume element (RVE)

3.2 Boundary conditions

The effective mechanical properties of the curved-fiber
composite, including Young’s modulus, shear modulus, and
bulk modulus, were evaluated by applying suitable boundary
conditions to the RVE. To reproduce independent
macroscopic loading states corresponding to uniaxial tension,
pure shear, and hydrostatic compression, separate loading
cases were defined. The resulting average stress-strain
responses were then used to compute the effective elastic
moduli.

- To determine Young’s modulus, uniaxial tension was



applied to the 3D RVE by prescribing displacement on one
face and constraining the opposite face.

- The bulk modulus K and shear modulus G are determined
by applying a macroscopic strain tensor to the boundaries of
the RVE, defined as:
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The apparent bulk modulus k*P? and shear modulus p*P?
were computed from the macroscopic stress—strain responses
according to the following relations:

1
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where, o is the local stress tensor, oy, is the local shear tensor
component, and < > denotes the average stress over the entire
microstructure.

To establish a generalized predictive model for the effective
moduli, the results are first characterized individually as
functions of contrast and volume fraction. These separate
dependencies are then unified into a single formulation to
represent their joint contribution to the macroscopic elastic
behavior of the composite.

4. RESULTS AND DISCUSSION
4.1 Prediction of effective moduli as a function of contrast

The computed effective moduli, namely Young’s modulus,
bulk modulus, and shear modulus, were plotted for the four
distinct volume fractions across the studied contrast range 3—
350 (Figures 4-6) to illustrate the influence of the contrast on
the material’s elastic behavior. These curves clearly show the
evolution of the elastic response as contrast increases.

To quantitatively describe the dependence of the effective
elastic moduli on the material contrast, the finite element
results were fitted using an optimal analytical curve-fitting
function. The proposed equations provide a direct predictive
relationship between the homogenized properties, and the
contrast parameter is formulated as:

1

EY = abFECEC (6)
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where, a, b, and ¢ are adjustable coefficients, Cy denotes the
contrast variable, and the coefficients are determined by
minimizing the fitting error. This approach enables a direct
and accurate estimation of the effective moduli as functions of

phase contrast, providing a concise mathematical
representation of the finite element results.
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Figure 4. Effective Young’s modulus versus contrast for
different fiber volume fractions
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Figure 5. Effective shear modulus versus contrast for
different fiber volume fractions
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Figure 6. Effective bulk modulus versus contrast for
different fiber volume fractions



The optimal fitting coefficients (a, b, and c¢) identified for
each fiber volume fraction and corresponding effective
mechanical property are reported in Tables 2-4.

Table 2. Optimal curve-fitting coefficients (a, b, and c) for
the effective Young’s modulus at different fiber volume

fractions
Volume b
Fraction (%) “ ¢
5 1059.882 0.881 0.0336
10 1105.4089 0.7977 0.07286
15 1218.9108 0.6681 0.0823
20 1398.625 0.528 0.06976

Table 3. Optimal curve-fitting coefficients (a, b, and c) for
the effective shear modulus at different fiber volume

fractions
Volume b
Fraction (%) “ ¢
5 332 1.0007 0.0698
10 323 1.00124 0.1338
15 314 1.00136 0.1998
20 304.8566 1.001271 0.2745

Table 4. Optimal curve-fitting coefficients (a, b, and c) for
the effective bulk modulus at different fiber volume fractions

Volume b
Fraction (%) “ ¢
5 0.000552 -0.0000272 0.2798
10 0.00056 -0.00005507 0.26392
15 0.0005989 -0.0000939 0.230624
20 0.00065687 -0.00017622 0.167823
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Figure 7. Effective Young’s modulus: predicted vs. finite
element results as a function of contrast

Figures 7-9 compare the predicted Young’s, bulk, and shear
moduli from the proposed curve-fitting model with finite
element simulation results.

The proposed fitting functions enable direct and accurate
prediction of the effective Young’s, bulk, and shear moduli as
functions of phase contrast, providing a compact mathematical
representation of the numerical results. However, a limitation
of these functions is that variations in fiber volume fraction
require recalibration of the fitting coefficients. Consequently,
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to extend its applicability, the functions must be generalized to
accommodate any desired volume fraction, allowing the
prediction of effective moduli across both contrast and volume
fraction simultaneously.
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Figure 8. Effective shear modulus: predicted vs finite
element results as a function of contrast
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Figure 9. Effective bulk modulus: predicted vs finite element
results as a function of contrast

4.2 Generalized moduli prediction based on contrast and
volume fraction

To generalize the proposed models across both contrast and
fiber volume fractions, the obtained fitting coefficients (a, b,
and ¢) from the contrast-based functions were expressed as
functions of the fiber volume fraction. The coefficients were
identified separately for each effective modulus.

4.2.1 Young’s modulus fitted constants

a=a,a,'V}: ©

b=bh'V} (10)
_ 7

c=cq'Vy (11)



4.2.2 Shear modulus fitted constants

azaoalV’ V,”2 (12)
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4.2.3 Bulk modulus fitted constants
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where, a,, a,, a,, by, b1, by, ¢y, ¢, and c, are fitting
parameters, their optimized values are summarized in Table 5.

Table 5. Optimal curve-fitting coefficients for Young’s,
shear, and bulk moduli

Fittin

Coefﬁciegnts El K o K/
ao 446.571 346.758 0.00027407
a; 49.602 0.5449 17.6294
a, -0.2236 0.0042981 -0.18604
by 3.2626 1.00583 13118.2418
by 0.0016 0.98973 9714.7875
b, 0.3297 0.001539 765.0472
Co 79.8879 1.6702 0.2891
1 6.97 x 10°® -0.019432 -4.4462
Cy 2.3254 1.1928 -20.5602

The integration of all fitted coefficients into a unified
formulation governed by fiber volume fraction and contrast
leads to the following analytical expressions:

\4

1
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Figures 10-12 compare the predictions of the unified
analytical expressions with the finite element simulation

results, showing excellent agreement under all considered
conditions. This validation confirms the robustness of the
approach. It enables the development of a comprehensive
mathematical model capable of accurately predicting the
effective Young’s, bulk, and shear moduli for any combination
of contrast and fiber volume fraction within the studied ranges.
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Figure 10. Effective Young’s modulus: generalized model
predictions vs. finite element results
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Figure 11. Effective shear modulus: generalized model
predictions vs. finite element results
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4.3 Discussion

A detailed analysis of the numerical results provides
important insights into the underlying mechanisms governing
the mechanical response of curved-fiber composites. The
results highlight the coupled influence of stiffness contrast and
fiber volume fraction on the effective mechanical behavior of
curved-fiber composites. Unlike straight-fiber systems, fiber
waviness plays a major role in controlling load transfer
efficiency and leads to specific trends observed in the
simulations. These results can be explained based on the
governing microstructural mechanisms and the interactions
between the matrix and reinforcement phases, as outlined
below.

4.3.1 Load transfer efficiency and fiber waviness

Fiber waviness reduces reinforcement efficiency because
curved fibers initially undergo bending and rotation before
carrying axial loads. Part of the applied energy is therefore
consumed in fiber straightening, which decreases stiffness
compared to straight fibers. This geometric effect explains the
lower reinforcement efficiency at low and intermediate
contrast values.

4.3.2 Saturation of Young’s modulus at high contrast

The saturation of Young’s modulus at high stiffness contrast
is directly governed by the matrix. Curved or misaligned fibers
cannot fully carry axial loads, so deformation is concentrated
in the matrix. As a result, further increases in fiber stiffness
produce only marginal improvements in the overall modulus.

4.3.3 Spacing between curves and volume fraction

At higher fiber volume fractions, the curves of Young’s
modulus corresponding to different fractions tend to cluster
more closely. This behavior reflects a matrix-dominated
response, where the matrix limits the effectiveness of
additional reinforcement. As the fiber content increases, the
matrix occupies a smaller fraction of the composite but
remains the primary phase transmitting deformation, which
restricts further increases in stiffness.

4.3.4 Shear and bulk responses

Unlike Young’s modulus, the shear and bulk moduli of the
composites do not exhibit saturation at high stiffness contrast.
The shear response is particularly sensitive to fiber geometry
and volume fraction, as curved or misaligned fibers induce
localized matrix shear and interfacial stress concentrations. As
a result, the shear modulus increases steadily with increasing
stiffness contrast, reflecting the continuous enhancement of
load transfer through both the fibers and the surrounding
matrix.

Similarly, the bulk modulus continues to increase with
contrast because volumetric  deformation involves
contributions from both phases, and the matrix remains able to
accommodate additional stress. The absence of saturation
indicates that, under shear and volumetric loading, the
composite response is less constrained by matrix limitations
than under axial loading.

5. CONCLUSION

The effective mechanical behavior of curved-fiber
composites was investigated using a finite element-based
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homogenization approach. The results show that both fiber
volume fraction and phase contrast strongly govern the
macroscopic elastic response.

A curve-fitting strategy was developed to provide explicit
mathematical expressions linking Young’s, shear, and bulk
moduli to these parameters. While initial formulations were
limited to fixed volume fractions, a generalized model was
successfully established to enable direct prediction across both
contrast and fiber content within the studied ranges.

This framework provides an efficient predictive tool that
reduces reliance on computationally expensive simulations
and enables rapid estimation of the effective properties of
composites with complex wavy fiber architectures.
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NOMENCLATURE

E, Matrix Young’s modulus, MPa

Ef Fiber Young’s modulus, MPa

Ve Fiber volume fraction, %

Cg Stiffness contrast

Eeff Effective Young’s modulus, MPa

uefr Effective shear modulus, MPa

Kefrf Effective bulk modulus, MPa

a b, c Fitting parameters

Greek symbols

v Poisson's ratio

uerr Effective shear modulus, MPa

karp Effective bulk modulus, MPa

o Local stress tensor, MPa

012 Local shear tensor, MPa





